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1. Introduction

1.1. Textsand their processing

One of the ssimplest and natura types of information representation is by means of
written texts. Data to be processed often does not decompose into independent records. This
type of data is characterized by the fact that it can be written down as a long sequence of
characters. Such linear sequence is cdled a text. The texts are centra in "word processing”
systems, which provide facilities for the manipulation of texts. Such systems usually process
objects which are quite large. For example, this book contains probably more than a million
characters. Text agorithms occur in many areas of science and information processing. Many
text editors and programming languages have facilities for processing texts. In biology, text
agorithms arise in the study of molecular sequences. The complexity of text algorithms is also
one of the central and most studied problems in theoretical computer science. It could be said
that it is the domain where the practice and theory are very close together.

The basic textua problem is the problem caled pattern matching. It is used to access
information and probably many computers are solving in this moment this problem as a
frequently used operation in some agpplication system. Pattern-matching is comparable in this
sense to sorting, or to basic arithmetic operations.

Consider the problem of areader of the French dictionary "Grand Larousse”, who wants
al entries related to the word "Marie-Curie-Sklodowska'. This is an example of a pattern
matching problem, or string-matching. In this case, the word "Marie-Curie-Sklodowska" is the
pattern. Generally we may want to find a string called a pattern of length m inside a text of
length n where n is greater than m. The pattern can be described in a more complex way to
denote a set of strings and not only a single word. In many cases m is very large. In genetics
the pattern can correspond to a genome that can be very long, in image processing the digitized
images sent serialy take millions of characters each. The string-matching problem is the basic
guestion considered in the book, together with its variations. String-matching is also the basic
subproblem in very other algorithmic problems on texts. Below thereis a (not exclusive) list of
basic groups of problems discussed in the book :

variations on the string-matching problem, problems related to the structure of the
segments of atext, data compression, approximation problems, finding regularities, extensions
to two-dimensional images, extensions to trees, optimal time-space implementations, optimal
parale implementations.

The formal definition of the string-matching and many other problems is given in the
next chapter. We introduce now some of them informally in the context of applications.
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1.2 Text filefacilities

The Unix system uses as a main feature text files for exchanging information. The user
can get information from the files and transform them through different existing commands.
The tools often behave as filters that read their input once and produce the output
simultaneoudly. These tools can be easily connected with each others, and especially through
the pipelining facility. This often reduces the creation of new commands to few lines of aready
existing commands.

One of these useful commands is grep, acronym of "general regular expression print”.
An example of the format of grepis
grep Marie-Curie-Sklodowska G and-Larousse
provided "Grand-Larousse" is afile on your computer. The output of this command is the list
of lines from the file which contain an occurrence of the word "Marie-Curie-Sklodowska'".

This is an instance of the string-matching problem. Another example with a more
complex pattern can be
grep '~Chapter [0-9]" Book
to list thetitles of a book assuming titles begin with “Chapter” followed by a number. In this
case the pattern denotes a set of strings (even potentialy infinite), and not only one string. The
notation to specify patterns is known as regular expressions. This is an instance of the
regular -expression-matching problem.

The indispensable complement of grep is sed (stream editor). It is designed to transform
its input. It can replace patterns of the input by specific strings. Regular expressions are also
available with sed. But the editor contains an even more powerful notation. This alows, for
instance, the action on aline of the input text containing twice same word. It can be applied to
delete two consecutive occurrences of a same word in atext. Thisis both an instance of the
repetition-finding problem, patter n-matching problem and, more generdly, the problem of
finding regularitiesin strings.

The very helpful matching device based on regular expressions is omnipresent in the
Unix system. It can be used inside text editors such as ed and vi, and generaly in amost dl
Unix commands. The above tools, grep and sed, are based on this mechanism. There is even a
programming language based on pattern matching actions. It is the awk language, where the
name awk comes from the initids of the authors, Aho, Weinberger and Kernighan. A simple
awk program is a sequence of pattern-action statements :
patternl { actionl }
pattern2 { action2 }
pattern3 { action3 }
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The basic components of this program are pattern to be find inside the lines of the current file.

When apattern is found, the corresponding action is applied to the line. So, several actions may
be applied sequentialy to a same line. This is an instance of the multi-pattern matching
problem. The language awk is meant for converting data from one form to another form,
counting things, adding up numbers and extracting information for reports. It contains an
implicit input loop, and the pattern-action paradigm often eliminate control flow. This aso
frequently reduces the size of a program to few statements.

For instance, the following awk program prints the number of lines of the input that
contain the word "abracadabra” :
abr acadabr a { count ++ }
END { print count }
The pattern "END" matches the end of input file, so that the result is printed after the input has
been entirely processed. The language contains nice features that strengthen the smplicity of the
pattern matching mechanism, such as default initialization for variables, implicit declarations,
and associative arrays providing arbitrary kinds of subscripts. All this makes awk a convenient
tool for rapid prototyping.

The language awk can be considered as a generdization of another Unix tool, lex, aimed
a producing lexical analyzers. The input of a lex program is the specification of a lexica
analyzer by means of regular expressions (and few other possibilities). The output is the source
in the C programming language of the specified lexicd analyzer. A specification in lex is
mainly a sequence of pattern-action statements as in awk. Actions are pieces of C code to be
inserted in the lexicd analyzer. At run time, these pieces of code execute the action
corresponding to the associated pattern, when found.

Thefollowing lineisatypica statement of alex program :
[ A-Za-z] +([ A-Za-z0-9])* { yylval = Install(); return(ID); }
The pattern specifies identifiers, that is, strings of characters starting with one letter and
containing only letters and digits. The action leads the generated lexical analyzer to store the
identifier and to return the string type "ID" to the calling parser.

It is another instance of the regular expression matching problem. The question of
constructing pattern-matching automata is an important component having practica
applicationin the lex software.

Lex is often combined with yacc and twig for the development of parsers, trandators,
compilers, or ssimply prototypes of these. Yacc allows the specification of a parser by grammar
rules. It produces the source of the specified parser in C language. Twig is a tree-manipulation
language that helps to design efficient code generators. It transforms a tree-trandation scheme
into a code generator based on a fast top-down tree-pattern matching algorithm. The output
generator also uses dynamic programming techniques for optimization purposes but the
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essentia feature is the tree-pattern matching action for tree rewriting. It has been shown, by
experimental results on few significant applications, that twig-generated code generators are
often faster than hand-generated compilers even when the latter incorporate some tricky
optimizations. One of the basic problems considered for the design of such atool is the tree
patter n-matching problem.

Texts such as books or programs are likely to be changed during elaboration. Even after
their achievement they often support periodic upgrades. These questions are related to text
comparisons. Sometimes also we wish to find a string, and we do not completely remember
it. The search has to be performed with a non entirely specified pattern. This is an instance of
the approximate pattern matching.

Keeping track of all consecutive versions of a text sometimes does not help because the
text can be very long and changes may be hard to find. The reasonable way to control the
process is to have an easy access to differences between the various versions. There is no
universal notion on what are the differences, nor conversely what are the similarities between
two texts. However, it can be agreed that the intersection of two texts is a longest common
subtext of both. Thisis called in our book the longest common factor problem. So that the
differences between two texts are the respective complements of the common part. The Unix
command diff builds on this notion.

Consider thetexts A and B asfollows (Maliére'sjoke, 1670)

Text A :Bel | e Marqui se,
vos beaux yeux
me font nourir d amour
TextB: D anour nourir ne font,
Bel | e Mar qui se,
vos beaux yeux
Thecommand "di ff A B" produces
Oal
> D amour nourir me font,
3d3
< me font nourir d' anour

An option of the command diff produces a sequence of ed instructions to transform one
text into the other text. The similarity of texts can be measured as a minimal number of edit
operations to transform one text into the other. The computation of such a measure is an
instance of the edit distance problem.

1.3 Dictionaries
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The search for words or patterns in dtatic texts is a quite different question than the
previous pattern matching mechanism. Usual dictionaries, for instance, are organized in order
to speed up the access to entries. Another example of the same question is given by indexes.
Technical books often contain an index of chosen terms that gives pointers to parts of text
related to words in index. The algorithms involved in the creation of an index form a specific
group.

The use of dictionaries or lexicons is often related to natural language processing.
Lexicons of programming languages are small, and their representation is not a hard problem
during the development of a compiler. A contrario, English contains approximatively 100,000
words, and even twice more if inflected forms are considered. In French inflected forms
produce more than 500,000 words. The representation of lexicons of this size makes the
problem abit harder.

A simple use of dictionaries is made by spelling checkers. The Unix command spell
reports the words of its input that are not stored in the lexicon. This rough approach does not
yield a pertinent checker, but it practically helps to find typing errors. The lexicon used by spell
contains around 70,000 entries stored within less than 60 kilobytes of random-access memory.

Quick access to lexicons is a necessary condition to produce good parsers. The data
structure useful for such accesses is caled an index. In our book indexes correspond to data
structures representing al factors of a given (presumably long) text. We consider problems of
the construction such structures : suffix trees, directed acyclic word graphs, factor
automata, suffix arrays. Thetool PAT developed at the NOED Center (Waterloo, Canada) is
an implementation of one of these structures tailored to work on large texts. There are several
applications that effectively require some understanding of phrases in natura languages, such
asdataretrieval systems, interactive softwares and character recognition.

Animage scanner is a kind of photocopier. It is used to give a digitalised version of an
image. When the image is the page of text, the natura output of the scanner must be a digital
form available by atext editor. The transformation of a digitalised image of a text into a usual
computer representation of the text isrealized by an Optical Character Reader (OCR). Scanning
atext with an OCR can be 50 times faster than retyping the text on a keyboard. OCR softwares
are thus likely to become more common. But they sill suffer from a high degree of
imprecision. The average rate of errors in the recognition of characters is around one percent.
Even if this may happen as rather small, this means that scanning a book produces around one
error per line. This is to be compared with the usual very high quality of texts checked by
speciaized persons. Technica improvements on the hardware can help to eiminate certain
kinds of errors occurring on scanned textsin printed forms. But this cannot avoid the problem
of recognizing texts written by hand. In this case, isolation of characters is much harder, and
ambiguous forms can be encountered at recognition stage. Reduction on the number of errors
can thus only be achieved by considering the context of characters, which assumes some
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understanding of the text. Image processing is related to the problem of two-dimensional
pattern matching. Another related problem is the data structure for dl subimages, this is
discussed in the book in the context of the dictionary of basic factor s (subimages).

No system is presently able to parse natural languages. Indeed, it is questionable whether
such an effective system can exist. Words are certainly units of syntax in languages, but they
are not units of meaning. This is both because words can have severa meanings, and because
they can be parts of compound phrases that carry a meaning only as awhole. It appears that the
proportion in the lexicon (of French and several other European languages) of idiomatic
sentences, of metaphoric and technical sentences whose meaning cannot be inferred from their
elements, is very high. The natural consequence is that compound expressions and the so-called
frozen phrases must be included in computerized dictionaries. The data base must also
incorporate at least the syntactic properties of the elements. At present, no complete dictionary
established according to these principles exists. This certainly represent of huge amount of data
to be collected but this seems an indispensable work. Data bases for the European languages,
French, English, Italian, and Spanish are presently being built. And studies on Arabic, Chinese,
German, Korean and Madagascan have been performed. These question are studied, for
instance, at LADL (Paris), and the reader can refer to [Gr 91] for more information on specific
aspects of computational linguistics.

The theoretica approach to the representation of lexicons is by means of trees or finite
state automata. It appears that both approaches are equally efficient. This shows the practica
importance of the automata theoretic approach to text problems. We have shown a LITP
(Paris) that the use of automatato represent lexicons is particularly efficient. Experiments have
been done on a 500,000 word lexicon of LADL (Paris). The representation supports direct
access to any word of the lexicon and takes only 300 kbytes of random-access memory.
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1.4 Data compression

One of the basic problems in keeping a large amount of textua information is the text
compression problem. Text compression means reducing the representation of a text. It is
assumed that the original text can be recovered from its compressed form. No loss of
information is allowed. Text compression is related to Huffman coding problem and the
factorization problem. This kind of compression contrasts with other kind of compression
technics applied to sounds or images, where approximation is acceptable. Availability of large
mass storage does not decrease the interest for compressing data. Indeed, users always use
extra available space to store more data or new kind of data. Moreover the question remains
important for storing data on secondary storage devices.

Examples of implementations of dictionaries reported above show that data
compression isimportant in several domains related to natural language analysis.

Text compression is also useful for telecommunications. It actually reduces the time to
transmit documents via telephone networks, for instance. The success of Fax is perhaps to be
credited to compression technics.

General compression methods often adapts themselves to the data. This phenomenon is
central in getting high compression ratios. But, it appears in practice that methods tailored for
specific data lead to the best results. We have experimented this fact on data sent by
“geéostationnaires’ satellites. The data have been compressed to 7% without any loss of
information. The compression is very successful if there are redundancies and regularities in
the information message. The analysis of data is related to the problem of detecting
regularitiesin texts. Efficient algorithms are particularly useful to expertize the data.

1.5 Applications of text algorithmsin genetics

Molecules of nucleic acids carry a large part of information about the fundamental
determinants of life, and in particular about the reproduction of cells. There are two types of
nucleic acids known as desoxyrybonucleic acid (DNA) and ribonucleic acid (RNA). DNA is
usually found as double-stranded molecules. In vivo, the molecule is folded up like a ball of
string. The skeleton of a DNA is a sequence on the four-letter alphabet of nucleotides : adenine
(A), guanine (G), cytosine (C), and thymine (T). RNA molecules is usualy single-stranded
composed of ribonucleotides : A, G, C, and uracil (U). Processes of “transcription” and
“trandation” lead to the production of proteins, which have also a primary structure as a string
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composed of 20 amino acids. In afirst approach al these molecules can be viewed as texts.
The discovery of powerful sequencing techniques fifteen years ago has led to a rapid
accumulation of sequence data (more than 10 million nucleotides of sequences). From the
collect of sequences up to their analysisalot of algorithms on texts are implied. Moreover, only
fast algorithms are often feasible because of the huge amount of data.

Coallecting sequences is made through gel audioradiographs. The automatic transcription
of these gels into sequences is a typicd two-dimensional pattern matching problem in two
dimensions. The reconstruction of a whole sequence from small segments is another example
of problem that occurs during this step. This problem is caled the shortest common
superstring problem : construction of the shortest text containing several given smaller texts.

Once a new sequence is obtained, the first important question on it is whether it
resembles to any other sequence already stored in databanks. Before adding a new molecular
sequence into an existing database one needs to know whether the sequence is aready present
or not. The comparison of several sequences is usualy redized by writing one over another.
The result is known as an adignment of the set of sequences. This is a common display in
molecular biology that can gives an idea on the evolution of the sequences though the
mutations, insertions and deletions of nucleotides. Alignment of two sequences is the edit
distance problem : compute the minimal number of edit operations to transform one string
into another. It isrealized by algorithms based on dynamic programming techniques similar to
the one used by the Unix command diff. A tool, called agrep, developed at the University of
Arizonais devoted to these questions, related to appr oximate string-matching.

Further questions on sequences are related to their analysis. The aim is to discover the
functions of al parts of the sequence. For instance, DNA sequences contain important regions
(coding sequences) for the production of proteins. But, no good answer is presently known to
find al coding sequences of a DNA sequence. Another question on sequences is the
reconstruction of their three-dimensional structure. It seems that a part of the information
resides in the sequenceitself. Thisis because during the folding process of DNA, for instance,
nucleotides match pairwise (A with T, and C with G). This produces approximate palindromic
symmetries (as TTAGCGGCTAA). Involved in all these questions are appr oximate sear ches
for specific patterns, for repetitions, for palindromes or any other regularities. The problem
of the longest common subsequence isavariation of the alignment of sequences.
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1.6 Structur e of the book

The structure of our book reflects both the relationships between applications of text
algorithmic techniques and the classification of algorithms according to the measures of
complexity considered. The book can be viewed as a"parade” of agorithmsin which our main
aim isto discuss the foundations of these algorithms and their interconnections.

The book begins with the agorithmic and theoreticad foundations. machine models,
discussion on algorithmic efficiency, review of basic problems and their interaction, and some
combinatorics on words. It is chapter 2.

The topic of Chapters 3 and 4 is STRING-MATCHING. The chapters deal with two
famous agorithms, Knuth-Morris-Pratt and Boyer-Moore agorithms respectively. The
upmost improvements and results on these algorithms are incorporated. We discuss here those
string-matching algorithms which are efficient with respect to only one measure of complexity
— sequentia time. Hence, the chapter can be treated as a "warm-up” for other chapters devoted
to the same topic. We later discuss in Chapter 13 more difficult algorithms — TIME-SPACE
OPTIMAL STRING-MATCHING agorithms that work in linear time and simultaneously use
only avery small additional memory. The consideration of two complexity measures together
usually leads to most complicated algorithms. Chapters 3 and 4 can aso be treated as a
preparation to Chapters 9 and 14 where are presented advanced PARALLEL STRING-
MATCHING agorithms, and to Chapter 12 that deals with two-dimensional pattern matching.

Chapters 5 and 6 are basic chapters of the book. They cover data structures representing
succinctly al subwords of a text, namely, SUFFIX TREES and SUBWORD GRAPHS. The
considerations are typical from the point of view of data structures manipulations : trees, links,
vectors, lists, etc. The prepared data structures are used later in the discussion on other
problems; especidly in the computation of the longest common factor of texts, factorization
problems and finding squares in words. Also it is used to construct in Chapter 7 certain kind of
automata related to string-matching.

Chapter 7 gives an automata theoretical approach to string-matching that leads to a natural
solution of the MULTI-PATTERN MATCHING problem. It covers Aho-Corasick automata
for multi-pattern matching, automata for the set of factors and suffixes of a given text, and
application of them.

Chapter 8 considers REGULARITIES IN TEXTS. SYMMETRIES AND
REPETITIONS. It covers problems related to symmetries of words as well as problems
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related to repetitions. Surprisingly it turns out that finding a palindromein aword in linear time
ismuch easier than finding a square. Generally, problemsrelated to symmetries are easier than
that related to repetitions. The basic component of the chapter is anew data structure, called the
dictionary of basic factors, that is introduced as a basic technique for the development of
efficient, but not necessarily optimal, algorithms.

Chapter 9 dealswith PARALLEL ALGORITHMS ON TEXTS. Only one, very genera
model of paralel computations is considered. The paralel implementation and applications of
the dictionary of basic factors, suffix trees and subword graphs are presented. We discuss
parale version of the Karp-Miller-Rosenberg algorithm (Chapter 8) and some computations
related to trees.

Chapter 10 is about data compression. It discusses only some of the COMPRESSION
TECHNIQUES FOR TEXTS. This area is exceptionaly broad as compression of data is the
vital part of many real world systems. We focus on few important algorithms. Two of the
subjects here are the Ziv-Lempel algorithm, and applications of data structures from Chapters 5
and 6 to the text factorization.

Questions related to algorithms involving the notion of APPROXIMATE PATTERNS
are presented in Chapter 11. It starts with agorithms to compute edit distance of sequences
(alignment of sequences). Two specific classica notions on approximate patterns are then
considered, the first for string-matching with errors, and the second for patterns with “don’t
care’” symbols.

TWO-DIMENSIONAL PATTERN MATCHING, in Chapter 12, is the problem of
identifying a subimage inside alarger one. The notion naturally extends that of pattern matching
in texts. Basic techniques on the subject show the importance of algorithms presented in
Chapter 7.

Chapter 13 presents three different TIME-SPACE OPTIMAL STRING-MATCHING
algorithms. None of them have never appeared in atextbook nor even in ajournal, and the third
oneis presented in acompletely new version. Thisis an advanced materia since the algorithms
rely heavily on the combinatorics of words, mostly related to periodicities.

The discussion on OPTIMAL PARALLEL ALGORITHM ON TEXTS s the subject of
Chapter 14. It includes more technica considerations than Chapter 9. Are presented there the
well-known Vishkin's algorithm and a recent optimal paralel agorithm for string-matching,
based on suffix versus prefix computations, designed by Kedem, Landau and Palem.
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The last chapter considers several miscellaneous problems like tree-pattern matching
problem, or the computation shortest common superstrings, maximal suffixes, Lyndon
factorizations

One can partition agorithmic problems discussed in this book into practica and
theoretical problems. Certainly the string-matching and data compression are in the first class,
while most problems related to symmetries and repetitions are in the second. However we
believe that dl the problems are interesting from an agorithmic point of view and enable the
reader to appreciate the importance of combinatorics on words. In most textbooks on
algorithms and data structures the presentation of efficient algorithms on wordsis quite short as
compared to issues in graph theory, sorting, searching and some other areas. At the same time,
there are many presentations of interesting algorithms on words accessible only in journals and
in the form directed mainly to specialists. We hope that this book will cover a gap on
algorithms on words in the book literature, and bring together many results presently dispersed
in the masses of journal articles.
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2. Foundations

The chapter gives algorithmic and theoretical foundations required in further parts of the
book. The models of computations are discussed, and basic problems on texts are exposed in a
precise way. The chapter ends with combinatorial properties of texts.

2.1. Machine models and presentation of algorithms

The model of sequential computationsis a Random Access Machine (RAM). Evaluation
of the time complexity of algorithms is done according to the uniform cost criterion, i.e. one
time unit per basic operation. However, to avoid "abuses' of the model, the sizes of dl integers
occurring in agorithms will be "reasonable’. The integerswill be within a polynomial range of
input size and can be represented by alogarithmic numbers of bits. We refer the reader to The
design and analysis of computer algorithms by A.V. Aho J.E. Hopcroft and J.D. Ullman for
more details on the RAM model.

The sequentia algorithms of this book are mainly presented in Pasca programming
language. Few more complex agorithms are written in an informal language, in a style and a
semantic sSimilar to that of Pascal. Sometimes, the initid algorithm for a given problem is
usually more understandable using akind of a pseudo-language. In this language we can use a
terminology appropriate to the natura model for the problem. The flow-of-control constructs
can be the same as in Pascal, but with the advantage of having informal names for objects. For
example, in algorithms on trees we can use notions such as "next son", or "father of the father”,
etc. In this situation, an informal agorithm is given to catch the main ideas of the construction.
We generally attempt to convert such an informal algorithm into a Pascal program.

lal [tlefx[t]| Ja]s| [afn] [afr]rfaly| |
123458678 910111213141516171819

Figure 2.1. Array representation of atext.

We consider texts as arrays of characters. We stick to the convention that indices of
characters of atext run from 1 to the length of the text. The symbols of a text text of length n
are stored in text[1], text[2], ..., text[n]. We may assume that location text[n+1] contains a
special character.

Throughout the book, we consider two global variables pat and text that are declared by
var text : text _type; pat : pattern_type;
The types can be themselves defined by
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type text _type = array[l..n] of char ;
pattern_type = array[l..n] of char,
assuming that n and m are Pascal integer constants declared in a proper way.
We assume alazy evaluation of boolean expressions. For instance, the expression

(i>0) and (t[i]=c)
isfalse when i=0, even if t[0] does not exists. And the expression

(i=0) or (t[i]=c)
istrue under the same conditions. Replacing all boolean expression to avoid the convention is a
straightforward exercise. Doing it in the presentation of algorithms would transform them into
an unreadable form.

Pascal functions are presented in the book with the nonstandard (but common) "return”
statement. Such instruction exists in amost al modern languages and helps writing more
structured programs. The meaning of the statement "return(expression)” is that the function
returns the value of the expression to the caling procedure, and then stops. The following
function shows an application of the return statement.

function text _inequality(textl, text2: text _type): bool ean;

begi n

{ left-to-right scan of textl and text2 }
m:= length(textl); n := length(text2);
j =0

while ] <= mn(m n) do
{ the prefixes of size j are the sane }
if textl[j+1]=text2[j+1] then | :=j+1
el se return(true);
return(fal se);
end;

The"return” statement is very useful to shorten the presentation of algorithms. It is also easy
to implement. It can be replaced by
text _inequality := expression; goto L
where L isthelabdl of the last end of the function.
The following description of the function text_inequality is equivalent to the above text.
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function text _inequality(textl, text2: text _type): bool ean;
| abel 1992,

begi n

{ left-to-right scan of textl and text2 }
m:= length(textl); n := length(text?2);
j 1=0;

while j <= mn(m n) do
{ the prefixes of size ] are the sane }
if textl][j+1]=text2[j+1] then | :=j+1
el se begin text _inequality:=true; goto 1992 end,
text _inequality:= fal se;
1992: end,

Several models of sequential computations more theoretical than the RAM are relevant to
text processing : Turing machines, multihead finite automata etc. For example, it is known that
string-matching can be done in red time on a Turing machine or even on a multihead finite
automaton (without any memory but with constant number of heads). Generally, we do not
discuss algorithms on such highly theoretical models; in a few cases we only give some brief
remarks related to the computations on these models.

Concerning parallel computations, avery general model is assumed, since we are mainly
interested in exposing the parallel nature of some problems without going into the details of the
paralld hardware. The paradlel random access machine (PRAM), a parald version of the
random accessed machine is used as a standard mode! for presentation of parallel agorithms.

Processors

Q. ®» @ & 6 @
Q

Common Randon Access Memory
Figure 2.2. PRAM machine.

The PRAM consists of a number of processors working synchronously and
communicating through a common random access memory. Each processor is a random
access machine with the usual operations. The processors are indexed by the consecutive
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natural numbers, and they synchronously execute the same central program; however, the
action of a given processor depends also on its number (known to the processor). In one step, a
processor can access one memory location. The models differ with respect to simultaneous
access of the same memory location by more than one processor. For the CREW (concurrent
read, exclusive write) variety of PRAM machine any number of processors can read from the
same memory location simultaneously, but write conflicts are not allowed : no two processors
can attempt to write ssmultaneoudly into the same location.

Processors

ONONONONONO,

Common Randon Access Memory
Figure 2.3. A Concurrent Read.

We denote by CRCW (concurrent read, concurrent write) the PRAM model in which, in
addition to concurrent read, write conflicts are allowed : many processors can attempt to write
into the same location simultaneoudly but only if they all attempt to write the same value.

Processors

©) ® ® ©

Common Randon Access Memory
Figure 2.4. A Concurrent Write.

Parallel algorithms are presented in a similar way as in Efficient parallel algorithms by
A. Gibbons and W. Rytter. There is no generaly accepted universal language for the
presentation of pardle agorithms. The PRAM is a rather idedlized model. We have chosen
this model as a best suitable for the presentation of agorithms and especialy for the
presentation of the inherent parallelism of some problems. This would be difficult to nicely
present these algorithms with languages oriented towards concrete existing hardware of parallel
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computer. Moreover, the PRAM model is widely accepted in the literature on pardlé
computation on texts.

Parallelism will be expressed by the following type of parallel statement :

for all i in Xin parallel do action(i).

Execution of this statement consists of :
— assigning a processor to each element of X;
— executing in parallel by assigned processors the operations specified by action(i).
Usually the part "i in X" looks like " 1<i<n" if X isan interval of integers. We discuss this more
deeply in Chapter 7.

2.2. Efficiency of algorithms

Efficient algorithms can be classified according to what we mean by efficiency. There are
different notions of efficiency depending on the complexity measure involved. Severa such
measures are discussed in this book : sequential time, memory space, parallel time and number
of processors. Our book deas with "feasible” problems. We can define them as problems
having efficient algorithms, or as solvable in time bounded by a small-degree polynomial. In
the case of sequential computations we are interested to lower down the degree of the
polynomia corresponding to time complexity. The most efficient algorithms usually solve a
problem in linear time complexity. We are also interested in space complexity. Optimal space
complexity often means constant number of (small integer) registers in addition to input data.
So, we say that an agorithm is time-space optimal iff it works simultaneously in linear time
and constant extra space. These are the most advanced sequential algorithms, and the most
interesting also both from practical and theoretical point of view.

In the case of parallel computations we are generaly interested in the parallel time T(n) as
well as in the number of processors P(n) required for the execution of the parale algorithm.
The total number of elementary operations performed by the pardle agorithm is not greater
than the product T(n)P(n). Efficient paralel algorithms are those that operate in no more than
polylogarithmic (a polynomia of log's of input size) time with a polynomial number of
processors. The class of problems solvable by such algorithms is denoted by NC and we cal
the related algorithms NC-algorithms. A NC-agorithm is optima iff the total number of
operations T(N)P(n) is linear. Another possible definition is that this number is essentialy the
same as the time complexity of the best known sequentia algorithm solving the given problem.
However we adopt here the first option because algorithms on strings usually have a time
complexity at least linear.

Evaluating precisely the complexity of an algorithm according to some measure is often
difficult, and moreover it is unlikely to be of some use. The “big O” notation makes clear what
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are the important terms of a complexity expression. It estimates the asymptotic order of the
complexity of an algorithm and helps to compare algorithms between each other. Recall that if f
and g are two function from and to integers, then we say that f = O(g) if f(n)<C.g(n) when
n>N, for some constants C and N.

We write f = ©(g) when the functions f and g are of the same order, which means that
both equalitiesf = O(g) and g = O(f) hold.

Comparing functions through their asymptotic orders leads to these kind of inequdlities :
O(n0-7) < O(n) < O(n.log(n)), or O(n'og(M) < O(log(nN)") < O(n!).

Within sequential models of machine one can distinguish further types of computations :

off-line, on-line and real-time. These types are related also to efficiency. It is understood that
real-time computations are more efficient than genera on-line, and that on-line computations
are more efficient than off-line. Each algorithm is an off-line algorithm : "off-line" conceptually
means that the whole input data can be put into the memory before the actual computation
starts. We are not interested then in the intermediate results computed by the algorithm, but
only the final result is sought (though thisfinal result can be a sequence or a vector). The time
complexity is measured by the total time from the moment the computation starts (with al
input data previously memorized) up to the fina termination. In contrast, an on-line algorithm
islike a sequential transducer. The portions of the input data are "swallowed" by the algorithm
step after step, and after each step an intermediate result is expected (related to the input data
read so far). It then reads the next portion of the input, and so on. In on-line algorithms the
input can be treated as an infinite stream of data, and so we are not mainly interested in the
termination of the agorithm for all such data. The main interest for us is the total time T(n) for
which we have to wait to get the n-th first outputs. The time T(n) is measured starting at the
beginning of the whole computation (activation of the transducer). Suppose that the input data
isasequence and that after reading the n-th symbol we want to print "1" if the text read to this
moment contains a given pattern as a suffix, otherwise we print "0". Hence we have two
streams of data : the stream of input symbols and an output stream of answers "1" or "0". The
main feature of the on-line algorithm is that we have to give an output value before reading the
next input symbol.
The red time computations are these on-line algorithms which are in a certain sense optimal;
the elapsing time between reading two consecutive input symbols (the time spent for
computing only the last output value) should be bounded by a constant. Most linear on-line
algorithms are in fact real-time.

We are mostly interested in off-line computations whose worst case time is linear,
however aso on-line and rea-time computations as well as average complexities will be
sometimes shortly discussed in the book.
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2.3. Notation and formal definitions of basic problems on texts

Let A be aninput alphabet — afinite set of symbols. Elements of A are called the letters,
the characters, or the symbols. Typical examples of alphabets are : the set of al ordinary letters,
or the set of binary digits. The texts (also caled words or strings) over A are sequences of
elements of A. The length (size) of atext is the number of its elements (with repetitions). So,
the length of abais 3. The length of aword x is denoted by [x|. The input data for our problems
will be words and the size n of the input problem will be usually the length of the input word.
In some situations, n will denote the maximum length or the total length of several words if the
input of the problem consists of several words.

Thei-th element of the word x is denoted by X[i] and i isits position in x. We denote by X[i...j]
the subword X[i]x[i+1]...x[j] of x. If i>}, by convention, the word X[i...j] is the empty word (the
sequence of length zero).

We say that the word x of length n is a factor (also caled a subword) of the word vy if
x=y[i+1...i+n] for some integer i. We aso say that x occurs in y at position i or that the
position i isamatch for xiny.

We define also the notion of a subsegquence (sometimes called a subword). Theword x is

a subsequence of y if x can be obtained from y by removing zero or more (non necessarily
adjacent) letters from it. Equivalently x is a subsequence of y if x=y[i1]y[i2]...Y[iml, where i1,
i2, ..., imisanincreasing sequence of indicesiny.

Below we define basic problems and groups of problems covered in the book. We often
consider two texts pat (the pattern) and text of respective lengths mand n.

1. String-matching (the basic problem)

Given texts pat and text, verify if pat occurs in text. Hence it is a decision problem : the
output is a boolean value. It is usually assumed that m<n. So, the size of the problemisn.
A dightly advanced version isto search for al occurrences of pat in text, that is, to compute the
set of positions of pat in text.. Denote by MATCH(pat, text) this set. In most cases an algorithm
computing MATCH(pat, text) is a trivia modification of the decision agorithm, hence we
sometimes present only the decision algorithm for string-matching.

Instead of one pattern one can consider a finite set of patterns and ask if a given text text
contains a pattern from this set. The size of the problem is now the total length of al patterns
plus the length of text.

2. Construction of string-matching automata
For a given pattern pat, construct the minimal deterministic finite automaton accepting al
words containing pat as a suffix. Denote such an automaton by SMA(pat). A more generd
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problem isto construct a similar automaton SMA([]) accepting the set of al words containing
asasuffix one of the patterns from the set [ [={paty, ..., patk }.

3. Approximate string-matching

We are given again a pattern pat and a text text. The problem consists in finding an
approximate occurrence of pat in text, that is, a position i such that dist(pat, text[i+1...i+m]) is
minimal. Another instance of the problem is to find al positions i such that dist(pat,
text[i+1...i+m]) is less than a given constant. Here, dist is a function defining a distance
between two words. There are two standard distances : the Hamming distance (number of
positions at which two strings differ) and the edit distance (see Problem 7 below).

4. String-matching with don't care symbols

We are given a special universal symbol @ that matches any other symbol (including
itself). It is caled the “don't care symbol”. In fact, @ can be a common name for severa
unimportant symbols of the alphabet. For two symbols a and b, we write a=b iff they are equal
or at least one of themisadon't care symbol. For two words of the same length we write x=y
if, for each i, x[i]=y[i].

The problem consists in verifying whether pat=text[i+1...i+m] for some i, or more
generally, to compute the set of all such positionsi.

5. Two-dimensional pattern matching

For this problem, the pattern pat and the text text are two-dimensiona arrays (or
matrices) whose elements are symbols. We are to answer whether pat occurs in text as a
subarray, or to find al positions of pat in text . The approximate and don't care versions of the
problem can be defined similarly as for the (one-dimensional) string-matching problem.

Instead of arrays one can also consider some other "shapes’, e.g. trees.

6. Longest common factor
Compute the maximal length of longest common factors of two words X, y (denoted by
LCF(X, y)). One can consider also longest common factors for more than two words.

7. Edit distance

Compute the edit distance, EDIT(X, y), between two words. It is the minimal number of
edit operations needed to transform one string into the other. Edit operations are : insertion of
one character, deletion of one character, and change of one character.
The problem is closely related to the approximate string-matching and to the problem defined
below. It issimilar to the notion of alignment of DNA sequences in Molecular Biology.

8. Longest common subsequence
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Compute the maximal length of common subsequences of two words X, y. The length is
denoted by LCY(X, y). Note that several subsequences may have this length and that we may
also want to compute one or al this words.

This problem is related to the edit distance problem asfollows :
if I=LCY(X, y), then one can transform x to y by first deleting m-| symbols of x (all but those of
alongest common subsequence) and then inserting n-1 symbols to get y. So, the computation
of LCSsisaparticular case of the computation of edit distances.

9. Longest repeated factor
We are to compute a longest factor x of the text text that occurs a least twice in text. Its

length is denoted by LRF(text). Similarly we can consider alongest factor that occurs at least k
timesin text. Its length is LRFk(text).

10. Finding squares and powers

A much harder problem isthat of computing the consecutive repetitions of a same factor.
A sguare word (or ssimply a square) is a nonempty word of the form xx. Let us define the
predicate Square-free(text) whose value is 'true' iff text does not contain any square word factor.
Similarly one can define cubes and the predicate Cube-free(text). Generaly one can define the
predicate Power-freg(text) whose value is 'true' iff text does not contain any factor of the form
XK (with x non-empty).

These problems have seemingly no practical application. However, they are related to the
most classical mathematical problems on words (whose investigation started at the beginning
of this century).

11. Computing symmetriesin texts

The word x is symmetrical if x is equa to its reversed xR. A palindrome is any
symmetrical word containing at least two |etters (a one-letter word has an uninteresting obvious
symmetry!). Even palindromes are palindromes of an even length.

Denote by Pal and P the set of dl palindromes and the set of even length palindromes,
respectively.

There are several interesting problems related to symmetries. Compute PREFPAL (text),
the length of the shortest prefix of text that is a palindrome. Another interesting problem is to
find al factors of the text that are palindromes. Or, compute MAXPAL (text), the length of a
longest symmetrical factor of text. .

Another question is to count the number of al palindromes which are factors of text. A
word is cdled a palstar if it is a composition of palindromes (it is contained in the language
Pal™); it is an even palstar if it is a composition of even palindromes. Two agorithmic
problems related to palstars are : verify if aword isapastar, or an even palstar.
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Instead of asking about the composition of some number of palindromes we can be
interested in compositions of a fixed number k of palindromes. Let Pk(text) be the predicate

whose valueistrueif text is a composition of k even palindromes; analogously we can define
Palk(text) as a predicate related to compositions of any k palindromes (odd or even)

12. Number of all distinct factors

The problem isto compute the number of all distinct factors of text. Observe that there is
a quadratic number of factors, while linear time algorithm is possible. Such a linear time
counting of a quadratic number of objects is possible due to succinct (linear-sized)
representations of the set of al factors of agiven text.

13. Maximal suffix

Compute the lexicographically maximal suffix of the word text (it is denoted by
maxsuf(text) ). Observe that the lexicographically maximal suffix of atext is the same as its
lexicographically maximal factor. The lexicographic order is the same order as used, for
example, commonly in encyclopaedias or dictionaries (if we omit the question of accents,
uppercase letters, hyphens, ...).

14. Cyclic equivalence of words

Check whether two words x and y are cyclicaly equivaent, that is to say, whether x=uv,
y=vu for some words u, v. A straightforward linear time agorithm for this problem can be
constructed by applying a string-matching procedure to the pattern pat=x and the text text=yy.
However it is possible to design a much simpler efficient algorithm.

15. Lyndon factorization

Compute the decomposition of the text into a non-increasing sequence of Lyndon words
Lyndon words are lexicographically (strictly) minimal within the set of dl their cyclic shifts. It
is known that any word can be uniquely factorized into a sequence of Lyndon words

16. Compression of texts

For a given word text we would like to have a most succinct representation of text. The
solution depends on what we mean by a representation. If by representation we mean an
encoding of single symbols by binary strings, then, we have the problem of the efficient
construction of Huffman codes and Huffman trees. Much more complicated problems arise if
some parts of the text text are encoded using other parts of the text. This leads to some
factorization and textual substitution problems. We spend a whole chapter on this subject.

17. Unique decipherability problem
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We have a code which is a function h assigning to each symbol a of the aphabet K a
word over an aphabet A. The function can be in a natura way extended to al words over the
alphabet K using the equality h(xy)=h(x)h(y). We ask whether the so-extended function is one-
to-one (denote by UD(h) the corresponding predicate). The size n of the problem is the tota
length of al codewords h(a) over al symbolsain K.

The next three problems are related to the construction of a succinct (but useful)
representation of sets of al factors or al suffixes of a given word text. Denote by Fac(text),
Quf(text) the set of al respectively factors, suffixes of text. There can be a quadratic number of
elementsto be represented but the size of the representation is required to be linear. Moreover,
we aso require that the construction timeis linear in time.

18. Suffix trees

The set Fac(text) is prefix closed. This meansthat prefixes of words in Fac(text) are also
elements of the set. The natural representation for each prefix closed set F of wordsis atree T1
whose edges are |abelled with symbols of the alphabet. The set F equals the set of labels of dl
paths from the root down to nodes of the tree. However, such a tree T1 corresponding to
Fac(text) can be too large. It can have a quadratic number of internal nodes. Fortunately, the
number of leaves is aways linear and hence the number of interna nodes having at least two
sons (out-degree bigger than one) isaso linear. Hence, we can construct a tree T whose nodes
are all "essentia” internal nodes and leaves of T1. The edges of T correspond to maximal paths
(chains) in T1 consisting only of nodes of out-degree one; the label of each such edge is the
composite label of al edges of the corresponding chain. Denote the constructed tree T by
ST(text). It is called the suffix (or the factor) tree of text. The size of the suffix tree is linear and
we present also alinear time algorithm to construct it.

The suffix tree is a very useful representation of al factors; the range of applications is
essentidly the same as of two other data structures considered below : suffix and factor
automata.

19. Smallest suffix automata and directed acyclic word graphs

Compute the smallest deterministic finite automaton SA(text) accepting the set Suf(text) of
all suffixes of text. The size of the automaton turns out to be linear and we even prove laer that
its size does not depend on the size of the alphabet (if transitions to dead state are not counted).
The automaton SA(text) is essentially the same data structure as the so-called directed acyclic
word graph (dawg, for short). Dawg's are directed graphs whose edges are labelled by
symbols, and such a graph represents the set of all words "spelled” by its paths from the root to
the sink.
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Dawg's are (in a certain sense) more convenient than suffix trees because each edge of the
dawg is labelled by a single symbol, while edges of factor trees are labelled by words of
varying lengths. It is possible to consider compacted versions of dagw’ s though.

20. Smallest factor automata

Construct the smallest deterministic automaton FA(text) accepting the set Fac(text) of dl
factors of text. Thisisamost the same problem as the previous one. It will be shown that the
size of FA(text) does not exceed the size of SA(text). In fact the suffix automaton also accepts
(after aminor modification) the set Fac(text) of al factors. In most applications SA(text) can be
used instead of FA(text) and the order of magnitude of the complexity does not change very
much. However, the factor automaton is the most optimal representation of the set of dl
subwords.

21. Equivalence of two wordsover a partially commutative alphabet

Let C be a binary relation on the aphabet. This relation represents the commutativity
between pair of symbols. The only necessary property of this relation is that it should be
symmetric. Two words are equivalent according to C (x=y) iff one of them can be obtained
from the other by commuting certain symbolsin the word several times. Formally, ubav=uabv
if (& b) €C (symbols a, b commute). The relation = is transitive because we can apply
operations of commuting two symbols many times. One can reformulate many of the
problems defined before in the framework of partialy commutative aphabets. Instead of one
word, one can also consider the whole equivaence class containing this word (caled a trace).
We can ask if such an equivalence class for agiven word contains a square or a palindrome or
agiven factor (the latter isthe string-matching problem for partially commutative al phabets).

However, we consider only the complexity of one basic problem : checking equivalence
of two strings. It is one of the simplest problems in this area containing a lot of sophisticated
guestions.

22. Two-dpda’s

The acronym “2dpda’ is an abbreviation for ‘two-way deterministic pushdown
automaton'. This is essentially the same device as a pushdown automaton described in many
standard textbooks on automata and formal languages; the only difference s its ability to move
input heads in two directions. We demonstrate shortly that any language accepted by such an
abstract machine has alinear time recognition procedure on a random access machines, which
is of algorithmic interest. The notion of 2dpda's is historically interesting. Indeed, one of the
first approaches to obtain alinear time algorithm for string-matching used 2dpda’s.

The table below shows some relations between chapters and problems. The first
introductory chapters are naturally related to al problems.



Chapter 2 27 21/7/97

Chapter 3. Basic string-matching algorithms— 1, 2, 5, 10, 11, 13

Chapter 4. The Boyer-Moore algorithm and its variations— 1, 5

Chapter 5. Suffix trees— 1, 2, 6, 9, 10, 12, 13, 17, 18

Chapter 6. Subword graphs— 1, 2, 6, 9, 10, 12, 13, 17, 19, 20

Chapter 7. Automata-theoretic approach— 1, 2, 3,5, 6, 9, 10, 12, 13, 19, 20, 22
Chapter 8. Regularities in words : symmetries and repetitions— 9, 10, 11
Chapter 9. Almost optimal parallel algorithms— 1, 2, 9, 10, 11, 15, 18, 19, 20
Chapter 10. Text compression techniques — 10, 16, 19

Chapter 11. Approximate pattern matching — 3, 4, 7, 8, 17

Chapter 12. Two-dimensional pattern matching — 5

Chapter 13. Time-space optimal string-matching— 1, 10, 13

Chapter 14. Time-processor optimal string-matching — 1

Chapter 15. Miscellanies— 1, 5, 13, 14, 15, 17, 19, 21

This book is about efficient algorithms for textual problems. By efficient, we mean
algorithms working in polynomial sequentia time (usually linear time or n.log(n) time) or in
polylogarithmic paralel time with a polynomial number of processors (usualy linear).
However, we have to warn the reader that plenty of textua problems have no efficient
algorithms (unless one the main question in complexity theory “is P=NP?’ holds true, which
seems unlikely). We refer the reader to [GJ 79] for the a definition and discussion on NP-
completeness. Roughly speaking, an NP-complete problem is a problem that has (with high
probability) no efficient exact algorithm.

Below are some examples of NP-complete problems on texts. Usually, NP-complete
problems are stated as decision problems, but we present some problems in their more natural
version when outputs are not necessarily boolean. Essentially, this does not affect the hardness
of the problem.

Shortest common superstring

The general problem isto reconstruct atext from a set of itsfactors. Thereis of course no
unique solution, so the problem is usually constrained to a minimal length condition. Given a
finite set Sof words, find a shortest word x that contains all words of Sas factors, i.e. such tha
Sisincluded in Fac(text). The length of text is denoted SCH]]).
(see [MS 77]). The size of the problem isthe total length of all wordsin S

Shortest common super sequence
Given a finite set S of words, find a shortest word x such that every word in Sis a
subsequence of x (see[Ma78]). Theword x is called a supersequence of S
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L ongest common subsequence

Given afinite set Sof words, find a longest word x that is a subsequence of every word
in S(see[Ma78]). It isworth observing that the problem is solvable in polynomial timeif | is
a constant. The seemingly similar problem of computing the longest common factor of words
of Sisaso trivialy solvable in polynomial time (number of distinct factors in quadratic, as
opposed to the exponential number of distinct subsequences).

String-to-string correction

Given words x and y, and an integer k, isit possible to transform x into y by a sequence of
at most k operations of single symbol deletion or adjacent-symbol interchange ? (See [Wa 79]).
The problem becomes polynomial-time solvable if we alow aso operations of changing a
single symbol and inserting a symbol (see [WF 74]).

Therank of afinite set of words

Given afinite set X of words and an integer k, does there exists aset Y of at most k words
such that each word in X is a composition of wordsin 'Y, see [Ne 88]. The smallest k for which
Y existsis caled the rank of X.

There are severa other NP-complete textua problems : hitting string [Fa 74], grouping
by swapping [Ho 77], and problems concerning data compression [St 77], [SS 78]. We refer
the reader to Computers and Intractability : A Guide to the Theory of NP-Completeness by
M.R. Garey and D.S. Johnson.

2.4. Combinatorics of texts

As already seen in the previous section, a text x is simply a sequence of letters. The first
natural operation on sequencesis concatenation. The concatenation of x and y, also caled their
product, is denoted by a mere juxtaposition : xy, or sometimes with an extra dot, x.y, to make
apparent the decomposition of the resulting word. This is coherent with the notation of
sequences as juxtaposition of their elements. The concatenation of k copies of the same word x
is denoted by xK.

There is no need to bracket a sequence representing a text because concatenation is
associative : (xy)z=x(yz). The empty sequence (of zero length) is denoted by . The set of dl
sequences on the alphabet A is denoted by A*, and the set of non-empty words is denoted by
A*. In the algebraic terminology, sequences are called words, and concatenation provides to A*
a structure of monoid (associativity and €). Moreover this monoid is free, which essentialy
means that two words are equal iff their |etters at same positions coincide.
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Consider aword x which decomposes into uvw (for three words u, v and w). The words
u, v and w are caled factors of x. Moreover u is caled a prefix of x, and w a suffix of x. The
occurrence of factor v in x can be formally considered as the triplet (u, v, w). The position of
this occurrence is the length of u denoted by |u]. This notion is intrinsic; it does not depend on
the representation of the word x. However it coincides with our convention of representing texts
by arrays, and with the definition of positions already given in the previous section.

We define the notion of a period of aword, which is central in almost al string-matching
algorithms. A period of aword x is an integer p, O<p<|x|, such that

Vie{l, ..., X-p} X[i] =X[i+p].

Thisisthe usual definition of a period for a function defined on integers, as x can be viewed.
Note that the length of aword isaways a period of it, so that any word has at |east one period.
We denote by period(x) the smallest period of x.

Example
The periods of aabaaabaa (of length 9) are4, 7,8and 9. ¢

Proposition 2.1
Let x be a nonempty word and p be an integer such that O<ps<|x|. Then each following
condition equivaently definesp asaperiod of x :

(1) x isafactor of some yk with |y| = p and k>0,

(2) x may be written (uv)ku with |uv| = p, v nonempty and k>0,

(3) for somewordsy, zandw, x=yw =wzand |y| = |2 = p.
Proof
Condition 1 isequivalent to say that p isaperiod of x if one considersy = x[1...p].
1implies2: if xisafactor of yKit can be written rylswith r asuffix of y and saprefix of y. Let
t be such that y = tr. Then x = r(tr)is = (rt)irs. Since t and s are both prefixes of y, one of them
isaprefix of the other. If sisaproper prefix of t, then t = sv for some nonempty word v and,
setting u =rs, x = (rsv)irs = (uv)iu. Furthermore |uv| = |rsv| = |rt| = |tr| = ] = p. Also note that
i>0 because |rs|<|y|=p=[X|. In the other situation, t is a prefix of sand the word u such that s = tu
isalso aprefix of r. Then, for someword w, r = uw and x = (uwt)i+1u or x = (uv)i+1u, if we set
v =wt. Moreover, uv| = luwt| = |rt] = |tr| = |y| = p and i+1>0.
2 implies 3 : if x = (uv)ku with |uv| = p, let y, zand w be defined by

y=uv, z=wvu, w= (uv)klu.

The definition of wis valid because k>0. The conclusion follows : X = yw = wz.
3 implies 1 : first note that, if yw = wz, we also have yiw = wZz for any integer i. Since y is
nonempty (Jy] = p and p>0), we can choose an integer k such that [y<>x|. The equality ykw =
wzK shows that x (=wz) is afactor and even a prefix of yKwith |y| = p.
The proof iscomplete. ¢
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Figure 2.5. Duality between periods and borders of texts.

A border of aword x is any shorter word that is both a prefix and a suffix of x. Borders and
periods are dual notions, as shown by condition 3 of the previous proposition. We can dtate it
more precisaly, defining Border(X) as the longest proper border of a nonempty word x. The
border of aword x isthe longest (non-trivia) overlap when we try to match x with itself. Since
Border(x) is (strictly) shorter than x, iterating the function from any non-empty word leads
eventually to the empty word. We also say that x is border-free if Border(x) is the empty word.

Example
The borders of aabaaabaa are aabaa, aa, aand . ¢

Proposition 2.2

Let x be aword and let k (=0) be the smallest integer such that Borderk(x) is empty. Then

(x, Border(x), Border2(x), ..., Borderk(x))
is the sequence of all borders of x in order of decreasing length. Moreover
(|X|-|Border ()|, |x|-|Border2(x)|, ..., |x|-|Borderk(x)|)

isthe sequence of all periods of x in increasing order.
Pr oof
Both propertieshold if x isempty. In this case, the sequence of borders reduces to (x) and the
sequence of periodsis empty sincek = 0.
Consider a nonempty word x and let u = Border(x). Let w be a border of x. Then it is either
Border(x) itself or aborder of Border(x). By induction it belongs to the sequence

(Border(x), Border2(x), ..., Borderk(x))

and this proves the first point.
If pisaperiod of the nonempty word x, by condition 3 of Proposition 2.1 we have X = yw = wz
with |y|=p. Then wis aproper border of xand p = [X|-lw]. The conclusion follows from the fact
that (Border (x), Border2(x), ..., Borderk(x)) is the sequence of proper borders of x. ¢

Note that the period period(x) (the smallest period of x) corresponds to the longest proper
border of x and is precisaly [x|-|Border (x)|.
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The next theorem provides an important property on periods of a word. It is often use in
combinatorial proofs on words. Wefirst give aweak version of the theorem often sufficient in
applications.

Lemma 2.3 (Weak Periodicity Lemma)

Let p and g be two periods of aword x.

If p+q =< [X|, then gcd(p, q) isaso aperiod of x.
Proof
The conclusion trivialy holdsif p =g. Assume now that p > g. We first show that the condition
p+q < || impliesthat p-q is a period of x. Let x = X[1]x[2]...x[n] (X[i]'s are |etters). Given X]i]
the i-th letter of x, the condition implies that either i-g=1 or i+p=<n. In the first case, g and p
being periods of x, X[i] = X[i-q] = X[i-g+p]. In the second case, for the same reason, X[i] =
X[i+p] = X[i+p-q]. Thus p-qisaperiod of x. This situation is shown in the Figure 2.6.
Therest of the proof, left to the reader, is by induction on the integer max(p, q), after noting that
ged(p, ) equals ged(p-q, d). ¢

-< >
-< 9 >
X a b c
i i +(p-q) I+
. p-q 3

Figure2.6. p-qisalso aperiod : lettersa and b are both equal to letter c.

Lemma 2.4 (Periodicity Lemma)

Let p and g be two periods of aword x.

If p+g-gcd(p, 9) < ||, then ged(p, q) isalso aperiod of x.
Proof
As for the weak periodicity lemma we prove the conclusion by induction on max(p, q). The
conclusion trivialy holds if p =q, so, we assume now that p > q and let d = gcd(p, q). The
word x can be written yv with |y| = p and v a border of x. It can aso be written zw with |7 = g
and w a border of x.
We first show that p-qisaperiod of w. Sincep > q, zisaprefix of y. Let Z besuch thaty = zZ.
From x = 2w = yv, we get w = Zv. But, since v is a border of x shorter than the border w, it is
also aborder of w. This provesthat p-q = |Z| isaperiod of w, and thusw is a power of Z.
To prove that g is a period of w, we have only to show that g < |w|. Indeed, since d < p-q
(because p > ), we have q < p-d = p+g-d-q < |x|-q = |w|.
This also show that (p-g)+g-gcd((p-q), ) (which is p-d) <= |w|. By induction hypothesis, we
deduce that d isa period of w. Thusz and Z, whose lengths are multiple of d, are powers of a
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same word u of length d. It isalso the case for w (that is a power of Z), and then for x. Thus,
the word x has period gecd(p, ) as expected. ¢

Fibonacci words

In some sense, the inequality that appears in the statement of the periodicity lemma is
optimal. The aim of the following example is to exhibit a word x having two periods p and q
satisfying p+g-gcd(p, g) = |X|+1 and that does not satisfy the conclusion of the lemma.
Fibonacci words are defined on the aphabet A = {a, b}. Let Fib, be the n-th Fibonacci word
(n=0). It is defined by

Fibg = ¢, Fiby = b, Fiby = a, and Fibp = Fibn.1Fibp-2 for n>2.
The lengths of Fibonacci words are the well known Fibonacci numbers, fo = 0, f1 = 1, fo = 1,
... Thefirst Fibonacci words of (Fibp, n>2) are

Fibz = ab, |Fibs| =2,
Fibs = aba, |Fibg| = 3,
Fibs = abaab, |Fibs| =5,
Fibg = abaababa, |Fibg| = 8,
Fib7 = abaababaabaab, |Fib7] = 13,
Fibg = abaababaabaababaababa, |Fibg| = 21,

Fibg = abaababaabaababaababaabaababaabaab, |Fibg| = 34.

Fibonacci words satisfy a large number of interesting properties related to periods and
repetitions. One can note that Fibonacci words (except the two first words of the sequence) are
prefixes of their successors. Indeed, there is an even stronger property : the square of any
Fibonacci word is a prefix of its succeeding Fibonacci words of high enough rank.

To prove the extreme property of Fibonacci words related to the Periodicity Lemma, we
consider, for n>2, the prefix of Fiby of length |Fiby|-2, denoted gp. It can be shown that, for
n>5, gn isaprefix of both Fiby.12 and Fibn.23. Then |Fibn.1| and |Fibn.2| are periods of gn. It
can aso be shown that gcd(|Fibn-1), [Fibn-2[) = 1, abasic property of Fibonacci numbers. Thus,
we get |Fibn1+|Fibnol-gcd([Fibn-1|, [Fibn-2)) = [Fibng|[*|Fibn.ol-1 = [Fibn|-1 = [gnl+1.
Moreover, the conclusion of the periodicity theorem does not hold on gn because this would
imply that gn were apower of asingle letter which is obvioudly false.

Among other properties of Fibonacci words, it must be noted that they have no factor of
the form u4 (u not empty). So, Fibonacci words contain a large number of periodicities, but
none with exponent higher than 3.
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Fibonacci words come up in the analysis of some agorithms. A common expression of
their length is used there : |Fiby| is ®"/V5 rounded to the nearest integer. It happens then that

log's are based ®, the golden ratio (=(1+V5)/2).
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3. Basic string-matching algorithms

The string-matching problem is the most studied problem in algorithmics on words, and
there are many algorithms for solving this problem efficiently. Recall that we assumed that the
pattern pat is of length m, and that the text text has length n. If the only access to text text and
pattern pat is by comparisons of symbols, then the lower bound on the maximum number of
comparisons required by a string-matching algorithm isn-m. The best algorithms presented in
the book will make no more than 2.n-m comparisons in the worst case. Recently, the lower
bound has been improved, to around 4/3.n on a two letter dphabet. However, algorithms
become quite sophisticated and are beyond the scope of this book.

We start with a brute-force algorithm that uses quadratic time. Such a naive algorithm is
in fact an origin of a series of more and more complicated and more efficient algorithms. The
informal scheme of such anaive algorithmiis:

for i :=0ton-mdo check if pat=text[i+1..i+n].
The actual implementation differs with respect to how we implement the checking operation :
scanning the pattern from the left or scanning the pattern from the right. So we get two brute-
force algorithms. Both algorithms have quadratic worst-case complexity. We discuss in this
chapter the first of them (left-to-right scanning of the pattern).

To shorten the presentation of some algorithms we assume that pat and text together with
their respective lengths, mand n, are global variables.

function brute forcel: bool ean;
var i, j : integer;
begi n
I 1= 0;
whil e i =n-m do begin
{ left-to-right scan of pat }

j 1= 0;
while j<mand pat[j+1]=text[i+] +1] do j := j+1,
if j=mthen return(true);
{ invi(i, j) }
i :=1+1; { length of shift =1}

end;

return(fal se);

end;
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If pat:a”/Zb and text=a"-1b then a quadratic number of symbol comparisons takes place.
However, the average complexity is not so bad. Assume that the alphabet has two symbols and
that each symbol appears with the same probability. Then the probability that the test
"pat []j +1] ==t ext[i +j +1] " is successful is a most 1/2. It is now quite easy to caculae
that the average number of such successful testsfor afixed i does not exceed 1. The number of
unsuccessful tests does not exceed n. Hence, we have the following :

Fact
Assume |Aj=2. The expected number of al symbol comparisons done by algorithm
brute forcel does not exceed 2.n.

In the following, we are interested mostly in worst-case time complexity, and especialy
in linear-time agorithms.

3.1. The Knuth-Morris-Pratt algorithm

Our first linear-time agorithm is a natural improved version of the naive agorithm
discussed above. We present a constructive proof of the following.

Theorem 3.1
The string-matching problem can be solved in O([text|+|pat|) time using O(|pat|) space.
The constants involved in 'O’ notation are independent of the size of the a phabet.

Remark

On one point we are disappointed with this theorem. The size of additiond memory is rather
large though linear in the size of the pattern. In Chapter 13, we show that a constant number of
registers suffices to achieve linear time complexity (again the size of the aphabet does not
intervene).

Let us look closer at the algorithm brute forcel and at its main invariant inva(i, j) :
pat[1...j]=text[i+1...i+j] and pat[j+1]=text[i+j+1].In fact, we first use the dightly weaker
invariant

invl'(i, ) : pat[1...j]=text[i+1...i+].
Theinvariant essentially saysthat the value of j givesa lot of information about the last part of
the text scanned so far.

Using the invariant inv1'(i, j), we are able to make longer shifts of the pattern. Present
shifts in algorithm brute forcel have aways length 1. Let s denote (the length of) a "safe"
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shift, where "safe shift s" means that on the basis of the invariant we know that there is no
occurrence of the pattern at positions between i and i+s, but possibly at position i+s.

pat I

1 i i+j
Figure 3.1. Shifting the pattern to the next safe position.

Assume j>0, let k=j-s, and suppose an occurrence of the pattern starts at position i+s.
Then, pat[1...K] and pat[1...]] are suffixes of the same text text[1...i+j] (see Figure 3.1).
Hence, the following condition isimplied by inv1':

cond(j, K) : pat[1...K] isaproper suffix of pat[1...j].

Therefore the shift is safeiff k isthe smallest number satisfying cond(j, k). Denote this number
by Bord[j]. The function Bord is called afailure function, because it helps us in the moment of
afailure (mismatch). It is the crucia function. It is stored in a table with the same name. The
failure function allows to compute the length of the smallest safe shift, s=j-Bord[j]. Note that
Bord[j] is precisaly the length of the border of pat[1...j], and that the length of the smallest safe
shift is the smallest period of pat[1...]] (see Section 2.4). In the case j=0, that is, when
pat[1...j].isthe empty word, we have a specia Situation. Since, in this situation, the length of
the shift must be 1, we then define Bord[0]=-1. Now we have an improved version of
algorithm brute_forcel.

function MP : boolean; { algorithmof Mrris and Pratt }
var i, | : integer;
begi n
i :=0; j :=0;
while i =n-mdo begin
while j<mand pat[j+1]=text[i+ +1] do | := j+1;
if j=mthen return(true);
i = 1i+j-Bord[j]; jJ := max(0, Bord[j]);
end,
return(fal se);
end,
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Lemma 3.2

The time complexity of the agorithm MP islinear in the length of the text. The maximal

number of character comparisons executed is 2.n-m.
Proof
Let T(n) be the maximal number of symbol comparisons "pat[j+1]=text[i+j+1] ?* done by the
algorithm MP. There are at most n-n+1 unsuccessful comparisons (at most one for a given i).
Consider the sum i+j. Its maximal vaue is n and minimal 0. Each time a successful
comparison is made the value of i+ increases by one unit. This value observed in the moment
of comparing symbols never decreases. Hence, there are a most n successful comparisons.
Also observe that if the first comparison is successful than we have no unsuccessful
comparison for position i=0. Finally, we get :

T(n)sn+n-m=2.n-m.

For pat=ab and text=aaaa...a we have T(n)=2.n-m (in this case m=2). ¢

procedure conpute borders_ 1,
{ conpute the failure table Bord for pattern pat }
{ a version of algorithmMP with text=pat }
var i, | : integer;
begi n
=1, ] :=0;
while i=m1 do begin
while i+ <mand pat[j+1] =text[i+j +1] do begin
j = j+1; if Bord[i+j]=-1 then Bord[i+j] :=j;
end;
i = 1i+j-Bord[j]; jJ := max(0, Bord[j]);
end,
end,

There remains the problem of computing the table Bord, and the aim isto derive a linear-
time algorithm. We present two solutions. The first one is to use algorithm MP itsdef to
compute Bord. This, at first glance, can seem contradictory because Bord is needed inside the
algorithm. However, we compute Bord in parts; whenever a value Bord[j] is needed in the
computation of Bord[i] for i>] then Bord[j] is aready computed. This is a kind of dynamic
programming.

Suppose that text =pat. We apply algorithm MP starting with i=1 (for i=0 nothing
interesting happens) and continue with i=2, 3, ...., m1. Then Bord[r]=j>0 whenever i+j=r in a
successful comparison for the first time. If Bord[r]>0 then such a comparison will take place.
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Assumethat initially Bord[j]=-1 for all j=0.

Of course, we can delete the statement "i f j =m then return(true);" because
we are not solving now the string-matching problem. In fact, our interest here is only a side
effect of the algorithm MP.

The complexity of algorithm compute _borders 1 is linear. The argument is the same as
for algorithm MP. Next, we present another linear-time algorithm computing table Bord.

procedure conpute_borders;
{ conpute the failure table Bord for pat, second version }

var t, | : integer;
begi n

Bord[O] :=-1; t := -1,

for j :=1to mdo begin

while t=0 and pat[t+1l]=pat[j] dot := Bord[t];
t :=1t+1l; Bord[j] :=t;
end,
end,

The correctness of the algorithm compute_borders essentially follows from Proposition
2.2, or from the fact that if Bord[j]>0 then Bord[j]=t+1, where t:Bordk[j] and k is the smallest
positive integer such that pat[Bordk[j]+1]:pat[j] :

Lemma 3.3
The maximum number of character comparisons executed by algorithm
compute_bordersis2.m-3.
Pr oof
The complexity can be analyzed using a so-called 'store principl€. Interpret t as the number of
items in a store. Note that when t<0, no comparison is done, and t becomes null. So we can
consider that initially the store is empty. For each j running from 2 to m, we add at most one
item (at statement t := t+1). However, whenever we execute the statement "t : = Bord[t]"
the value of t strictly decreases, which can be interpreted as deleting a nonzero number of items
from the store. The total number of items inserted does not exceed m-2. Hence the total number
of deletions and executions of statement "t : = Bord[t]" for unsuccessful comparisons
"pat [t +1] =pat [ ] ] " does not exceed m-2.
For each j running from 2 to m, there is a most one successful comparison. The total number
of successful comparisons then does not exceed m-1.
Hence, the total number of comparisons does not exceed 2.m-3. ¢
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The notion of failure function can be applied in a different way to the string-matching
problem, as follows. Let w = pat&text, where & is a specia new symbol. Compute the table
Bord for this string. Then the pattern pat ends in text at all positionsj with Bord[j]=m, where m
isthe size of pat. Such an abstract algorithm was given in [FP 74].

We show another application of the failure function computation through algorithm
compute borders, the computation of Maxsuf(pat), lexicographically maximal suffix of pat.
When computing the value of Bord[j] we examine consecutive values of the integer variable t.
These values correspond to al consecutive proper suffixes pat[1...t] of the word pat[1...j-1],
which are also prefixes of this word. Such examination could be useful in the computation of
maximal suffixes because of the following fact :

if pat[g+1l...j-1] is the maximal suffix of pat[1...j-1] and pat[t+1...j] is the maximal
suffix of pat[1...j] then pat[t+1...j-1] is a prefix and suffix of pat[g+1...j-1]. Hence, to find
the next maximum suffix it is enough to examine extensions of suffixes of the last maximal
suffix (such suffixes can be given using falure table Bord). However, the following
unexpected feature of such an approach is that we have to compute borders of pat[g+1...j-1],
the current maximal suffix, and simultaneoudly its failure function. So, we have to compute the
table Bord for the dynamically changing pattern pat[g+1...j-1]. Thetrick isthat the failure table
we need is essentially a prefix of the previous one.

function Maxsuf : integer;
{ conputes Maxsuf(pat) }
{ application of failure function conputation }

var ns, |, t : integer;
begi n

nme := 0; Bord[0] := -1;

for j :=1to mdo begin

t := Bord[j-1];
while t=0 and pat[ns+t+1] >pat[j] do begin
nm = j-1-t; t = Bord[t];

end;
while t=0 and pat[ns+t+1] =pat[j] do t = Bord[t];
Bord[j-sn] = t+1;

end,

return(nms); { Maxsuf(pat) is pat[nms+l..m }

end,

}
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Denote x(j)=Maxsuf(pat[1...j]). If we have computed table Bord for x(j-1) then
X(j)=xXpat[j], where X is a prefix of x(j-1). Hence, Bord is aready computed for al positions
corresponding to symbols of X; only one entry of Bord should be updated (for the last
position). We modify the algorithm for the failure function maintaining the following invariant

pat[ms+1...j]=Maxsuf(pat[1...j]),
and the values of table Bord are correct values of the failure function for the word
pat[ms+1...j].

In algorithm Maxsuf, parameter t runs through lengths of suffixes of pat[ms+1...j]. The
algorithm above computes Maxsuf(pat), as well as the failure function for it, in linear time.
Computation also require linear extra space for the table Bord. We give in Chapter 11 a linear-
time constant-space algorithm for the computation of maximal suffixes. It will be also seen
there why maximal suffixes are so interesting.

We have not so far taken into account the full invariant invl of agorithm brute forcel,
but only itsweak versioninvl'. We have left gpart the mismatch property. We develop now a
new version of agorithm MP that incorporates the mismatch property. The result algorithm,
called KMP, improves on the number of comparisons performed on agiven letter of the text.

The clue for improvement is the following : assume that a mismatch in algorithm MP
occurs on the letter pat[j+1] of the pattern. The next comparison is between the same letter of
the text and pat[k+1] if k=Bord[j]. But if pat[k+1]=pat[j+1] the same mismatch recurs. So, we
must avoid considering the border of pat[1...j] of length k.

For m>j=0 we consider a condition stronger than cond(j, k) by a "one-comparison”
information :

s _cond(j, K) : (pat[1...K] isaproper suffix of pat[1...j] and pat[k+1]=pat[j+1] )

We then define s _Bord[j] ask, when kisthe smallest integer satisfying s_cond(j, k), and as -1
otherwise. Moreover we define s Bord[m] as Bord[m]. We say that s Bord][j] is the length of
the longest strict border of pat[1...j]. This notion of strict-borderness is not intrinsic, but is
only defined for prefixes of the pattern.
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Figure 3.2. Functions Bord and s_Bord for pattern abaab.
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The algorithm KMP is the algorithm MP in which table Bord is replaced by table s Bord.

functi on KMP: bool ean; { algorithmof Knuth, Mrris, and Pratt }
{ version of MP with table Bord replaced by s Bord }
var i, j : integer;

begi n
i :=0; j :=0;
whil e i =n-m do begin
while j<mand pat[j+1] =text[i] do j :=]+1;

if j=mthen return(true);
i :=1i+j-s Bord[j]; j := max(0, s Bord[j]);
end;
return(fal se);
end,

The table s Bord is more effective in the following on-line version of algorithm KMP.
Assume that the text ends with the special end-marker $. At each moment after having
processed the current input symbol, we output 1 if the part of the text read up so far ends with
the pattern pat, and we output O, otherwise.
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Al gori thm KM,
{ on-line linear version of KMP search }
var | . integer; synbol : char;
begi n
read(synbol ); j := 0;
whil e synbol = end of text do begin
while j<mand pat[j+1] =synbol do begin

j :=j+1; if j=mthen wite(l) else wite(0);
read(synbol );
end;

if s Bord[j]=-1 then begin
wite(0); read(synbol); j := 0;
end el se
] :=s_Bord[j];
end,
end,

Computation of strict borders of prefixes of the pattern pat relies on the following
observation. Let t=Bord[j]. Then, s Bord[j]=t if pat[t+1]=pat[j+1]. Otherwise, the value of
s Bord[j] isthe same as the value of s Bord[t] because pat[t+1]=pat[j+1]. The next algorithm
applies this fact and is built on algorithm compute _borders. Its output is the global table
s Bord. Also note that the strict border of pat itself is its border, as if pat were followed by a
marker.
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procedure conpute_s borders;
{ conpute table s Bord for pattern pat }

var t, | : integer;
begi n

s Bord[0] =-1; t = -1;
for j :=1to m1l do begin

{ t equals Bord[j-1] }
while t=0 and pat[t+1l]=pat[j] dot = s Bord[t];
t = t+1;
if pat[t+1l]=pat[j+1] then s _Bord[j] =t
else s Bord[j] = s_Bord[t];

end,

s _Bord[n] =t;

end,

Denote by delay(m) the maximal time (measured as the number of statements "
=s_Bord[j]") done between two consecutive reads, for patterns of length m. By
delay_Bord(m) we denote the corresponding time in the situation when Bord is used instead of
s Bord.

The large gap between delay(m) and delay Bord(m) can be seen on the following
example : pat=aaaa...a and text=am1ba. In this case delay(m)=1 while delay Bord(m) is
linear in the length of pat. The value of delay(m) is generally small.

Lemma 3.4
The time delay(m) is O(log m), and the bound is tight.

The proof of Lemma 3.4 is a consequence of the Periodicity Lemma of Section 2.4. The
pattern gk defined in Section 2.4 as a prefix of the k-th Fibonacci word (for k=3) yields a

sequence of exactly k-3 strict borders. The delay isthen k-3, which is exactly of order log(m), if
m=length(gk).

Observe that for texts on binary alphabets delay(m)<1. Which means that, in this case,
the algorithm is real-time. However, if the patterns are over the alphabet {a, b} and texts over
{a, b, c} then the delays can be logarithmic, as shown by the above example.

It is an interesting exercise in program transformations to modify algorithm KMP to
achieve ared-time computation independently of the size of the aphabet. This means that the
time between two consecutive reads must be bounded by a constant. The crucia observation is
that if we execute"j =s_Bord[j]" then we know that for the next j-s_Bord[j] input symbols the
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output value will be O ("no match"). This alows to disperse output actions between input
actions (reading symbol) in such a way that the time between consecutive writes-reads is
bounded by a constant. To do so, we can maintain in a table up to m last symbols of the text
text. We leave details to the reader. It is interesting to observe that real-time condition can be
achieved by using any of the tables Bord, s Bord.

In thisway, we sketched the proof of the following result (which becomes much harder
if the model of the computation isa Turing machine).

Theorem 3.5
There is a rea-time algorithm for string-matching on a random access machine. The
algorithm isaversion of the KMP agorithm and uses O(m) space. Complexities do not
depend on the size of the a phabet.

3.2 The Simon algorithm

Algorithm of Simon is afurther improvement on algorithm brute forcel. The difference
with the previous agorithms relies on the way shifts are done. Recall that the main invariant of
brute forcel is

inva(i, j) : pat[1...j]=text[i+1...i+j] and pat[j+1]=text[i+j+1],
occurring when a shift is to be done. In MP agorithm, the length of the shift is the period of
pat[1...j] corresponding to the border of this word. In KMP agorithm, a different notion of
period is considered that may be considered as not incompatible with the letter text[i+j+1] that
yields the mismatch. This corresponds to the notion of strict borders.

According to the information gathered so far on the text, the best length of the shift would
be the period of pat[1...j]text[i+j+1]. Pre-computing al periods of ua (u prefix of pat, a
possible letter of the text) takes time and space O(JAl.|pat[), which depends on the size of the
alphabet. Thiskind of solution is not desirable, especialy for short patterns.

This solution amounts to consider the minimal deterministic automaton recognizing the
language A*x. Indeed, algorithms MP and KMP implicitly use a representation of this
automaton. We, implicitly also, consider here another implementation that leads to a faster
algorithm. Relation of all these algorithms to automatais given in Chapter 5.

The idea exploited in Simon algorithm is that we can record only non trivial periods of
words pat[1...j]text[i+j+1], namely, those that are lessj+1. Thisleads to consider what we cdl
tagged borders of prefixes of the pattern pat. For each letter a of the alphabet A, distinct from
letter pat[j+1] if j<m, the border of pat[1...j] tagged by a isitslargest border pat[1...k] such
that pat[k+1]=a.
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Implementation of Simon agorithm requires lists of tagged borders. They are organized
as follows. A table First of size m gives pointers to another table, t Bord of size 2.m, that

contains the lengths of tagged borders. Lists of tagged borders end with -1, and are in order of
decreasing lengths.

BEREEAR
-1 0 -1 1 -1 0 -1 3
-1 0 -1 1

-1 0

-1

First ([O(1]|3]|4|7]|8(|10(11
0O 1 2 3 4 5 6 7

tBord |-1|0|-1|-1(2|0|-12]-2]0|-2]-2|3|1|0]/|-1
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 3.3. Lists of tagged borders for pat=abacaba,
and their implementation.

Algorithm MPS below assumes that the lists associated to all prefixes of the pattern have

been pre-computed. Figure 3.4 illustrates the difference between the three algorithms MP,
KMP, and MPS.
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functi on MPS: bool ean;
{ algorithmof Sinon, inprovenent on KW }
var i, |, p, k: integer;
begi n
i :=0; ] :=0;
whil e i=n-mdo begin
while j<mand pat[j+1]=text[i+ +1] do | := j+1;
if j=mreturn(true);
p:=First[j]; k :=1t _Bord[p];
while k>-1 and pat[k+1]=text[i+] +1] do begin
p:=p+tl; k :=1t Bord[p];
end;
=04 -k; ] o= k+1;
end,
return(fal se);
end,

tet ..., .. abaabac..............

abaabaa
abaabaa
abaabaa
abaabaa
abaabaa

(i) MP. 4 comparisons on letter c.

tet ..... .. abaabac..............

abaabaa
abaabaa
abaabaa
abaabaa

(i) KMP. 3 comparisons on |etter c.

tet  ....... abaabac..............

(iii) MPS. 2 comparisons on |etter c.

Figure 3.4. Behavior of MP, KMP, and MPS.
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Theorem 3.6
Algorithm MPS works in O(n) time for atext of length n. The maximum number of
character comparisonsit executesislessthan 2.n. The delay between two inspections of a
character of the text is O(JA[), where A is the alphabet of the pattern.
Proof
It isquite obviousthat all comparisons done by algorithm MPS are also done during a run of
algorithms KMP or MP. This gives less than 2.n comparisons. All extra operations, including
the work on lists of tagged borders is proportional to this number. Hence, we get O(n) time.
Since the number of tagged borders of a given prefix of pat is a most |A, no more than |A|
letter comparisons are done on a given symbol of the text. This givesthe delay O(|A]). ¢

On afixed aphabet (of patterns), agorithm MPS runs in rea-time. If the alphabet is
potentidly infinite, the algorithm can be transformed into a rea-time agorithm using similar
method as for algorithms MP and KMP (see Section 3.1).

Preprocessing the lists of tagged borders can be done with a modified version of
algorithm MPS itself. Computation is done in (almost) on-line fashion : tagged borders related
to a prefix u of pat are computed just after al tagged borders of its prefixes have been
computed. We roughly describe how to computed tagged borders for u. Assume that
u=pat[1...j] and that Border(u)=pat[l...K] (MPS is used to find it). If j<m and
pat[j+1]=pat[k+1], pat[1...K] is the longest border tagged by pat[k+1]. Otherwise, pat[1...K] is
not a tagged border. All other tagged borders are those of pat[1...k] which are not tagged by
pat[j+1]. Thus, their computation almost comes down to a copy of list. The details are l€eft to
the reader.

The fact that preprocessing of lists can be redlized in linear time and space relies on the
following property of tagged borders.

Proposition 3.7
For a pattern of length m, the number of tagged borders of its prefixesis a most m. The
bound istight on infinite al phabets.
Proof
Let pat[1...K] beaborder of pat[1...j] tagged by a. Associate to it the length (shift) j-k. Then,
no other tagged border can be associated to the same vaue. So, since 0<j-ksm, the number of
tagged bordersis at most m.
Let Abetheinfinite aphabet {aj, ap, ...}. Consider the sequence of words defined by wi=a;
and wi=wj_1a;wi_1, for i>0. Then, it is easy to see that wj has length 2i-1, and the same number
of tagged bordersfor al its prefixes. ¢
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3.3 String-matching by duels

In this section we present a nonclassical string-matching algorithm whose preprocessing
phase is closdly related to borders, and to KMP agorithm. We aso introduce an interesting
new operation called the duel. A more essential use of this operation will be seen in the chapter
on optimal parale string-matching and two-dimensional pattern matching. Hence, this section
can be treated as a preparation for more advanced a gorithms presented later.

We assume in this section that the pattern is non-periodic, which means that the smallest
period of the pattern pat is larger than |pat)/2. This assumption implies that two consecutive
occurrences of the pattern in the text (if any) are at distance greater than |pat]/2. However, it is
not clear how to use this property for searching the pattern. We process as follows : after a
suitable preprocessing phase, given two close positions in the text, we eliminate one of them as
acandidate for amatch. Thisleadsto the idea of aduel.

The basic table which enables to search the pattern by a duel-based agorithm can be
computed either as a side effect of the Knuth-Morris-Pratt algorithm, or by a use of the table
Bord. Duels are performed at search phase. We define the following witness table WIT: for
0<i<|m|,

WITIi] = any k such that pat[i+k] = pat[k],
WITIi] =0, if thereisno such k.
Thisdefinition isillustrated in Figure 3.5.

pat [2]
1
pat | ' b | |
1 I+k
Fig 3.5. Witness of mismatch (a = b), k=WT]i].

A position il is said to be in the range of a position i2 iff |il-i2l<xm. We say that two
positionsil<i2inthetext are consistent iff i2 isnot intherangeof i1, or if WIT[i2-i1]=0. If the
positions are not consistent, then, we can remove one of them as a candidate for the starting
position of the pattern by just considering position i2+WIT[i2-i1] in the text. This is the
operation called adud (see Figure 3.6). Leti =i2-i1, and k=WIT[i]. Assume that we have k>0,
that is, positions i1, i2 are not consistent. Let a=pat[K] and b=pat[i+k], then a=b. Let c be the
symbol in the text at position i2+k, which isindicated by ‘? in Figure 3.6. We can eiminate a
least one of positionsil, i2 as a candidate for a match by comparing ¢ with a and b. In some
dituations, even both positions could be eliminated. But, for simplicity, the algorithm below
aways removes exactly one position. Let us define (recall that a=pat[WIT[i2-i1]]):

duel(il, i2) = (if a=c then i2 else il).
The position that "survives' isthe value of duel, the other position is eliminated.
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pat [a]

pat | [b]
text I I

1]

Fig 3.6. Dud between two inconsistent positionsil and i2.
One of them is eliminated by comparing symbol "?" in the text with a and b.

Assume the witness table is computed. Then, it is possible to reduce the search for pat in
text to the search for pattern 11...111 (repetition of m 1's) in atext of O's and 1's. This last
problem is obviously simpler than the general string-matching problem, and can be solved in
linear time (with essentially one counter).

The following property of consistent positions (transitivity) is crucia for the correctness
of theagorithm. It is called the consistency property : letil <i2<i3,

if i1, 12 are consistent and 12,i3 are consistent then also i1,i3 are consistent.
Using this property we are able to eliminate from the text a set of candidate positions in such a
way that all remaining positions are pairwise consistent. This can be done using the mechanism
of stack (pushdown-store). Assume we have a stack of positions satisfying the property :
positions are pairwise consistent, and in increasing order (from the top of the stack). Then if we
push on the stack a position both smaller than the top position and consistent with it, then, the
stack retains the property.

A set of consistent positionsis completeif an occurrence of the pattern cannot start a any
other position (position not in this set). We say that a position x in the text agrees with a
candidate position y, iff the symbol at position x agrees with the corresponding symbol of the
pattern when it is placed at position y (that is, text[x]=pat[x-y]). Assumethat Sis a complete set
of consistent positions, X is any position in the text, and y is any candidate position in S such
that x isin the range of y with x>y. Then, as a consequence of the consistency property, we have
thefollowing :

x agreeswith y iff x agreeswith all positionsin S
Hence, it is enough to check the agreement of each position with any position from a set of
consistent positions. In this checking, we flag x with the value O or 1 depending on the
agreement. Using this feature, the string-matching reduces easily to the matching of unary
patterns (patterns consisting entirely of ones).

The duel-based algorithm uses an additional zero-one vector, called text1. The value of the
vector textl computed by the algorithm satisfies :

pattern 1M occurs at position i in textl iff the origina pattern occursat i in the text.
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function String_searching_by duels : bool ean;
{ Let S be a stack of positions }

begi n
S .= enpty stack;
for i := n downto 1 do begin

push i on the stack S
while | S| =2 and
the two top elenents i1, i2 of S are inconsistent do
replace themin S by the single elenent duel (i1, i2);
end,
mark in the text all position that are in S
{ all marked positions are pairw se consi stent }
for i :=11to n do begin
k :=first marked position to the left of i, including i;
if k undefined or pat[i-k+1l]=text[i] then textl1[i]:=0
el se text1[i]: =1
end,
if textl contains the pattern 1Mreturn(true)
el se return(fal se);
end,

The agorithm has obviously the linear time complexity. Moreover, this complexity does
not depend on the size of the aphabet. The basic part that remains to be shown is the
computation of the witness table WIT on the pattern.

We shall seelater in the case of parallel computations that the fact that any position k for a
witness is possible has a great importance. It is sufficient, and makes it easier to compute in
parallel. However, in the case of sequentia computations we can take the smallest such position
asawitness. This remains to define WIT[i]:=PREF]i], for each positioni. Section 4.6 contains
both the definition of PREF, and alinear time algorithm to compute it. The complexity of this
latter algorithm is independent of the size of the a phabet.

Theorem 3.8

String-matching by duels takes linear time (search phase and preprocessing phase).

We believe that matching by duelsis one of the basic algorithms, since the idea of duels
is the key to the optimal parald string-matching of Vishkin presented later in Chapter 14.
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However, historically the first optimal (for fixed alphabets) parale string-matching algorithm
uses the idea of asieve. This agorithm uses implicitly another type of duels which we cal
expensive duels. Its advantage is that no additional table, like the one of witnesses, is needed. Its
drawback is that the resulting algorithm is not optimal. We show only the use of expensive
duels for a specia type of patterns. Assume that the size of the pattern is a power of two.
Assume also that pat[1..2X] is non-periodic, for each k=1. Such patterns are called here special.
patterns. An example of aspecia pattern is "wojtekrytter”.

function expensive duel (i, j): integer;

begi n
k 1= 1logza(j-i)+1;
if text[i..i+2K]=pat[1..2K] then kill j else kill i;
return the survival;

end,

The defined function expensive duel is similar to the duel function, however its
computation is much more expensive. Thisisthe reason for the name "expensive dud”. In the
agorithm, we partition the text into disjoint blocks of size 2, we call them k-blocks.

al gorithm String_searchi ng_by expensive_duel s;
{ assune n-mtl and mare powers of two }
{ assune that the pattern is special }
begi n
initially all positions in [1..n-n] are survivals;
for k := 1 to logn do begin
let i and j be the only survivals in the k-bl ocks;
make expensive_duel (i, j) a survival;
end;
{ there are n/m survivals }
for each survival position i do
check occurrence of pat at position i naively;
end;

Let us observe the very paralld nature of thisalgorithm: at a given stage k, the actions on
al k-blocks can be performed simultaneoudly.

Theorem 3.9
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Assume that dl prefixes pat[1..2] ae non-periodic. Then the agorithm
Sring_searching_by expensive duelstakes O(n log m) time.
Pr oof
At stage k we consider only O(n/2X) survivals. Each expensive dud at this stage takes O(2K)
time. There are /2 stages. This gives together O(n log m) time. This completes the proof. ¢

The expensive duels are of restricted use. However, historically they appeared before the
concept of the duel has appeared. Thisisthe only reason why it is reported here.

3.4 String-matching by sampling

Both Knuth-Morris-Pratt algorithm and Boyer-Moore algorithm (in the next chapter)
scan symbols at consecutive positions on the pattern. The first one scans a prefix of the pattern,
and the second one scans a suffix of the pattern. In this section, we show an agorithm that first
scans a sequence of not necessarily consecutive positions on the pattern, and then, in case of
success, completes the scan of the pattern. The first scanning sequence is called a sample.

A sample Sfor the pattern pat is a set of positions on pat. A sample Soccurs at position i
in the text iff pat[j]=text[i+]] for eachj in S(see Figure 3.7).

| I'It/h"?lmi\e‘uil

YV VYV
| I T 11 1

position i | match at selected positions

Figure 3.7. An occurrence of the sample Sin the text.

A sample Sis called agood sampleiff it satisfies the two conditions (see Figure 3.8):

(1) Sissmall : |[§ = O(log m);

(2) thereisan integer k such that if S occurs a position i in the text then no occurrence of the
pattern starts in the segment [i-k..i+m/2-K] (this segment is called the desert.), except maybe a
i
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occurrence of the sample
at position i

| kI m/2-k

= N
— A SN e

the only candidate for the
pattern occurrence in thisarea

Figure 3.8. An occurrence of the sample, and the desert area.

If the pattern has period p, then pat[1..k] is caled the non-periodic part of the pattern, where
k=min(m, 2.p-1).

Theorem 3.10
Assume we are given the period of the pattern pat, and a good sample of its non-periodic
part, then, the search for pat can be done in O(n log n) time with only O(log n) additional
memory space.
Proof
Assume for amoment that the pattern itself is non-periodic. Let us partition the input text into
windows of size m/2. We consider each window separately, and find the first and the last
occurrences of the sample in the window (if there are at least two occurrences). Only these
occurrences are possible candidates for an occurrence of the pattern. Each of these occurrences
is checked in anaive way (constant size additional memory is enough for that). This proves that
non-periodic part of the pattern can be found in the text with the required complexity. The
general case of periodic patterns is left as an exercise. One has to find sufficiently many
consecutive occurrences of the non-periodic part of the pattern. An additional counter is needed
to remember the number of consecutive occurrences. This completes the proof. ¢

Theorem 3.11
If the pattern is non-periodic then it hasagood sample S. The sample can be constructed
inlinear time.
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Proof
Assume we have computed the witness table WIT (see Section 3.3). Let us consider supposed
occurrences of the pattern at positions 1, 2, ..., m/2 of some imaginary text. Let usidentify these
pattern occurrences with numbers 1, 2, ..., m/2. The occurrence corresponding to the i-th
position is caled the i-th row. If we draw a vertica line at a position j then it can intersect a
giveni-th row or not. If it intersects, then there is a symbol at the point of intersection (see the
Figure 3.9). Let us denote this symbol by symbol(i, j).
CLAIM 1
Letil, i2 betwo different elements of [1..nV2]. Then, there is an integer j such that the j-
th column intersects both rows i1 and i2; moreover, symbol(i1, j) = symbol(i2, j). The
integer j can be found in constant time if the witness table of the pattern is precomputed.
The claim is a reformulation of the property of non-periodicity. Due to non-periodicity, for
occurrences of pattern placed at positions i1, i2 there is a mismatch position j given by the
j = 12+WIT[i2-i1]. This means that if we look at the vertical column placed a position j then
this column intersects occurrences of pattern with different symbols.
CLAIM 2
Let J be any set of rows. If avertical column intersects the first and the last row of J, then
it intersects all the rows of J.

| VDT O UUQJQJCTQJUUlTl

‘;\ selected rows

Set A+

column jiyq ¥ 4

Fig 3.9. Theset Ai+1 ={ 1 € A : symbol(i, jt+1)=a} isthe smaller one.

We now prove an equivalent geometrical formulation of the thesis of the theorem.

CLAIM 3
Thereisarow i and aset J of O(log m) vertical columns placed at positions j1, j2, ..., jk
such that:
(@ al columnsin J intersect therow i;
(b)ifr=i(rin[1..m/2]), then thereisacolumnj in J intersecting rows i and r and such
that symbol(i, j) = symbol(r, j).

PROOF (of the claim)
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We construct the set J and the row i by the algorithm below, which ends the proof of the
theorem. ¢

Al gorithm Fi nd_good_sanpl €;
begi n
J = enpty set; Ag:=[1..mM2]; t :=0;
while |A| > 1 do begin
find any colum jt4+1 which intersects all rows of A
with two different synbols at intersection points;
{ use GAM1 and CA M2 }
Let a, b be the two different synbols at intersections;
Ac+1 = snmaller of the two sets {i €A / synbol (i,]t+1)=a}
and {i €A / synbol (i,]t+1)=b};
add jt+1 to J; t = t+1;
end,
let i be the unique el ement of A
return(J, i);
end,
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4. The Boyer-Moore algorithm and itsvariations

We describe in this chapter another basic approach to string-matching. It is introduced as
an improvement on a second version of the naive algorithm of Chapter 3. We can get another
naive string-matching algorithm, similar to brute _forcel of the previous chapter, if the scan of
the pattern is done from the right to left. This algorithm has quadratic worst-case behavior, but
(smilarly to algorithm brute_forcel) its average time complexity islinear.

In this section we discuss a derivative of this algorithm — the Boyer-Moore string-
matching algorithm. The main feature of this algorithm is that it is efficient in the sense of
worst-case (for most variants) as well as average-case complexity. For most texts and patterns
the algorithm scans only a small part of the text because it performs "jumps’ on the text. The
algorithm applies to texts and patterns that reside in main memory.

function brute force2 : boolean;
var i, j : integer;
begi n
i := 0;
whil e i =n-m do begin
{ right-to-left scan of pat }
j = My
while j>0 and pat [j]1=text [i+j] do | :=]-1;
if j=0 then return(true);
{inv2(, j) }
i :=1+1; { length of shift = 1 }
end;
return(false);
end;

4.1 The Boyer-Moore algorithm

The algorithm BM can be viewed as an improvement on the initial naive algorithm
brute force2. We try again, as done in the previous chapter for algorithm brute forcel, to
analyze this algorithm and look carefully at information the algorithm wastes. This information
isrelated to the invariant in the algorithm brute _force2

inv2 : pat[j+1...m|=text[i+j+1...i+m] and pat[j]=text[i+j].
Denote by inv2' the weaker invariant : pat[j+1...m|=text[i+j+1...i+m].
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The information gathered by the algorithm is "stored” in the value of j. However, a the next
iteration, thisinformation is erased as j is set to a fixed value. Suppose that we want to make
bigger shifts using the invariant.

pat | > I |
1 J-si k-s <>
- , | shifts
i1 J I K I
| —_— —
text | * o
1 i +]

Figure4.1. The case s<j.

The shift sissaid to be safe iff we are certain that between i and i+s there is no starting
position for the pattern in the text. Suppose that the pattern appears a position i+s (see Figure
4.1, where the case s<J' is presented). Then, the following conditions hold :

condl(j, s) : for each k sit. j<k=m, s=k or pat[k-s|=pat[K],

cond2(j, ) : if s<j then pat[j-s]=pat[j].
We define two kinds of shifts, each associated with a suffix of the pattern represented by
position j (<m), and defined by itslength :

D1[j] = min {s>0: condl(j, s) holds},

D[j] = min{s>0: condl(j, s) and cond2(j, s) hold}.

We aso define D1[m]=D[m]=m-Bord[m]|. The Boyer-Moore agorithm is a version of
brute_force2 in which, in amismatch situation, is executed a shift of length D[j] instead of one
position shift.
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function BM : boolean;
{ improved version of brute force2 }
begi n
i := 0;
while i=n-mdo begin
j = m;
while j>0 and pat [j]=text [i+] do | :=]-1;
if j=0 then return(true);
{inv2(, j) }

i :=1+D[1;
end;
return(false) ;

end;

L et us compare arun of this algorithm with arun of the similar algorithm which uses D1
instead of D. The history of the computations for pat=cababababa and
text—=aaaaaaaaaababababa is presented in Figure 4.2.

cababababa

cababababs
cababababa
cababababa cabababa
cababababs cabababa
text = .o a aaaaaaababababa..... .a aaaaaaababababa..

Figure 4.2. BM with D1-shifts makes 30 comparisons (left)
BM with D-shifts makes only 12 comparisons (right).

We show that time complexity of preprocessing the pattern (compute table D) is linear.
We use a close correspondence between situations in relation with the definition of function D;
and configurations appearing in the agorithm that computes failure functions, see Figure 4.1
and Figure 4.3.

Let x1 bethereverse of pat. In the agorithm below, we update values of certain entries of
table D according to what is shown in Figure 4.3. This figure is related only to the case
D[j1]<j1, which is considered during the first stage of the algorithm. We treat separately other
entries of the table D in the second stage, see Figure 4.4
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procedure conpute_D;
begi n
{ mis the maximal possible length of shifts }
for j1 := 1 to mdo D[j1] := m;
{ first stage is a partial computation of table D; }
{ correct values are computed for DI[j11<j1; }
{ we compute table Bord for the reverse of pat; }
{ D is computed as a side-effect }
Bord[0] := 0; Bord[1] := 0; t := 0;
for j := 2 to mdo begin
while x1[j1<>x1[t+1] and t>0 do begin { see Figure 4.3 }
S:=] -t-1; jl:=mt; D[] 1] :=min(D[j 1], s ); t:=Bord[t];

end;
if x1[t+1]1=x[j] thent :=t+1
el se { see Figure 4.3 with t=0 } DM := min(D[mM, j-1);
Bord[j1 :=t;
end;

{ second stage: correct values for D[j 1]z 1, see Figure 4.4 }
{ consider the failure function Bord for the pattern pat }

{ not for the reverse of pat, as before }

t :=Bord[m; q := 0;

while t>0 do begin

S := mt;
for j :=qgtos do D[] := min(D[j 1, S);
g :=S+1; t := Bord[t];

end;

end;
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Figure 4.3. Situation just before executing t = Bord[t] in the
computation of failure function Bord for the reverse of pattern.
We know that D[j1]=s, where s=j-t-1 and j1=mtt.

shift
/ \ pattern

match
pattern i |

Figure 4.4. Case D[j]zj; D[j]=s=mt, where t=Bord{[m] for some k>0.

Boyer and Moore introduced also another "heuristic" useful in increasing lengths of
shifts. Suppose that we have a situation, where symb=text[i+j] (for j>0), and symb does not
occur at all in the pattern. Then, in the mismatch situation, we can make a shift of length s=j.
For example if pat=al00 and t=(a®%b)10 then we can always shift of 100 positions, and
eventually make only 10 symbol comparisons. For the same input words, agorithm BM
makes 901 comparisons. But, if we take pat=ba™1 and text=a2"1, the heuristic used alone
(without using table D) leads to a quadratic time complexity. Let last(symb) be the last position
of an occurrence of symbol symb in pat. If there is no occurrence, last(symb) is set to zero.
Then, we can define anew shift, replacing instruction™i  := i +D[j 1" of BM agorithm by

Efficient Algorithms on Texts 63 M. Crochemore & W. Rytter



"I := 1+max(D[j 1, j-last(text [i+1)".
Shift of length j-last(text[i+j]) is called an occurrence shift. In practice, it may improve the time
of the search for some inputs, though theoreticaly it is not entirely analyzed. If the alphabet is
binary, and more generally for small aphabets, the occurrence heuristics have little effect, so, it
isamost useless.

4.2.* Analysis of Boyer-Moore algorithm

The tight upper bound for the number of comparisons done by BM algorithm is
approximately 3.n. The proof of it is rather difficult but yields a fairly ssmple proof of a 4.n
bound. The fact that the bound islinear is completely nontrivial, and even surprising in view of
the quadratic behavior of BM algorithm when modified to search for al occurrences of the
pattern. The algorithm uses variable j to enlarge shifts, but afterwards "forgets' about the
checked portion of the text. In fact, the same symbol in text can be checked a logarithmic
number of times. If we replace D by D1 then the time complexity becomes quadratic
(counterexample is given by text and patterns with the same structure as in the Figure 4.2 :
pat=ca(ba)k and text=a2-k*2(ba)k ). Hence, one small piece of information (the "one bit"
difference between invariantsinv2, inv2') considerably reduces the time complexity in the worst
case. This contrasts with improved versions of algorithm brute forcel, where invl and invl'
gave similar complexities (see Chapter 3). The difference between the usefulness of
information about one mismatched symbol is an evidence of the big importance of a
(seemingly) technical difference in scanning the pattern left-to-right versus right-to-left.

Assume that, in a given non-terminating iteration, BM agorithm scans the part text[i+j-
1...i+m| of the text and then makes the shift of length s=D[j], where j>0 and s>(mj)/3. By
current match we mean the scanned part of text without the mismatch letter (see Figure 4.5).
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Fig 4.5. The part text[i+j-1...i+m] of the text is the current match; v denotes the shortest full
period of the suffix of the pattern, visaperiod of the current match.
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Lemma4.1

Let s bethe value of the shift made in agiven non-terminating iteration of BM algorithm.

Then a most 3.s positions of the text scanned at this iteration, have been scanned in

previous iterations.

Proof
Itiseasier to prove a stronger claim:
[*I positions in the segment text[i+j+k...i+m-2.k] are scanned in thisiteration for the first
time, where k is the size of the shortest full period v of pat[ns...m].
In other words:
only thefirst k and the last 2.k positions of the current match could have been read before.
Denote by v the shortest full period v of pat[m-s+1...m|. The following property of the current
match follows directly from the definition of the shift:
(Basic property) visaperiod of the current match, and v is a suffix of the pattern.

We introduce the notion of critical position in the current match. These are internal
positions in this match whose distance from the right end of the match is a nonzero multiple of
k, (see Figure 4.5) and distance from the left is at least k. We say that a previous match ends a
aposition ginthetext, if, in some previous iteration, the end of the pattern was positioned at q.
Claim 1:

No previous match ends at a critical position of the current match.

Proof (of the claim)

The position i+misthe end position of the current match. It is easy to see that, if a critica point
of the current match is the end of the match in a previous iteration i, then in the iteration
immediate after i the end of the pattern isat position i+m+shift. Hence the current match under
consideration would not exist, a contradiction. This provesthe claim.

Claim 2

The length of the overlap of the current match and the previous match is smaller than k.

Proof (of the claim)

Recall that by a match we mean a scanned part of the text without the mismatch position. The
period v is asuffix of the pattern. We aready know, from Claim 1, that the end of the previous
match cannot end at a critical position. Hence if the overlap is at least k long, then v occurs
inside the current match with the end-position not placed a a criticad position. Then, the
primitive word v properly overlapsitself in atext whose periodicity isv. But, this is impossible
for primitive words (due to periodicity lemma). This provesthe claim.

Claim 3

Assume that a previous match ends at position q inside a forbidden one, and is completely
contained in the current match. Then thereisno critical point (in the current match) to the right
of g.

Proof (of the claim)
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Suppose thereis a critical position r to the right of q. Then it is easy to see that r-q is a good
candidate for the shift in the BM algorithm. The algorithm takes as an actud shift the smallest
such candidate. If the shift is smaller than r-q, we have a new position gl<r. Then, we will
have a sequence of previous matches with end-positions g1, g2, g3,... . This sequence
terminates in r, otherwise we would have an infinite increasing sequence of natural numbers
smaller thanr, which isimpossible. This contradicts Claim 1, since we have a previous match
ending at acritical position in the current match. This completes the proof of the claim.

Proof of lemma

Now, we are ready to show that /*/ holds. The proof is by contradiction. Assume that in some
earlier iteration we scan the “forbidden” part of the text (shadowed in Figure 4.5. Let q be the
end-position of the match in this iteration. Then, q is not a critical position and this match is
contained completely in the current match (its overlap with the current match is shorter than k
and g lies too far from the beginning of the current match). By the same argument the
rightmost critical position in the current match is to the right of g. Hence, we have found a
previous match which is completely contained in the current match and whose end-position lies
to the left of some critical position. however thisisimpossible, dueto Claim 3. This completes
the proof of the lemma.

Theorem 4.2
The Boyer-Moore agorithm makes a most 4n symbol comparisons to find the first
occurrence of the pattern (or to report no matches). The linear time complexity of the
algorithm does not depend on the size of the aphabet.
Proof
The cost of each non-terminating iteration can be split into two parts:
(1) thecost of scanning some positions of the text for the first time,
(2) threetimesthe length of the shift.
Thetotal cost of al non-terminating iterations can be estimated by summing separately all costs
of type (1), thisgives at most n, and all costs of type (2), which gives at most 3.(n-m).
The cost of aterminating iteration is at most m. Hence, the tota cost of dl iterations is upper
bounded by:
n+ 3(n-m) + m= 4.n.
This completes the proof. £

4.3 Galil'simprovement

If we want to find all occurrences of pat in text with a modified BM agorithm, then, the
complexity can become quadratic. The ssmplest counterexample is given by atext and a pattern
over a one-letter alphabet. Observe a characteristic feature of this counterexample : high
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periodicity of the pattern. Let p be the period of the pattern. If we discover an occurrence of pat
at some position in text, then the next shift must naturally be equa to p. Afterwards, we have
only to check the last p symbols of pat. If they match with the text, then, we can report a
complete match without inspecting all other m-p symbols of pat. This smple idea is embodied
in the algorithm below. The variable named memory "remembers' the number of symbols
which we have not to be inspected (memory=0 or memory=m-p). It remembers in fact the
prefix of the pattern that matches the text at the current position. This technique is caled prefix
memorization. The correctness of the following algorithm is straightforward. The period of pat
can be pre-computed from algorithms of Chapter 3 (see MP agorithm).

procedure BMG;
{ BM algorithm with prefix memorization; p = period(pat) }
begi n
i := 0; nenory := 0;
while i=n-mdo begin
j o=y
while j>nmenory and pat [ ]=text [i+ ] do | :=]-1;
if j=menory then begin
write(i); menory := mp;
end el se nenory := 0;
{inv2(, j) }
i :=1+D[1;
end;
end;

Theorem 4.3

Algorithm BMG makes O(n) comparisons.
Pr oof
It is an easy consequence of the previous theorem that the complexity is O(n+r.m), wherer is
the number of occurrences of pat in text. This is because between any two consecutive
occurrences of pat in text, BMG does not make more comparisons than the origina BM
algorithm. Hence, if p=m/2, since r=n/p, n+r.mis O(n).
It remains to consider the case p<nv2. In this case, we can group occurrences of the pattern into
chains of positions differing only by p (for two consecutive positions in a group) (see Figure
4.6).
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chain gap chain

Figure4.6. Thetext is partitioned into chains of
consecutive occurrences of pattern, and gaps between them.

Within each such chain each text symbol is inspected at most once. The gaps between chains
are larger than my2, and, inside each such gap, BMG works is not slower than BM agorithm.
Now an argument similar to that used in the case of large periods can be applied. This
completes the proof.

4.4 TheTurbo BM algorithm

We present in this section another efficient version of the Boyer-Moore algorithm. The
modification looks superficial, but it actually improves the worst case complexity. The number
of letter comparisons done during the search becomes less than 2.n. The BMG algorithm of
Section 4.3, implements a prefix memorization after the discovery of an occurrence of the
pattern. In the present version, we implement a factor memorization. This occurs not only after
occurrences of the pattern.

In the new approach no extra preprocessing is needed. The only table to keep from BM
algorithm is the origina table of shifts, D. All extra memory is of a constant size (two
integers). The resulting algorithm Turbo_BM forgets dl its history except the most recent one
and its behavior has again a “mysterious’ character. Despite that, the complexity is improved
and the analysisissimple.

The main feature of Turbo_ BM agorithm is that during the search of the pattern, one
factor of the pattern that matches the text at the current position is memorized (this factor can be
empty). This has two advantages :

— it can lead to ajump over the memorized factor during the scanning phase,
— it dlowsto perform what we call a Turbo-shift.
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Figure 4.7. Turbo-shift equals memory-match.
Didtinct lettersaand b in text are at distance h, and h isa period of the right part of pattern.

In Turbo_ BM algorithm, two kinds of shifts are considered : ordinary shifts of BM
algorithm (caled a D-shift), and Turbo_shifts. We now explain what is a Turbo_shift. Let x
(match) be the longest suffix of pat that matches the text a a given position. Let also y
(memory) be the memorized factor that matches the text at the same position. We assume that
x and y do not overlap (i.e., for some non-empty word z, yzx is a suffix of pat). For different
letters a and b, ax is a suffix of pat aigned with bx in the text (see Figure 4.7). The only
interesting situation is when y is non empty, which occurs only immediately after a D-shift. Let
shift itslength. A Turbo_shift can occur when x is shorter than y. In this situation, ax is a suffix
of y. Thuslettersa and b occur at distance shift in the text. But, suffix yzx of pat has period shift
(by definition of the D-shift), and thus, this word cannot overlap both occurrences of letters a
and b in the text. As a consequence, the smallest safe shift of the pattern is |y|-|x|, which we call
the Turbo_shift.

In a first approximation, the length of the current shift in Turbo BM agorithm is
max(D[j], Turbo_shift). In fact, in case a D-shift does not apply (D[j] is smaller than
Turbo_shift), the length of the actual shift is made greater than the length of the matched suffix
of pat. The proof of correctness of this second feature is similar to the above argument. It is
explained in Figure 4.8.

From the above discussion, and the analysis of BM algorithm itsdlf, it is straightforward
to derive a correctness proof of Turbo BM agorithm. The algorithm, given below, finds dl
occurrences of the pattern, not only the first one, as BM agorithm does.
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procedure Turbo BM; { BM algorithm with factor memorization }
begi n
i :=0; nenory:=0;
while i = n-mdo begin
j o= m;
whilej >0 and pat[j] =text[i+ 1 do
if menory = 0 and j = mshift thenj :=j-nenory { jump }
elsej :=]-1;
if J] = 0 then report match at position i ;
match := mj; Turbo_shift := nenory-match;
shift max (D[j 1, Turbo_shift);
if shift > D[j]1 then begin
I :=1+max(shift, match+1); nenory := 0;
end el se begin

i :=1+shift; nmenory := min(m-shift, match);
end;
end;
end;

In the above Turbo_BM agorithm, we ded only with ordinary shifts of BM algorithm.
We have discussed, at the end of Section 4.1, how to incorporate into BM agorithm occurrence
shifts. The version of Turbo BM including occurrence shifts is obtained by a simple
modification of the instruction computing variable shift. It becomes

shift:= max(D[j 1, J-last (t[i+ 1), Turbo_shift).

In case an occurrence shift is possible, the length of the shift is made greater than match. Thisis
similar to the case where a turbo-shift applies. The proof of correctness is also similar, and
explained by Figure 4.8. The length of the D-shift of BM algorithm is a period of the segment
match of the text (Figure 4.8). At the same time, we have two distinct symbols a,b whose
distance isthe period of the segment. Hence, the shift has length at least match+1. This shows
the correctness of Turbo_BM algorithm with occurrence shifts.
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Figure 4.8. The occurrence-shift or Turbo-shift are greater than D-shift,
which is a period of match. Lettersa and b ( a=b) cannot both overlap match.
Then the global shift must be greater than match.

4.5* Analysisof Turbo BM algorithm

The analysis of the time complexity of Turbo-BM is far more ssimpler than that of BM
algorithm. Moreover, the maximum number of letter comparisons done during the search (of
al occurrences of the pattern) is less the "canonical" 2.n. Recall that it is approximatively 3.n
for BM agorithm (to find the first occurrence of the pattern). So, Turbo_ BM agorithm is
superior to BM agorithm in two aspects:

— the time complexity isimproved,
— theanalysisissimpler.

Theorem 4.4
The Turbo_BM algorithm (with or without the occurrence heuristics) is linear. It makes
less than 2.n comparisons.
Pr oof
We decompose the search into stages. Each stage isitself divided into the two operations : scan
and shift. At stage k we cdl Sufy the suffix of the pattern that matches the text and sufy its
length. It is preceded by aletter that does not match the aligned letter in the text (in the case Sufy
isnot the pitself). We also call shifty the length of the shift done at stage k.
Consider 3 types of stages according to the nature of the scan, and of the shift:
(1) stage followed by a stage with jump,
(i) no type (i) stage with long shift.
(iii) no type (i) stage with short shift,
We say that the shift at stage kis short if 2.shiftk < suf+1. The idea of the proof is to amortize
comparisons with shifts. We define costy as follows :
— if stage kisof type (i), costk = 1,
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— if stage kisof type (ii) or (iii), costk = sufg+1.
In the case of type (i) stage, the cost corresponds to the mismatch comparison. Other
comparisons done during the same stage are reported to the cost of next stage. So, the tota
number of comparisons executed by the algorithm is the sum of costs. We want to prove
costs < 2.Zshifts. In the second X, the length of the last shift is replaced by m. Even with this
assumption, we have Zshifts < |t|, and if the above inequality holds, so is the result Zcosts <
2.[t).

For stage k of type (i), costk (=1) is trivialy less than 2.shifty, because shifty > 0. For
stage k of type (ii), costk = sufi+1 < 2.shifty, by definition of long shifts.

It remains to consider stages of type (iii). Sincein this situation, we have shifty<suf,, the
only possibility isthat a D-shift is applied at stage k. Then memory is set up. At next stage k+1,
the memory is not empty, which leads to a potentia turbo-shift. The Situation at stage k+1 is
the general situation when a turbo-shift is possible (see Figure 4.9). Before continuing the
proof, we first consider two cases and establish inequalities (on the cost of stage k) that are
used later.

CASE (@) : sufy+shifty < |p|
By definition of the turbo-shift, we have sufy - sufi+1 < shiftg+1. Thus,
costk = sufg+1 = Sufgs+1+shiftk+1+1 < shift+shiftes .
CASE (b) : sufgt+shifty > |p|
By definition of the turbo-shift, we have sufy1+shift+shiftye1 = m. Then
costy = m < 2.shiftg-1+shiftk+1.

We can consider that at stage k+1 case (b) occurs, because this gives the higher bound on
costk (thisistrue if shifty=2; the case shifty=1 can be treated directly).

If stage k+1 isof type (i), then costk+1 = 1, and then costy+costk+1 < 2.shiftg+shiftys+1, an
even better bound than expected.

If stage k+1 is of type (ii), or even if sufyg+1 =< shiftx+1, we get what expected,
costy+costk+1 < 2.shift+2.shiftk+ 1.

The last situation to consider is when stage k+1 is of type (iii) with sufg+1 > shiftg+1. This
means, as previously mentioned, that a D-shift is applied at stage k+1. Thus, the above analysis
aso applies a stage k+1, and, since only case (@) can occur then, we get costk+1 <
shiftgs+1+shiftg+o. We finally get costy+costk+1 < 2.shiftg+2.shifty1+shiftyso.

The last argument proves the first step of an induction : if dl stages k to k+j are of type
(iii) with sufy > shift, ...., Sufi+j > shiftysj, then

COStk+....+COStk+j = 2.Shifty+....+2.Shiftyj+Shiftij+1.
Let K bethefirst stage after stage k such that sufy < shifty. Integer k' exists because the contrary
would produce an infinite sequence of shifts with decreasing lengths. We then get
COSt+....+Ccostk < 2.shifty+....+2.shifty.
Which shows that Zcostk < 2.Zshifty, as expected. t
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Figure 4.9. Costs of stages k and k+1 correspond to shadowed areas plus mismatches.
If shifty is small, then shifty+shiftk+1 is big enough to partially amortize the costs.

4.6 Other variations of Boyer-Moorealgorithm

We describe in this section several possible improvements on BM algorithm. The first
oneiscalled AG agorithm. Its basic idea is to avoid checking the segments of the text which
have already been examined. These segments have a very simple structure. They are dl
suffixes of pattern pat. Cal these segments partial matches. Their length is the number of
symbols which matched in one stage of BM algorithm.

It is convenient to introduce a table §Jj], analogue to Bord[i] in the sense that Bord is
defined in terms of prefixes, while Sis defined in terms of suffixes. Vaue J]j] is the length of
the longest suffix of pat[1...j] which isaso asuffix of pat[1...n].

Suppose that we scan text text right-to-left and compare it with pattern pat as in BM
algorithm. Let us consider the situation when segment pat[j+1...n] of pat has just been
scanned. At this moment, the algorithm attempts to compare the j-th symbol of pat with the
(i+))-th of text. We further assume that, is attached to the current position of the text the fact that
apartial match of length k has previously ended here. Hence, we know that the next k positions
to the left in the text give a suffix of the pattern. If k<=gj], then we know that we can skip these
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k symbols (because they match), and continue comparing pat with text further to left.
Otherwise, we know that our actual match is afailure because no suffix of length k ends at the
current position of the pattern (except when j]=j). In AG algorithm, a variable skip
remembers how many symbols can be skipped. More precisely, the condition which enables
usto makeaskipis:

cond(k, j) : k<gj] or (§j]=7 and j=K].

skip
pat | |
pat |
text | | o
I I I ___
partial match
pat |
pat | !
text ! I
I I o
partial match

Figure 4.10. Two possible situations allowing a skip. A skip of length k saves
k symbol comparisons. The skipped part is always a suffix of the pattern.
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function AG : boolean;
{ another improved version of brute_force2 }
begi n
i := 0; { PMis the table of partial matches,
all its entries are initially set to zero }
while i=n-mdo begin
j o=y
while j>0 and ((PMI[i +j 10 and cond (PM[i +j 1) or
(PM[i +j 1=0 and pat [j1=text [i +] 1)) do
] := ] -max (1, PM[i +1);
if j=0 then return(true);
PM[i +ml := mj ;
{inv2(, j) }

i :=1+D[1;
end;
return(false) ;

end;

Recdll that we assume a lazy evaluation from left to right of boolean expression in
algorithms. Then it is easily seen that each symbol of the text is examined at most twice during
arun of AG algorithm. We get a bound 2.n on the number of al symbol comparisons. Also,
the number of timestable PM is accessed is easily seen to be linear. Hence, AG algorithm has
time complexity generally much better than that of BM algorithm. Moreover, the number of
symbol comparisons made by AG agorithm never exceeds the number of comparisons made
by BM agorithm. The main advantage of the latter algorithm is that it is extremely fast for
many inputs (reading only small parts of text). This advantage is preserved by the AG
algorithm. Note that AG algorithm requires O(m) extra space due to table PM.

We go to the computation of table S used in AG agorithm. Table S can be computed in
linear time, in asimilar manner as table Bord; one possibility is to compute it as a by-product
of MP algorithm (when text=pattern). Indeed, instead of computing S one can compute a more
convenient table PREF. It is defined by

PREF[i]=max{ j : pat[i...i+j-1] isaprefix of pat}.
The computation of table Sis directly reducible to the computation of PREF for the reversed
pattern. One of many aternative agorithmsis based on the following observation :
if Bord[i]=j then pat[i-j+1...i] isaprefix of pat.
Thisleadsto the following agorithm.
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procedure conpute PREF;
begi n
for i :=1tondo PREF[i] :=0;
for i := 1 to n do begin
] :=Bordl[il; PREFI[i -j +1] := max(PREFI[i -j +11, ) ;
end;
end,

Though useful, this algorithm is not entirely correct. In the case of one letter aphabet only
one entry of table PREF will be properly computed. But its incorrectness is quite "weak". If
PREF[K]>0 after the execution of the algorithm then it is properly computed. Moreover,
PREF is computed for "essentia” entries. The entry i isessential iff PREF[i]>0 after applying
this algorithm. These entries partition interval [1...m] into subintervals for which the further
computation is easy.

The computation of the table for nonessential entries is done as follows: traverse the
wholeinterval left-to-right and update PREF(i] for each entry i. . Take the first (to the left of i,
including i) essentia entry k with PREF[k]=i-k+1 then we execute PREF[i]=min(PREF[i-
k+1], PREF[K]-(i-K)). If there is no such essentia entry then PREF[i]=0. Apply this for an
example pattern over one-letter alphabet to look how it works.

BM algorithm is especially fast for large aphabets, because then, shifts are likely to be
long. For small alphabets, the average number of symbol comparisons is linear. We now
design an agorithm making O(n log(m)/m) comparisons on the average. Hence, if mis of the
same order as n, the algorithm makes only O(log n) comparisons. It is essentially based on the
same strategy asin BM algorithm, and can be treated as another variation of it. We assume, for
simplicity, that the alphabet has only two elements, and that each symbol of the text is chosen
independently with the same probability. Let r=2.logm.
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Al gorithmfast _on_average;
begi n
i = m;
whil e i=n do begin
if text[i-r.i]l is a factor of pat then
compute occurrences of pat starting in [i -m.i -r]
applying KMP algorithm
el se /* pattern does not start in [i -m.i-r] */
I = 10+mr;
end;
end;

Theorem 4.5
The fast on_average algorithm above works in O(n lognVm) expected time and
(smultaneously) O(n) worst-case time if the pattern is preprocessed. The preprocessing
of the pattern takes O(m) time.
Proof
A preprocessing phase is needed to efficiently check if text[i-r...i] is a factor of pat in O(r)
time. Any of the data structures developed in chapters 5 and 6 (a suffix tree or a dawg) can be
used. Assume that text text is arandom string. There are 2" = m 2 possible suffixes of text, and
less than mfactors of pat of length r. Hence, the probability that the suffix of length r of text is
afactor of pat is not greater than 1/m. The expected time spent in each of the subintervals
[1...m], [mr...2.mr], ... is O(M.I/m+r). There are O(n/m) such intervals. Thus, the tota
expected time of the agorithm is of order (1+r)n/m = n(log(m)+1)/m. This completes the
proof. F

Bibliographic notes

The tight upper bound of approximately 3.n for the number of comparisons in BM
algorithm has been recently discovered by Cole [Co 90]. The proof of the 4.n bound reported in
Section 4.2 is from the same paper. A previous proof of the 4.n bound was given before in by
Guibas and Odlyzko [GO 80], but with more complicated arguments. These authors also
conjectured a 2.n bound which turns out to be false. Another combinatorial estimation of the
upper bound on the number of comparisons needed by Boyer-Moore agorithm may be found
in [KMP 77]. We recommend to read these proofs for readers interested in combinatorics on
words.
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The computation of the table of shifts, D, in the Boyer-Moore algorithm isfrom [Ry 80].
The agorithm presented in [KMP 77] contains a small flaw. The improved versions of the
algorithm BM, BMG and AG algorithms, are from Galil [Ga 79], and Apostolico and
Giancarlo [AG 86] respectively. The Boyer-Moore agorithm is still a theoreticaly fascinating
algorithm: an open problem related to the algorithm asks about the number of states of a finite-
automaton version of the strategy "Boyer-Moore". It is not known whether this number is
exponential or not. The problem appears in [KMP 77]. BaezaYates, Choffrut and Gonnet
discuss the question in [BCG 93] (see aso [Ch 90]), and they design an optimal algorithm to
build the automaton.

The Turbo BM agorithm has been discovered recently when working on another
algorithm based on automata that is presented in Chapter 6. It is from Crochemore et dii [C-R
92].
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5. Suffix trees

The basic data structures in the book are data structures representing all factors of a given
word. Their importance follows from a multitude of applications. We shall see some of these
applications at the end of the present chapter, and in the next one.

This chapter is mainly devoted to the first of such basic data structures - the suffix tree. A
related concept of subword graphs is aso introduced in this chapter, but its full treatment is
postponed until the next chapter.

The basic object which isto be represented is the set Fac(text) of all factors of the text text
of length n. It should be represented efficiently : this means that basic operations related to the
set Fac(text) should be performed fast. In this chapter, we examine closely the structure of the
set Fac(text). Its size is usualy quadratic, but it has succinct representations that are only of
linear size. We introduce three such representations in this chapter, namely, suffix trees,
subword graphs and suffix arrays. We shall see that the subword graph of atext has the same
origin as its suffix tree: uncompressed trie of suffixes of the text. This is the reason why we
introduce them together with suffix trees.

We need a representation useful to answer efficiently to a class of problems. Since
Fact(text) is a set, the most typical problem isthe membership problem : check if a given word
x isin Fac(text). Denote the corresponding predicate by FACTORIN(X, text). The usefulness of
the data structure for this problem means that FACTORIN(X, text) can be computed in time
O(|x]), even if x is much shorter than text. The complexity here is computed according to the
basic operation of the data structure, branching, that takes a unit of time. Under the comparison
model, branching can be implemented in order to take O(log|A|) time (A is the aphabet). Since
it iscommon in practice to work on a fixed aphabet, such as the ASCII aphabet, we can aso
consider that log|A| is a constant.

Note that most algorithms of chapters 3 and 4 compute the value of FACTORIN(X, text)
in time O(|text|) once the word x has been preprocessed. The present data structure is thus well
suited when the text isfixed. Such adata structure is aso needed for example in chapter 4 (see,
Section 4.6). We want that the preprocessing time, used to build the representation of the text,
isredlized in linear time with respect to the size of the text. Let us call representations satisfying
these requirements "good" representations of Fac(text). We can summarize it in the following
definition. The data structure D representing the set Fac(text) is good iff :

(1) D haslinear size;
(2) D can be constructed in linear time;
(3) D dlowsto compute FACTORIN(X, text) in O(]x|) time.

The main god of this chapter is to show that suffix trees are good data structures. We
aso introduce in this chapter a third data structure, suffix array, which is "almost” good, but
simpler. The "goodness" of subword graphs is the subject of the next chapter. The important
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algorithm of the section is McCreight's algorithm (Section 5.3). It processes the text from left
to right, while the equivaent Weiner's a gorithm traverses the text in the opposite direction.

5.1. Preludeto McCreight and Weiner algorithms

In this section we deal only with simple data structure for Fac(text), namely trees called
tries. Algorithms presented here are intermediate steps in the understanding and design of
McCreight and Weiner suffix tree construction (Sections 5.2 and 5.3, respectively). The god is
to construct such treesin time proportional to their size.

root

Figure5.1. Trie of factors of aabbabbc.
It has eight |eaves corresponding to the eight non-empty suffixes.

Figure 5.1 shows the trie associated to text aabbabbc. In these trees, the links from a
node to its sons are labelled by letters. In the tree associated to text, a path down the tree spells a
factor of text. All paths from the root to leaves spell suffixes of text. And al suffixes of text are
labels of paths from the root. In general, these paths not necessarily end in a leaf. But for the
ease of the description, we assume that the last letter of text occurs only once and serves as a
marker. With this assumption, no suffix of text is a proper prefix of another suffix, and dl
suffixes of text label paths from the root of the trieto its leaves.

Both Weiner and McCreight algorithms are incrementa algorithms. They compute the
tree considering suffixes of the text in a certain order. The tree is computed for a subset of the
suffixes. Then, a new suffix is inserted into the tree. This continues until al suffixes are
included in the tree. Let p be the next suffix to be inserted in the current tree T. We define the
head of p, head(p, T), asthe longest prefix of p occurring in T (as the label of a path from the
rrot). We identify head(p, T) with its corresponding node in the tree. Having this node, only the
remaining part of p needsto be grafted on the tree. After adding the path, below the head to a
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new leaf, the tree contains a new branch label by p, and this produces the next tree of the
construction. Below isthe general scheme of both McCreight's and Weiner's algorithm. Then,
are explained the method used to find the next head, and the grafting operation.

root
find the head
head
graft the new path
new |eaf

Figure5.2. Insertion of the next suffix.

Al gori t hm general - scheng;

begi n
conpute initial tree T for the first suffix;
| eaf: = l eaf of T;
for i := 2 to n do begin

{ insert next suffix }
| ocal i ze next head as head(current suffix, T);
et © be the string corresponding to path fromhead to |eaf;
create new path starting at head corresponding to mx;
leaf:= lastly created | eaf;
end;
end.

The main technique used by subsequent algorithms is called UP-LINK-DOWN. It is the
key to an improvement on a straightforward construction. It is used to find, from the lastly
created leaf of the tree, the node (the head) where anew path must be grafted. The data structure
incorporates links that provide shortcuts in order to fasten the search for heads. The strategy
Up_link_down works as follows : it goes up the tree from the last leaf until a shortcut through
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an existing link is possible; it then go through the link and starts going down the tree to find the
new head (see Figure 5.3). This is done by the procedure Up_Link_Down that works on the
current tree and modifies it. This is somehow an abstract procedure, which admits two
instances. The link mentioned in the procedure should be understood as conceptual. The actud
links used afterwards depends on which algorithm is used to build the suffix tree.

I|nk L|NK

Before After

Figure 5.3. Strategy for finding the next head.

function Up_Li nk_Down(link, q) : node;
{ finds new head, fromleaf q }

begi n
{ UP, going up fromleaf q }
v :=first node v on path fromq to root s.t. l|ink[v]=nil;

i f no such node then return nil
|l et m=ajaj+1...an be the string, |abel of path fromv to q;
{ LINK, going through suffix link }
head : = |ink[V];
{ DOWN, going down to new head, nmaking new |inks }
whi | e son(head, aj) exists do begin
v :=son(v, aj); head := son(head, gj);
link[v] := head; j :=]+1,
end;
return (v, head);
end
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We also define the procedure Graft. Itsaim isto construct a path of new nodes from the
current head to anew created leaf. It aso updates links from the branch containing the previous
leaf, for nodes which should point to newly created nodes.

procedure Graft(link, v, head, ajaj+1...an);
begin w : = head,
for kK ;=] to n do begin
v :=son(v,ak); w:= createson(w ak); link[v] :=w
end,
{ wis the last leaf }
end

Function Up_Link_Down (or a variant in case of compressed representation of tree) is
the basic tool used by algorithms that build suffix trees, and even also DAWG's. The time of a
single cdl to Up_Link_Down can be proportional to the length of the whole pattern. But the
sum of dl costs is indeed linear. When used to creaste a compressed suffix tree, a careful
implementation of the function yields also an overal linear time complexity.

For the pattern text = ajay...an, we define pj as the suffix ajgj+1...an. Trie(ps, p2 ..., Pi) IS
the tree whose branches are labelled with suffixes p1, p2 ..., pi. In this tree, leaf; is the leaf
corresponding to suffix pj. And head; is the first (bottom-up) ancestor of leaf; having at least
two sons; it istheroot if thereis no such node.

For a node corresponding to a non-empty factor aw, we define the suffix link from aw to
w, by suffaw] = w (see Figure 5.7). Table suf will serve to make shortcuts during the
construction of Trie(p, p2 --., Pn)- It isthe link mentioned in the procedure Up_Link_Down. In
Trie(pa, p2 -, Pi) it can happen that suf[v] is undefined, for some node v. This situation does
not happen for (compressed) suffix trees. Below is the algorithm Left_to_Right that builds the
suffix tree of text. It processes suffixes from p1 to pp.

Basic property of Trie(py, p2 ..., Pi):
let v be the first node on the path from leafi-1 to root such that suffv]=nil in Trie(ps, p2 ...,
pi-1). Then head; (in Trie(p1, p2 ..., p;)) IS adescendant of suf[v].
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Al gorithm Left _to Right(aiaz...an n>0);

begi n

T :=Trie(py) with suffix link (fromson of root to root);
for i:=2 to n do begin
{ insert next suffix pj = ajaj+1...an into T}

{ FIND new head }
(v, head) := Up_Link Down(suf, leafj.1); { head = head; }
if head = nil then begin
{ root situation }
let v be the son of root on the branch to |eaf;.1;

suf[v] :=root; head := root;

end,;

{ going down fromhead; to |eafj creating a new path }
let aj...an be the label of the path fromv to Ieaf;j.q;
Gaft(suf, v, head, ajaj+1...an);

end,;

end.
Theorem 5.1

The agorithm Left_to_Right constructs the T=Trig(text) in time O(|T]).
Pr oof

Thetimeis proportional to the number of created links (suf) whichis obviously proportional to

the number of internal nodes, and then to the tota size of thetree.

The next algorithm, Right_to_Left, builds the suffix tree of text, as does the algorithm
Left_to_Right, but processes the suffixesin reverse order, from pj to p;. The notion of link is

modified. The node corresponding to a (non-empty) factor aw (a a letter) is linked to w. The
link is called a a-link, and we note linkg[w] = aw (see Figure 5.10). These links have the same

purpose as the suffix link of the previous algorithm. The procedure Up_Link_Down will now

use the a-links.



Chapter 5 85 21/7/97

AlgorithmR ght _to Left;

T:=Trie(pn) Wth linkg, fromroot to its son;
for i :=n-1 downto 1 do begin
{ insert next suffix pi = ajaj+1...an into T }

{ FIND new head }

head : = Up_Li nk_Down(linkg;, leafj+1); { head = head; }

if head = nil then begin

{ root situation }

v :=root; head := createson(v,aj); linkg[Vv] := head,
end;

{ GRAFT, going down fromhead; to |eaf; creating a new path }
let ajaj+1...an be the label of the path fromv to |eafj.q;
Gaft(linkg, v, head, ajaj+1...an);

end;

end.

Basic property of Trie(pj, pi+1 ---» Pn):
let v be the first node on the path from leafi+1 with linkg[V]=nil in Trie(pj+1, Pi+2 -.., Pn).

Then head; (in Trie(pj, Pi+1 ..., Pn)) is a descendant of linkg[Vv].

Theorem 5.2

The agorithm Right_to_L eft constructs the trie Trie(py, p2 ..., Pn) in time O(|T)).
Proof
Thetimeis proportional to the number of linksin the tree Trie(p1, p2 ..., pn)- Note that reversed
links are exactly the suffix links (considered in McCreight algorithm). Since there is one link
out to each internal node, we get the result.

The next two sections present versions of algorithms Left to Right and Right_to L eft
respectively, adapted to the construction of suffix trees, that is, compacted tries

5.2. Two compressed versions of the naive representation

Our approach to compact representations of the set of factors of a text is graph-
theoretical. Let G be an acyclic rooted directed graph whose edges are labelled with symbols or
with words: label(€) denotes the label of edge e. The label of a path v (denoted by label(x)) is
the composition of labels of its consecutive edges. The edge-labelled graph G represents the set:

words(G) ={ label(x) : wisadirected path in G starting at the root } .
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And we say that the labelled graph G represents the set of factors of text iff
wor ds(G)=Fac(text).

The first approach to representing Fac(text) in a compact way, is to consider graphs
which are trees. The simplest type of |abelled graphs G are treesin which edges are labelled by
single symbols. These trees are the subword tries considered in the previous section. Two
examples of tries are shown in Figures 5.1 and 5.4. However, tries are not "good"
representation of Fac(text), because they can be too large. If text=a"b"ahb"d, for instance, then
Trie(text) has a quadratic number of nodes.

We consider two kinds of succinct representations of the set Fac(text). They both result
by compressing the tree Trig(text). Two types of the compression can be applied, separately or
simultaneoudly:

(1) compressing chains (paths consisting of nodes of out-degree one), which produces
the suffix tree of the text,

(2) merging isomorphic subtrees (e.g. adl leaves are to be identified), which leads to the
directed acyclic word graph (dawg) of the text.

Each of these methods has its advantages and disadvantages. The first one produces a
tree, and thisis an advantage because in many casesit is easier to deal with trees than with other
types of graphs (especialy in parallel computations). Moreover, in the tree structure leaves can
be assigned particular values. The disadvantage of the method is the varying length of the labels
of edges. An advantage of the second method (use of dawg's) is that each edge is labelled by a
single symbol. This alows us to attach information to symbols on edges. And the main
disadvantage of dawg'sisthat they not trees!

The linear size of suffix treesis atrivid fact, but the linear size of dawg's is much less
trivial. It is probably one of the most surprising fact related to representations of Fac(text).

Trie(text) Suffix tree T(text)

[2.8]

d [57]

d
d
/ 7]
[4,7]
o > {0

starting positions of suffixes

Figure5.4. Thetree Trie(text) and its compacted version, the suffix tree T(text),
for text = aabbabd. Trie(text) has 24 nodes, T(text) has only 11 nodes.
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Since we assume that no suffix of text isa proper prefix of another suffix (because of the
right end marker), leaves of Trie(text) are in one-to-one correspondence with (non-empty)
suffixes of text. Let T(text) be the compacted version of Trie(text) (see Figure 5.4). Each chain
nt (path consisting of nodes of out-degree one) is compressed into a single edge e with
label(e)=[i, j], where text[i...j]=label () (observe that a compact representation of labels is also
used). Note that there is a certain nondeterminism here, because there can be severa
possibilities to choosei and | representing the same factor text[i...j] of text. We accept any such
choice. In this context we identify the label [i, j] with the word text[i...j]. The tree T(text) is
caled the suffix tree of the word text. The Figure 5.4 presents the suffix tree T(text) for
text=aabbabd.

For a node v of T(text), let val(v) be label(x), where nt is the path from root to v.
Whenever it is unambiguous we identify nodes with their values, and paths with their labels. In
this sense, the set of leaves of suffix treeisthe set of suffixes of text (since no suffix is a prefix
of another suffix). This motivates the name: suffix tree. Such trees are also called subword
(factor) trees.

Note that the suffix tree obtained by compressing chains has the following property : the
labels of edges starting at a given node are words having different first letters. So, the branching
operation performed to visit the tree reduces to comparisons on the first letters of the labels of
outgoing edges.

In the following we consider the notion of implicit nodes that is defined now. The aim is
to restore the nodes of Trig(text) inside the suffix tree T(text). We say that a pair (w, o) is an
implicit nodein T iff wisanode of T and o is aproper prefix of the label of an edge from w to
ason of w. If val(w) = x, then val((w, a)) = Xa. For example, in Figure 5.6, (w, ab) is an
implicit node. It corresponds to a place where later areal node is created. The implicit node (w,
o) issaid a"red" nodeif o isthe empty word. In this case (w, €) is identified with the node w
itself.

Lemma5.3

The size of the suffix tree T(text) islinear (O(|text])).
Proof
Let n=|text|. The tree Trie(text) has a most n leaves, hence T(text) also has a& most n leaves.
Thus, T(text) has a most n-1 interna nodes because each internal node has at least two sons.
Hence [T(text)| = 2n-1. This completes the proof. £

Thereisaresult similar to Lemma5.3 on the size of dawg's. The question is the subject
of Section 6.1.

5.3. McCreight'salgorithm
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A straightforward approach to the construction of T(text) could be : first build Trie(text),
next compress al its chains. The main drawback of this scheme isthat the size of Trig(text) can
be quadratic, resulting in a quadratic time and space a gorithm. Two other approaches are given
in the present section (McCreight's algorithm) and the next one (Weiner's algorithm).

Both Weiner's agorithm and McCreight's algorithm are incremental algorithms. The tree
is computed for a subset of consecutive suffixes. Then, the next suffix is inserted into the tree,
and this continues until all (non-empty) suffixes areincluded in the tree.

root
inserted suffix
head new edge labelled
by an interval
new |eaf

Figure5.5. Insertion of asuffix in the tree.

Consider the structure of the path corresponding to a new suffix p inserted into the tree T.
Such apathisindicated in Figure 5.5 by the bold line. Denote by insert(p, T) the tree obtained
from T after insertion of the string p. The path corresponding to p in insert(p, T) endsin the last
created leaf of the tree. Denote by head the father of thisleaf. It may happen that the node head
does not already exist in the initid tree T (it is only an implicit node a that moment of the
construction), and has to be created during the insert operation. For example, this happens if we
try to insert the path p = abcdeababba starting a v in Figure 5.6. In this case, one edge of T
(labelled by abadc) hasto be split. Thisiswhy we consider the operation break defined below.

The notion of implicit nodes introduced in Section 5.2 is conceptually considered in the
construction. Let (w, o)) be animplicit node of the tree T (w is anode of T, a is aword). The
operation break(w, a) on the tree T is defined only if there is an edge outgoing the node w
whose label & has o as a prefix. Let § such that 8 = af. The (side) effect of the operation
break(w, o) is to break the corresponding edge: a new node is inserted at the breaking point,
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and the edge is split into two edges of respective labels o and . The value of break(w, o) isthe
node created at the break point.

Let v beanode of thetree T, and let p be a subword of the input word text represented by
a par of integers |, r, where p = text[l...r]. The basic function used in the suffix tree
congtruction is the function find. The value find(v, p) is the last implicit node along the path
starting in v and labelled by p. If this implicit node is not redl, it is (w, o) for some nonempty
o, and the function find convertsit into the "real” node break(w, o) (see Figure 5.6).

the created node

the last implicit node
break(w, ab) = find(v, p)

on the searching path

Figure 5.6. We attempt to insert the string p = abcdeababba,
the result of fastfind and dowfind is the newly created node find(v, p),
fastfind makes only 5 steps, while slowfind would make O(|p|) steps.

The important point in the algorithm is the use of two different implementations of the
function find. Thefirst one, caled fastfind, deals with the situation when we know in advance
that the searching path labelled by p is fully contained in some path starting a v. This
knowledge alows us to find the searched node much faster using the compressed edges of the
tree as shortcuts. If we are a a given node u, and if the next |etter of the path is a, then we look
for the edge outgoing from u whose label starts with a. Only one such edge exists by definition
of suffix trees. This edge leads to another node u'. We jump in our searching path at a distance
equal to the length of the label of edge (u, u’). The second implementation of find is the function
dowfind that follows its path letter by letter. The application of fastfind is a main feature of
McCreight's algorithm, and plays a central part in its performance (toghether with links).
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function fastfind(v : node; p string) : node;

{ pis fully contained in sone path starting at v }

begi n
fromnode v, follow path |abelled by p in the tree using
| abel s of edges as shortcuts; only first synbols on each
edge are checked;
let (w, o) be the last inplicit node;
if ais enpty then return w
el se return break(w, o);

end

function slowfind(v : node; p : string) : node;
begi n
fromnode v, follow the path | abelled by the | ongest possible
prefix of p, letter by letter;
let (w, o) be the last inplicit node;
if ais enpty then return w
el se return break(w, o);
end

McCreight's algorithm builds a sequence of compacted trees T; in the order i=1, 2 ..., n.
Thetree T; contains the i-th longest suffixes of text. Note that Ty, is the suffix tree T(text), but
that intermediate trees are not strictly suffix trees. An on-line construction is presented in
Section 5.5. At a given stage of McCreight's algorithm, we have T = Ty.1, and we attempt to
build Tx. The table of suffix links, caled suf, plays a crucid role in the reduction of the
complexity. In some sensg, it issimilar to the role of failure functions used in Chapter 3. If the
path from the root to the node v is spelled by ar then suf[v] is defined as the node
corresponding to the path rt (see Figure 5.7). In the algorithm, the table suf is computed a a
given stage for all nodes, except for leaves and except maybe for the present head.

McCreight's agorithm is a rather straightforward transformation of the agorithm
Left to_Right of Section 5.2. Here most of the nodes become implicit nodes. But the algorithm
works similarly. The main difference appears inside the procedure Up_Link_Down where
fastfind is used whenever it is possible.
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root

edge
path

path 7

4
/

suffix link suf

/7
/
/
/

Figure5.7. A suffix link suf.

Al gorithm schene of McCreight's al gorithm
{ left-to-right suffix tree construction }
begi n
conpute the two-node tree T with one edge | abelled pi=text;
for i:=2 to n do begin
{ insert next suffix pj = text[i..n] }
| ocal i ze head; as head(pj, T),
starting the search fromsuf[father(headi-1)],
usi ng fastfind whenever possi bl e;
T :=linsert(pi, T);
end
end.

The agorithm is based on the following two obvious properties:
(1) head; isadescendant of the node suf[headi-1],

(2) suf[v] isadescendant of suf[father(v)] for any v.

The basic work done by McCreight's algorithm is spent in localizing heads. If it is done
in arough way (top-down search from the root) then the time is quadratic. The key to the
improvement is the relation between head; and head;-1 (Property 1). Hence, the search for the
next head can start from some node deeply in the tree, instead of from the root. This saves
some work and the amortized complexity islinear.
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slowfind(v, y)
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Figure 5.8. McCreight's algorithm : the case when v is an existing node.

fastfind(u, B)

Y

172

e Ieafi
ea
110

Figure5.9. McCreight's algorithm : the case when v = head; is a newly created node.
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Al gorithm McCr ei ght;
begi n
T := two-node tree with one edge | abelled by pi=text;
for i1:=2 to n do begin
{ insert next suffix pj =text[i..n] }
let B be the |abel of the edge (father[headj-1], headj.1);
let y be the I abel of the edge (headj.1, leafj.1);
suf [ f at her[ head;-1]];
fastfind(u, pB);
if v has only one son then
{ vis anewy inserted node } head; :=v
el se head; := slowfind(v, v);
suf [ head;.1] := v;
create a new |l eaf leafj; nmake |l eaf; a son of head;;
| abel the edge (head;, l|eafj) accordingly;

u:

Vv

end

end.

Theorem 5.4
McCreight's agorithm has O(n log|Z[) time complexity, where X is the underlying
alphabet of the text of length n.
Pr oof
Assume for a moment that the aphabet is of a constant size. The total complexity of dl
executions of fastfind and slowfind is estimated separately. Let fatherj = father(head;). The
complexity of one run of dowfind at stagei is proportional to the difference [fatheri| - [father;.1),
plus some constant. Therefore, the total time complexity of al runs of slowfind is bounded by
3(|fatheri| - [fatherj-1| ) + O(n). Thisisobvioudy linear.
Similarly, the time complexity of one cal to fastfind at stage i is proportional to the difference
lhead;| - |headi-1|, plus some constant. Therefore, the total complexity of al runs of fastfind is
alsolinear.
If the alphabet is not fixed, then we can look for the edge starting with a given single symbol
viabinary search in O(log[Z|) time. Thisisto be added as a coefficient and gives the total time
complexity O(n log[Z]). This completes the proof.

Remarks

Thereisasubtle point in the algorithm : the worst case complexity is not linear if the function
dowfind is used in the place of fastfind. The text text = a" is a counterexample to linear time. In
fact, we could perform sowfind in al situations except in the following : when we are at the
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father of head; and we have to go down by one edge. At this moment, the work on this edges
isnot charged to the difference [fatheri| - [fatherj-1| and it should be constant on this single edge.
We can cdl it a crucial edge. The function fastfind guarantees that traversing the single edge
takes congtant time (only the first symbol on the edge is inspected, and a length computed),
while the function dowfind traverses the labd of the single edge letter by letter, possibly
spending alinear time on just one edge. However, the strategy (use always slowfind except for
crucial edges) cannot be used because we do not in advance whether an edge is crucial or not.

Another remark concerns a certain redundancy of the algorithm. In the case when
suf[head;.1] aready exists, we could go directly to suf[head;-1] without making a "up-link-
down" tour. Such situation can happen frequently in practice. Despite this redundancy the
algorithm is linear time. We suggest the reader to improve the algorithm by inserting a
statement omitting the redundant computations. For clarity, this practica improvement is not
implemented in the above version.

5.4. Weiner'salgorithm

Weiner's algorithm builds the sequence of suffix trees T; = T(p;) in the order i=n, n-1, ...,
1 (recall that p; = text[i...n]). At a given stage we have T = Ty+1, and we attempt to construct
Tk. T isthe suffix tree of the current suffix of the text. If the current suffix is denoted by p, the
current value of T isthe suffix tree T(p).

Weiner's agorithm is a rather straightforward transformation of the algorithm
Right to Left of Section 5.2. Here again (as for McCreight's algorithm) most of the nodes
become implicit nodes, but the algorithm works similarly. The notion of a-link (see Figure
5.10) isintensively used to localize heads (see Section 5.2). Recall that head; is the node in T;
which isthe father of the leaf corresponding to the last inserted suffix.

Al gorithm schene of Weiner's algorithm
{ right-to-left suffix tree construction }

begi n
conpute the suffix tree T with tables test and link for
the one-letter word text[n]; { A1) cost }
for i :=n-1 downto 1 do begin

| ocal i ze head as head(pj, T); { denote it by head; }
compute T = next(T, pj);
end
end.
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The basic work in the above algorithm is spent in localizing heads. If it isdone in a rough
way (top-down search from the root) then the total time is quadratic. The key to the
improvement is the relation between head; and head; + 1. If we append the symbol a = text[i] to
val (head; + 1) then we obtain a prefix of val(head;) (recdl that for a node v of the tree val(v) is
the word, label of the path from the root to v). Hence, in the search we can start from the node
corresponding to this prefix, instead of from the root. This saves some work, and the amortized
complexity becomes linear. However, the algorithm also becomes more complicated, as we
need extra data structures for links.

root
a
edge
path =
path y
/
/
/
afink
//
/
¥
link[a, v]

Figure5.10. An a-link (linky).

To implement this idea described above, we maintain two additiona tables link and test
related to internal nodes of the current tree T. They satisfy invariants (p current suffix):

(2) test[a, v] = trueiff ax € Fac(p), where x = val(v);

(2) link[a, v] =w if val(w) = ax for some node w of T,

link[a, v] = nil if there is no such node.
These tables inform us about possible |eft extensions of a given factor (label of node v).

Let us define the function breaknode(wl, w2, v1, v2). This function is only defined for
nodes w1l = w2 such that the label x of the path from v1 to v2 isa proper prefix of the labd y of
the edge (w1, w2). The value of breaknode(wl, w2, v1, v2) is a (newly created) node w. As a
side-effect of the function, there are two created edges (w1, w) and (w, w2) with respective
labels x and X' (X' is such that y = xX'). Moreover, test[s, w] is set to test[s, w2] for each symbol
s and link[s, w] is set to nil. Hence, the edge (w1, w2) with label y is decomposed into two
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edges with labels x and X such that y=xx. In the example of Figures 5.11 and 5.12,
x=text[6...7], X=text[8...14] and y=text[6...14]. It is clear that the cost to compute
breaknode(wl, w2, v1, v2) is proportional to the length of the path from v1 to v2.

I—Eﬁledgewhe
decomposed
[11,14] ‘ a |_4__| Link[v3,a]=vb.
) /( ! b test[v2 a]=test[v] ,a]=true
Vb
d
v/
L 9]\ [10,14]
. 6 1l (11,141 /=N [9,14] \
| 5] B[]
(3,14] [5,14]
==working path
4
- < ' D firsttest=v1 firstlink=v3
nevw-leaf

Figure5.11. The suffix tree To=T(text[2...n]) for text=abaabaaaabbabd. The working path
startsin leaf 2 and goes up to the first node v such that link[a, v]=nil, here, v = V3.
L et firsttest be the first node v' on this path with test[a, V]=true; wl=link[a, v]=V6,
depth(wl) < depth(v)+1. The cost of one stage can be charged to the
difference between depths of leavesi+1 and i.
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[11,14] |

d
9 e

Figure 5.12.The suffix tree Ty for text=abaabaaaabbabd.. The edge (v6, 4) of T»
has been split into two edges. Generally, the tree Tj isamodification of tree Tj+1
(in the examplei=1). The edge (w1, w2) is splitsinto (w1, w) and (w, wW2).
Here, we have w=breaknode(Vv6, 4, v3, v1). The leaf 1 becomesthe new active leaf.

We describe separately the smpler case of transforming Tj+1 into Ty when a=text[i] does
not occurs in text[i+1...n]: a is a symbol not previousdy scanned. Define the procedure

newsymbol(a). Thisfunction is defined only for the case described above. Let active |eaf be the
lastly created leaf of Tj+1. The working path consists of al nodes on the path from active |eaf

to root.

procedure newsynbol (a);

begi n
A new leaf | is created and connected directly to root;
for all nodes v on the working path do test[a, v]:=true;
link[a, active leaf]:=i; active_ leaf:=i;

end
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Al gori t hm Wi ner;
{ right-to-left suffix tree construction }
begi n
conpute the suffix tree T with tables test and |ink for
the one-letter word text[n]; { (1) cost }
active leaf :=the only |leaf of T,
for i :=n-1 downto 1 do begin
{ T =T(pi+1), active_ leaf = i+1, construct T(pi) }
a .= text[i];
if a does not occur in pj+1 then newsynbol (a) el se begin
firsttest :=the first node v on the path up from
active | eaf such that test[a, v]=true;
the first node v on the path up from
active | eaf such that link[a, v]=nil;
wl :=link[a, firstlink];
if firstlink = firsttest then

firstlink :

{ no edge is to be deconposed } head := wl
el se begin
W2 := son of wl such that the | abel of path from
firstlink to firsttest starts with
the sane synbol as the | abel of edge (wi, w2);

head := breaknode(wl, w2, firstlink, firsttest);
end,
link[a, firsttest] := head; create new | eaf with nunber i;

link[a, active leaf] :=1i;
for each node v on the working path do test[a, v]:=true;
active leaf :=1;
end;
end,
end.

The whole agorithm above is a version of Weiner's agorithm. One stage of the
algorithm consists essentially of traversing a working path: from active leaf to the first node
(firstlink) such that link[a, v]=nil. On thisway, the node firsttest is found. The tree is modified
locally using the information about nodes firstlink, firsttest and w=link[a, firstlink]. One edge is
added and (sometimes) one edge is split into two edges. The tables link and test are updated for
nodes on the working path. The newly created leaf becomes the next active leaf (active_|eaf).
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Theorem 5.5

Weiner algorithm builds the suffix tree of atext in linear time (on fixed alphabet).
Proof
Oneiteration (one stage) of the algorithm has a cost proportional to the length L of the working
path (number of nodes on this path). However, it can be easily proved that

depth(link[a, firstlink]) < depth(firstlink)+1.

The cost of one stage can thus be charged to the difference between depths of leavesi+1 and i
(plus a constant c¢). The sum of dl these differences (depth(i)-depth(i+1)+c) is obviously
proportional to n. This completes the proof.

The main inconvenience of Weiner's algorithm is that it requires tables indexed
simultaneously by nodes of the tree and letters. From this point of view, McCreight's algorithm
islighter because it requires only one additional link independent of the a phabet.

5.5. Ukkonen'salgorithm

In this section we give a sketch of an on-line construction of suffix trees. We drop the
assumption that a suffix of the text cannot be a proper prefix of another suffix. So, no marker at
the end of the text is assumed. We denote by p' the prefix of length i of the text. We add a
constraint on the suffix-tree construction : not only we want to build T(text), but we also want
to build intermediate suffix trees T(pl), T(p?), ... T(p™1). However, we do not keep in memory
all these suffix trees, because the overall would take a quadratic time. We rather transform the
current tree, and its successive values are exactly T(pl), T(p?), ... T(p"). Doing so, we aso
require that the construction takes linear time (on fixed a phabet).

Goall (on-line suffix-tree construction):
compute the sequence of suffix trees T(pL), T(p2), ... T(pM) in linear time.

We shal first consider the uncompressed tree of suffixes of text, Trie(text). For
simplicity, we assume that the alphabet isfixed. Our first goa is an easer problem, an on-line
construction of Trie(text) in reasonable time, i.e. proportional to the size of the output tree.

Goal2 (on-line uncompr essed suffix-tree construction):
compute the sequence of suffix trees Trie(pl), Trig(p?), ... Trie(p™) in O(Trie(pn)) time.
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Trie(m)

Trig(ma) V3

Trie(mamm)

Figure 5.13. The sequence of uncompressed suffix trees for prefixes of text mamma.
The (compressed) suffix trees result by deleting nodes of out-degree one
and composing the labels. Accepting nodes are painted.

Let us closely examine how the sequence of uncompressed trees is constructed in Figure
5.13. The nodes corresponding to suffixes of the current text pi are painted. Let v be the suffix

of length k of the current prefix p' of the text. Identify vk with its corresponding node in the tree.
The nodes vk are caled essential nodes. In fact, additions in the tree, to make it grow up, are
"essentially" done at such essential nodes. Consider the sequence v, Vj-1, ..., Vo Of suffixesin
decreasing order of their length. Compare such sequences in trees for p3=mam, and for
p=mamm respectively (Figure 5.13). The basic property of the sequence of trees Trie(p!) is
related to the way they grow. It is easily described with the sequence of essentia nodes.

Basic growing property:
(*) Lety; bethefirst nodein the sequence Vi-1, Vj-2, ..., Vo Of essential nodes, such that
son(vj, &) exists. Then, thetree Trie(p!) results from Trie(p'-1) by adding a new outgoing
edge |abelled a;, simultaneously creating anew son, to each of the nodesvi.1, vi-2, ..., Vj-1.
If there is no such node v; then a new outgoing edge labelled & is added to each of the
nodes vj.1, V;-2, ..., Vo.
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Let suf be the same suffix link table as in Section 5.3. Recall that, if the node v
corresponds to afactor ax (for aletter a), suf[v] isthe node associated to x. We a so assume that
suf[root]=root. The sequence of essential nodes can be generated by taking iteratively suffix
links from itsfirst element, the leaf whose value is the whole prefix read so far.

Basic property of the sequence of essential nodes:
(**) (Vi, Vi-1, ..., Vo) = (Vi, SUf[vi], suf2vi], ..., sufifwi]).

existing nodes -
and suffix links -

¢7

“ created nodes
created links

Figure 5.14. Oneiteration in the construction of Trie(text).
Bold arrows are created at this step.

In order to describe easly the on-line construction of Trie(text), we introduce the
procedure createson. Let v be a node of the tree, and let a be a letter. Then, createson(v, a)
connectsa new son of the node v with an edge labelled by letter a. The procedure returns the
created son of v. Using properties (*) and (**), one iteration of the agorithm looks as
suggested in Figure 5.14. An informa construction is given below. A more concrete
description of the on-line algorithm is given thereafter.
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algorithmon_line trie; { informal version }
begi n
create the two-node tree Trie(ai) with suffix Iinks;

for i := 2 to mdo begin
vi.1 := deepest leaf of Trie(p -1);
k := smallest integer such that son(sufk[vj.1],aj) exists;
create aj-sons for vj.1, suf[vj-1], ..., sufk-1[vi_q],
creating suffix links (see Figure 5.14);
end,
end

algorithmon_line_ trie;
begi n
create the two-node tree T = Trie(pl) with suffix |inks;

for i := 2 to mdo begin
v : = deepest |leaf of T,
g := createson(v, aj); v := suf[v];
whil e son(v, aj) undefined do begin
suf[q] := createson(v, a);
g :=suf[q]; v := suf[V];
end;
if g =son(v,aj) then { v =root } suf[q] := root
el se suf[q] := son(v,aj);
end
end
Theorem 5.6
The agorithm on-line-trie builds the tree Trie(text) of suffixes of text in an on-line
manner. Itsworks in time proportional to the size of Trie(text).
Pr oof

The correctness follows directly from properties (*) and (**). The complexity follows from the
fact that the work done in one iteration is proportiona to the number of created edges (calls to
createson). This completes the proof.
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T(m)
T(ma)

T(mamm)

Figure 5.15. The sequence of (compressed) suffix trees
(with implicit nodes marked as W).

The i-th iteration done in the previous algorithm can be adapted to work on the
compressed suffix tree T(pi-1). Each node of Trie(pi-1) is treated as an implicit node. Hence,
the new algorithm simulates the version on_line trie. Here again the notion of implicit nodes
from Section 5.2 isuseful. Recall that apair (v, o) is an implicit node in T iff visanode of T
and o isaprefix of the label of an edge from vto ason of it. The implicit node (v, o) is said a
"rea" nodeiff a isthe empty word.

Let vbeanodeof thetree T, and let p be a subword of the input word text (represented by
apair of integersl, r, where p = text[l...r]). The basic function used in McCreight's algorithm is
the function find(v, p). Thisfunction follows a path |abelled by p from node v, possibly creating
a new node. In the present algorithm we use a similar strategy, except that the creation of a
possible node is postponed. The corresponding function is caled normalize and applies to a
pair (v, p). The value of normalize(v, p) isthelast implicit node (v, o) on the path spelled by p
from v. Whenever this function is applied, the word p is fully contained in the followed path,
hence, the fastfind implementation of Section 5.3 can be adapted to the work.

We haveto interpret the suffix links and sons (by single letters) of implicit nodes in the
compressed tree. In the algorithm we use the notation son' and createson’. They are interpreted
asfollows (aisaletter, and (v, o) isan implicit node, identified to v if o is empty):
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(2) son'((v, o), @) existsiff the path o. originated at node v can be extended by the letter a;
in this case son'((v, o), @) = (v, aa), which can be areal node.

(2) The procedure createson'((v, o), a) first checksif o is nonempty. If so, the procedure
first makes (v, o) ared node (applying break(v, o) of Section 5.3, for instance). Then, the
procedure creates an a-son of the node.

Thereis still one important implementation detail. If the node v is a leaf then there is no
need to extend the edge coming from its father by asingle symbol. If the labdl of the edge is a
pair of positions (I, r) then, after updating it, it should be (I, r+1). We can omit such updatings
by setting r to infinity for al leaves. This infinity is automatically understood as the last
scanned position i of the pattern. Doing so cuts the amount of work during one iteration of the
algorithm. If vj, vj-1, ..., Vo isthe sequence of essentia nodes, and if we know that vj, vj-1, ...,
vk are leaves, then we can skip processing them because this is done automatically by the trick
with infinity. We thus start processing essential nodes from v-3. In the agorithm we cal v the
current node that run through essential nodes. Since there is no sense to ded with the situation
whenvisalesf, a agiven iteration, the first value of v isthe aj-son of the last value of v (from
the preceding iteration), instead of starting from the deepest leaf asin the on-line construction of
Trie(text). All that gives the on-line suffix tree construction below.

al gori thm of UWkkonen;

begi n
create the two-node tree T(ai) with suffix |inks;
(v, a) := (root of the tree, €);
for i =2 to mdo begin
if son' ((v,a),aj) undefined then createson' ((v,a), aj);
r epeat
(a, B) :=son ((v, o), aj);
(v, o) := normalize(suf[v], o);

if son' ((v,a),aj) undefined then createson' ((v,a), aj);
if pis enpty then suf[qg] := son' ((v,a), aj);
(v,a) :=son" ((v,wm),aj);
{ here, the length of o can only be increased by one }
until no edge created or v = root;
if v = root then suf[son'(v,aj)] := root;
end

end

Theorem 5.7
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Ukkonen algorithm builds the compressed tree T(text) in an on-line manner. It works in
linear time (on fixed alphabet).
Proof
The correctness follows from the correctness of the version working on uncompressed tree.
The new agorithmisjust asimulation of it.
To prove the O(jtext|) time bound it is sufficient to prove that the total work is proportional to
the size of T(text), whichislinear. The work is proportional to the work done by al normalize
operations. The cost of one normalize operation is proportional to the decrease of the length of
a.. On the other hand, the length of o isincreased by a most one per iteration. Hence, the tota
number of reduction in length of a'sislinear. This completes the proof. +

5.6. Suffix arrays. an alternative data structure

Thereisaclever and rather simple way to deal with al suffixes of atext : to have their list
in increasing lexicographic order in order to perform binary searches on them. The
implementation of thisidealeads to a data structure called suffix array. It is not exactly a "good
representation” in the sense defined at the beginning of the chapter. But it is "amost good".
Thismeans that it satisfies the following conditions:

(1) it has O(n) size,
(2) it can be constructed in O(n.logn) time,
(3) it alowsto compute FACTORIN(X, text) in O(Jx| + logn) time.

So the time to construct and use the structure is dightly larger than that to compute the
suffix tree (it is O(n.log|A|) for the latter). But suffix arrays have two advantages:

— their construction is rather ssmple; it is even commonly admitted that, in practice, it
behaves better than the construction of suffix trees;

— it consists of two linear size arrays which, in practice again, take little memory space
(typically four times less space than suffix trees).

Let text = ajap...an, and let p; = ajaj+1...an be the i-th suffix of the text. Let Pogk] be the
position i where starts the k-th smallest suffix of text (according to the lexicographic order of
the suffixes). In other terms, the k-th smallest suffix of text is ppegk]. Denote by LCPREFi, j]
the length of the longest common prefix of suffixes p; and pj;. We assume, for smplicity, that
the size of the pattern is a power of two. If not, we can add a suitable number of endmarkers a
the end of text to meet the condition. Let us cal the whole interval [1...n] regular, and define
regular subintervals by therule: if aninterval isregular, then its halves are also regular. We say
that an interval [i...j] is regular iff it can be obtained in this way from the whole interval.
Finally, observe that there are exactly 2n-1 regular intervals.
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The suffix array of text is the data structure consisting of both the array Pos, and the
values LCPREF(i, j] for each regular interval [i...j]. Hence, the whole data structure has O(n)
size, and satisfies condition (1). To show that the condition (2') is satisfied we can apply results
of Chapter 9, related to another data structure called the dictionary of basic factors. Its definition
is postponed to this chapter. In fact, this dictionary is an dternative "almost good”
representation of the set of factors. Note that condition (2') is rather intuitive because it concerns
sorting n words having strong mutual dependencies. But, in our point of view, the most
interesting property of suffix arraysisthat they satisfy condition (3).

Theorem 5.8
Assume the suffix array of text is computed (are computed the table Pos and the table
LCPREF for regular intervals). Then, for any word x, we can compute FACTORIN(X,
text) in O(|x| + logjtext|) time.
Proof
Let ming = min{k / X = ppogk} and maxx = max{k / X = ppogk]}, where < and = denote
inequalitiesin the sense of the lexicographic ordering. Then, al occurrences of the subword x in
text are at positions given in the table Pos between indices miny and maxy. There is a least one
occurrence of x inside text iff miny < maxy.
We show how to compute miny. The computation of maxy is symmetrical. We start with an
extremely ssmple algorithm having O(x.logn) running time. It isabinary search for x inside the
sorted sequence of suffixes. Let suf(k) = ppogk]. Hence suf(k) is the k-th suffix in the
lexicographic numbering. We describe the computation of miny recursively. The value of miny
is assumed to be found inside the interval [Left...Right].

function find(Left, R ght);
begi n
if Left Ri ght then return Left;
Mddle :=right position of the left half of [Left..Ri ght];
if x =suf(Mddle) then return find(Left, Mddle)
el se return find(Mddl e+l, R ght)
end

Let | = LCPREF(suf(Left), x), and r = LCPREF(suf(Right), X). The basic property of the
function find is the following fact.

Basic property:
Let |, r be the respective values of Left and Right at a given cdl of the function find. And
let I', r' bethe values of Left and Right at the next call of find. Then, max(l, r) = max(l',
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r). If we know the values of I, r, then we can check the inequality x < suf(Middle), and
compute I, r' in time O(A), where A = max(l', r') - max(l, r).

The proof is left to the reader. Severa cases are to be considered, depending on the relations
between numbers |, r, LCPREF(Left, Middle) and LCPREF(Middlet+1, Right). The sum of dl
A's is O([x)), sincel, r < |x. Hence, the total complexity is O(Jx| + logn) because the function
find makes logn recursive calls. f

The computation of LCPREF is discussed at the end of the next section.

5.7. Applications

There isadata structure dightly different from the suffix tree, known as the position tree.
It isthetree of position identifiers. Theidentifier of position i on the text isthe shortest prefix of
text[i...n] which does not occur elsewhere in text. Identifiers are well defined when the last
letter of text is a marker. Once we have the suffix tree of text, computing its position tree is
fairly obvious, see Figure 5.16. Moreover, this shows that the construction works in linear
time.

Theorem 5.9
The position tree of a given text can be computed in linear time (on afixed a phabet).

5\

starting position of abbc

Figure 5.16. The position tree of text = aabbabbc.
Compare with its suffix treein Figure 5.1.
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One of the main application of suffix trees is for the situation when the text text is like a
dictionary. In this situation, the suffix tree or the position tree act as an index on the text. The
index virtualy contains al the factors of the text. With the data structure, the problem of
locating aword w in the dictionary can be solved efficiently. But we can also perform rapidly
other operations, such as computing the number of occurrences of win text.

Theorem 5.10
The suffix tree of text can be preprocessed in linear time so that, for a given word w, the
following queries can be done on-line in O(jw|) time:
— find thefirst occurrence of w in text;
— find the last occurrence of win text;
— compute the number of occurrences of win text.
We can ligt al occurrences of w in text can be listed in time O(jw[+k), where k is the
number of occurrences.
Proof
We can preprocess the tree, computing bottom-up, for each node, values first, last and number
corresponding to respectively the first position in the subtree, the last position in the subtree,
and the number of positions in the subtree. Then, for a given word w, we can (top-down)
retrieve these informations in O(|w]) time (see Figure 5.17). They give the answer to the first
three queries of the statement.
To ligt al occurrences, we first access the node corresponding to the word w in O(jw]) time.
Then, wetraverse al leaves of the subtree to collect the list of positions of win text. Let k be the
number of leaves of the subtree. Since dl internal nodes of the subtree have at least two sons,
the total size of the subtree islessthan 2.k, and the traversal takes O(K) time. This completes the
proof. ¥
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Top-down retrieval
path of w

first(v) = first occurrence of w
ast(v) = last occurrence of w
number (v) = number of occurrences of w

Bottom-up pre-computation
of first, last, number

subtree rooted at v

Figure5.17. We can preprocess the tree to compute (bottom-up), for each node,
its corresponding values min, max and size. Then, for agiven word w,
we can retrieve these informations in O(jw]) time.

The longest common factor problem is anatural example of a problem easily solvable in
linear time using suffix trees, and very hard to solve efficiently without any essential use of
"good" representation of the set of factors. In fact, it has been believed for along time that no
linear time solution to the problem is possible, even if the alphabet is fixed.

longest path extensible
intoxandy

longest common
factor of xand y

| # y |
special symbol

Figure 5.18. Finding longest common factors with suffix trees.

Theorem 5.11
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The longest common factor of k words can be found in time linear in the size of the
problem, i.e. the total length of words (k is a constant, a phabet is fixed).
Proof
The proof for case k=2 is illustrated by Figure 5.18. The generd case, with k fixed, is solved
similarly. We compute the suffix tree of the text consisting of the given words separated by
distinct markers. Then, for each node, exploring the tree bottom-up, is computed a vector
informing, for each 1<i<k, whether aleaf corresponding to a position inside thei-th subword is
in the subtree of this node. The degpest node with positive information of this type for each i
(1=i=K) correspondsto the longest common factor. The totd time is linear. This completes the
proof. ¥

Another solution to the problem of the longest common factor of two words is given is
Chapter 6. It uses the suffix dawg of only one pattern, and processes the other word in on-line
manner.

The next figure shows an application of suffix tree to the problem of finding the longest
repeated factor inside a given text. The solution is analogue to the solution of the longest
common factor problem, considering that k=1. Problems of this type (related to regularities in
strings) will be treated in more details in chapter 8, where we give also an ailmost linear time
algorithm (O(n log n)). This latter algorithm is simpler and does not use suffix trees or
equivaent data structure. This agorithm will cover also the two-dimensional case, where our
"good" representations (considered in the present chapter) are not well suited.

longest repeated factor

deepest internal node

edges

leaves
Figure 5.19. Computation of the longest repeated factor.
Let LCPREF(i, j) denote, as in Section 5.6, the length of the longest common prefix

starting at positionsi and j in agiven text of size n. In the chapter on two-dimensional matching
we use frequently the following fact.
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Theorem 5.12
It is possible to preprocess a given text in linear time so that each query LCPREF(i, j)
can be answered in constant time, for any positions i, j. A parale preprocessing in
O(logn) time with O(n/logn) processors of an EREW PRAM is also possible (on a fixed
a phabet).

Let LCA(u, V) denote the lowest common ancestor of nodes u, vin agiven tree T. The
proof of Theorem 5.12 easily reduces to a preprocessing of the suffix tree which enables LCA
gueries in constant time. The value LCPREF(i, j) can be computed as the size of the string
corresponding to the node LCA(v;, V;j), where v;, v are leaves of the suffix tree corresponding to
suffixes starting at positionsi and j.

Theorem 5.13
It is possible to preprocess a given tree T in linear time in such a way that each query
LCA(u, v) can be answered in constant time. A pardld preprocessing in O(logn) time
with O(n/logn) processors of an EREW PRAM is also possible (on afixed alphabet).

The beautiful proof of Theorem 5.13 is beyond the scope of this book. It is based on a
preprocessing corresponding to the two following simple subcases:

— T is single path; then LCA(u, V) is the node (u or v) closer to the root; it is enough to
associate to each node its distance to the root, to efficiently answer further queries,

— T isthe complete binary tree with 2k-1 nodes; identify nodes u, v with their numbers in
the inorder numbering of the tree; then, the number of LCA(u, V) is given by a simple
arithmetic formula of constant size; in this case, the preprocessing consists in computing the
inorder number of the nodes of the tree.

In the general case, the proof is based on atransformation F of the tree T into a complete
binary tree F(T). The transformation is such that F-1(g) isapathin T, for any node g in F(T).

All applications discussed so far show the power of suffix trees. However, the data
structure of the next chapter, dawg, can be applied as well (except maybe for the computation
of LCPREF). Dawg's are structurally equivalent to suffix trees. We present now explicitly how
to use aternatively suffix trees or dawg's on the next problem: compute the number of distinct
factors of text (cardindity of the set Fac(text)). This problem also fals into the category of
problems for which efficient algorithms without essential use of any of "good" data structures
is hardly imaginable.

Lemmab.14

Efficient Algorithms on Texts 111 M. Crochemore & W. Rytter



We can compute the number of factors of atext (cardinality of the set Fac(text)) in linear
time.
Proof 1 — suffix tree application
Let T be the suffix tree of the text. The weight of an edge in T is defined as the length of its
label. Then, the required number is the sum of weights of al labels. F
Proof 2 — dawg application
Let D be the suffix dawg of the text. Compute the number M of al pathsin D starting from the
root (not necessarily ending at the sink). Then, M=|Fac(text)|. The number M is computed
bottom-up in linear time. £

lllustrated by Lemma 5.14, we conclude the chapter with the following genera
"metatheorem™: suffix trees and dawg's are "good" representations for the set of factors of a
text.

Bibliographic notes

The two basic algorithms for suffix tree construction are from Weiner [We 73] and McCreight
[McC 76]. Our exposition of Weiner's algorithm uses aversion of Chen and Seiferas [CS 85].
This paper aso describe the relation between dawg's and suffix trees. An excellent survey on
applications of suffix trees has been done by Apostolico in [Ap 85].

The on-line algorithm of Section 5.5 has been recently discovered by Ukkonen [U 92]. Note
that the algorithm of McCreight is not on-line because it hasto look ahead symbols of the text.
The notion of suffix array has been invented by Manber and Myers [MM 90]. They use a
different approach to the construction of suffix arrays than our exposition (which refers to the
dictionary of basic factors of Chapter 8). The worst case complexities of the two approaches are
identical, though the average complexity of the origina solution proposed by Manber and
Myers is better. An equivalent implementation of suffix arrays is considered by Gonnet and
Baeza-Yatesin [GB 91], and called PAT trees.

As reported in [KMP 77], Knuth conjectured in 1970 that a linear time computation of the
longest common factor problem was impossible to achieve. Theorem 5.11 shows that it is
indeed possible on afixed a phabet.

A direct computation of uncompacted position trees, without use of suffix trees, is given in
[AHU 74]. The agorithm is quadratic because uncompacted suffix trees can have quadratic
sze.

Theorem 5.13, related to the lowest common ancestor problem in trees, is by Schieber and
Vishkin [SV 88]. Werefer the reader to this paper for more details. In [HT 84] an dternative
proof is given. However, their solution is much more complicated, and only a sequential
preprocessing is given.
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6. Subword graphs

The directed acyclic word graph (dawg) is a good data structure representing the set
Fac(text) of al factors of the word text of length n. It is an dternative to suffix trees of
Chapter 5. The graph DAWG(text), caled the suffix dawg of text, is obtained by identifying
isomorphic subtrees of the uncompacted tree Trie(text) representing Fac(text) (see Figure 6.1).
An advantage of dawg'sis that each edge is labelled by a single symbal. It is somehow more
convenient to use it when information is to be associated to edges rather than to nodes. We
consider only dawg's representing the set Fac(text), but it is clear that the approach aso applies
to other set of words, such as the set of subsequences of a string.

The linear size of suffix trees is a trivia fact (Chapter 5), but the linear size of suffix
dawg'sis much lesstrivial, and probably it is the most surprising fact related to representations
of Fac(text).

Applications of suffix dawg's are essentially the same as applications of suffix trees, such
as those presented in Section 5.7. Indexing is the main purpose of these data structure.
Theorem 5.11 can also be proved with dawg's. But we present in the present chapter two quite
surprising uses of dawg'sin Section 6.5. There, the suffix dawg of the pattern serves to search
it inside a text. The second method turns out to lead to one of the most efficient algorithm to
search atext.

6.1. Size of suffix DAWG's

A node in the graph DAWG(text) naturaly corresponds to a set of factors of the text:
factors having the same right context. It is not hard to be convinced that al these factors have
the following property : their first occurrences end at the same position in text. The converse is
not necessarily true, but the remark givesthe intuition of the next definition.

Let x be a factor of text. We denote by end-pos(x) (ending positions) the set of dl
positions in text at which ends an occurrence of x. Let y be another factor of text. Then, the
subtrees of Trie(text) rooted at x and y (recall that we identify the nodes of Trie(text) with their
labels) are isomorphic iff end-pos(x) = end-pos(y) (when the text ends with a specid
endmarker). In the graph DAWG(text) paths x having the same set end-pos(x) lead to the same
node. Hence, the nodes of G correspond to nonempty sets of the form end-pos(x). The root of
the dawg corresponds to the whole set of positions {0, 1, 2, ..., n} on the text. From a
theoretical point of view, nodes of G can be identified with such sets (especially when
analyzing the construction algorithm). But, from the practical point of view, the sets are never
maintained explicitly. The end-pos sets, usually large, cannot directly name nodes of G,
because the sum of sizes of all such sets can happen to be nonlinear. An explicit representation
of each end-pos sets by alist of itselementsistoo large. Figure 6.1 presents both the trie of the
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text aabbabd, and DAWG(text) for the same word. The graph has 10 nodes and 15 arcs. If we
allow labels of edgesto have varying length then its size can be further reduced to 7 nodes and
12 arcs (by compressing chains).

root

Figure 6.1. The uncompacted suffix tree Trie(aabbabd), and
the direct acyclic word graph DAWG(text).

The small size of dawg's is due to the special structure of the family @ of sets end-pos.
We associate to each node v of the dawg its value val(v) equal to the longest word leading to it
from the root. The nodes of the dawg are, in fact, equivalence classes of nodes of the
uncompacted tree Trie(text), where the equivalence is meant as subtree isomorphism. In this
sense, val(v) isthe longest representative of its equivalence class. It can also be considered that
nodes of the dawg are equivalence classes of factors of the text because nodes in Trig(text) are
in one-to-one correspondence with factors of text.

The notion of failure function, intensively used in Chapter 3, has an exact counterpart in
dawg's. Let v be anode of DAWG(text) distinct from the root. We define suf[v] as the node w
such that val(w) isthe longest suffix of val(v) non equivalent to it. In other terms, val(w) is the
longest suffix of val(v) corresponding to a node different from v. Note that the definition
implies that val(w) is a proper suffix of val(v). By convention, we define suf[root] as root. In
the implementation it is meant that suf is represented as atable. The table suf is analogue to the
table Bord defined in Chapter 3. We aso cdl the table suf the table of suffix links (edges (v,
suf[v]) are "suffix links").

The suffix links in DAWG(dababd) are presented in Figure 6.2. Since the vaue of suf[v]
isaword strictly shorter than val(v), suf induces a tree structure on the set of nodes. The node
suf[v] is interpreted as the father of v in the tree. It happens that the tree of suffix links is the
same as the tree structure of setsin ® induced by the inclusion relation.
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Figure 6.2. DAWG(dababd) (left) and its suffix links (right).
This shows the structure of the family ® of end-pos sets.

Theorem 6.1
The size of DAWG(text) is linear. More precisaly, if N is the number of nodes of
DAWG(text) and n=|text}>0, then N < 2n. Moreover, DAWG(text) has less than N+n-1
edges. Thisisindependent of the size of the alphabet.
Pr oof
The main property used here directly comes from the definition of end-pos sets : any two
subsets of ® are either digoint or one is contained in the other. The family @ thus have a tree
structure (see Figure 6.2). All leaves are pairwise digoint subsets of {1, 2, ..., n} (we do not
count position O that is associated to the root, because it is not contained in any other end-pos
set). Hence, there is a most n leaves. This does not directly imply the thesis because it can
happen that some internal nodes have only one son (as in the example of Figure 6.2).
We partition nodes into two (digoint) subsets according the fact that val (V) is a prefix of text or
not. The number of nodes in the first subset is exactly n+1 (number of prefixes of text). We
now count the number of nodes in the other subset of the partition.
Let v be a node such that val(v) is not a prefix of text. Then val(v) is a non-empty word that
occursin at least two different right contexts in text. But then, we can deduce that at least two
different nodes p and q (corresponding to two different factors of text) are such that suf[p] =
suf[q] = v. This show that nodeslike v have a least two sons in the tree inferred by suf. Since
the tree has at most n leaves (corresponding to non-empty prefixes), the number of such nodes
islessthan n. Additionally note that if text contains two different Ietters the root has at least two
sons but cannot be counted in the second subset because val (root)=¢ is prefix of text. If text is
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of the form an, the second subset is empty. Therefore, the cardinality of the class is indeed less
than n-1. Thisfinally shows that there isless than (n+1)+(n-1) = 2n nodes.

To prove the bound on the number of edges, we consider a spanning tree T over DAWG(text),
and count separately the edges belonging to the tree and the edges outside the tree. The tree T is
chosen to contain the branch labelled by the whole text. Since there are N nodes in the tree, there
are N-1 edges in the tree. Let us count the other edges of DAWG(text). Let (v, w) be such an
edge. We associate to it the suffix xay of text defined by : x is the labd of the path in T going
from the root to v, and a isthe label of the edge (v, w), y isany factor of text extending xa into a
suffix of text (x, y € A*, a€ A). Itis clear that the correspondence is one-to-one. Moreover, the
empty suffix is not consider, nor text itself because it is in the tree. It remains n-1 suffixes,
which is the maximum number of edges outside T.

Finally, the number of edgesin DAWG(text) islessthan N+n -1. f

Although the size of DAWG(text) islinear, it is not always strictly minimal. If minimality
isunderstood in terms of finite automata (number of nodes, for short), then DAWG(text) is the
minimal automaton for the set of suffixes of text. The minimal automaton for Fac(text) can
indeed be dightly smaller.

6.2. A simple off-line construction

Our first construction of dawg's consists essentially in a transformation of suffix trees.
The basic procedure is the computation of equivalent classes of subtrees. It is based on a
classica algorithm concerning tree isomorphism (see [AHU 74] for instance). We just recall
the result without proof.

Lemma6.2 (JAHU 74])
Let T be a rooted ordered tree whose edges are labelled by letters (assumed to be of
constant size). Then, isomorphic classes of dl subtrees of T can be computed in linear
time.

We call compacted dawg, the dawg in which edges are labelled by words, and no node
has only one outgoing edge (chains of nodes are compacted). A simple application of Lemma
6.2 provides a construction of compacted dawg's, that leads to the construction of dawg's.

Theorem 6.3
DAWG(text) and its compacted version can be built in linear time (on fixed a phabet).
Pr oof
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Weillustrate the algorithm on the example text string w=baaabbabb. The suffix tree of w# is
constructed by any method of Chapter 5. For technicd reasons, inherent to the definition of
suffix trees, the endmarker # is added to the word w. But this endmarker is later ignored in the
constructed dawg (it isonly needed at this stage).

Then, by the algorithm of the preceding lemma the equivaence classes of isomorphic subtrees
are computed. The roots of isomorphic subtrees are identified, and we get the compacted
version G' of DAWG(w), see figure below. The whole process takes linear time.

The difference between the actual structure and the dawg is related to lengths of strings which
are labels of edges. In the dawg each edge islabelled by asingle symbol. The "naive" approach
could be to decompose each edge labelled by a string of length k into k edges. But the resulting
graph could have a quadratic number of nodes. We apply such an approach with the following
modification. By the weight of an edge we mean the length of its label. For each node v we
compute the heaviest (with the largest weight) incoming edge. Denote this edge by inedge(v).
Then, in paralel for each node v we perform alocal transformation local_action(v). It is crucia
that al these loca transformations local_action(v) are independent and can be performed
simultaneoudly for all v.

HOOVoTTLD
®
#OOTOOOTY
e

Figure 6.3. Identification of isomorphic classes of nodes of the suffix tree. In the algorithm
the labels of the edges are constant-sized names of the corresponding strings.

The transformation local_action(v) consists in decomposing the edge inedge(V) into k edges,
where k is the length of the string z, label of this edge. The label of i-th created edge is i-th letter
of z. There are interleaved k-1 new nodes : (v, 1), (v, 2), ..., (v, k-1). The node (v, i) is a the
distance i from v. For each other incoming edge of v, e = (v1, v) we perform the following
additional action. Suppose that the string, label of e has length p, and that its first letter is a. If
p>1 then we remove the edge e and create an edge from v1 to (v, p-1) whose label is the letter
a. Thisisgraphically illustrated in the figure below.
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Figure 6.4. Local transformation.
New nodes are introduced on the heaviest incoming edge.

Then we apply to al nodes v, except the root, the action local_action(v).
The resulting graph for our example string w is presented in the next figure. This graph is the
required DAWG(w). This completes the proof. f

Figure 6.5. The suffix dawg of baaabbabb.

The proof of the previous statement shows how the dawg DAWG(text) can be built. The
role of the end marker in the preceding proof is allow the suffix tree construction. Whenever it
is removed in the data structure produces the same graph. In particular, the algorithm of the
proof cannot be directly used to build the smallest subword graph accepting Fac(text), in the
sense of automata theory. We do not consider these graphs because their on-line construction is
more technical than that of suffix dawg given in the next section.

6.3. On-line construction



Chapter 6 121 26/1/98

We describe in this section an on-line linear time algorithm for suffix dawg computation.
The agorithm processes the text from left to right. At each step, it reads the next letter of the
text and updates the dawg built so far. In the course of the algorithm, two types of edges in the
dawg are considered : solid edges (bold ones in Figure 6.6), and non-solid edges. The solid
edges are those contained in longest paths from the root. In other terms, non-solid edges are
those creating shortcuts in the dawg. The adjective solid means that once these edges are
created, they are not modified during the rest of the construction. On the contrary, the target of
non-solid edges may change after awhile.

In Algorithm suffix-dawg we compute successively DAWG(text[1]), DAWG(text[1...2]),
..., DAWG(text[1...n]). Figures 6.6 and 6.7 show an application of the algorithm to text =
aabbab.

Splitting node

Figure 6.6. Iterative computation of DAWG( aabb).
Solid edges are bold faced.
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Splitting node

Figure 6.7. Transformation of DAWG(aabba) into DAWG(aabbab).
The node vg isaclone of va.

a .~ a .~ b ~ b~~~ a ~~b Db
O r——()—o—")—o—9

Figure 6.8. The suffix dawg of aabbabb.

The schema of one stage of the algorithm is graphically presented in Figure 6.7. It is the
transformation of DAWG(aabba) into DAWG(aabbab), which points out a crucia operation of
the algorithm. Addition of letter b to aabba adds new factors to the set Fac(aabba). They are
all suffixes of aabbab. In DAWG(aabba), nodes corresponding to suffixes of aabba, namely,
v1, v2, v7, will now have an outgoing b-edge. Consider node v2 in DAWG(aabba) . It has an
outgoing non-solid b-edge. The edge is a shortcut between v2 and v4, compared with the
longest path from v2 to v4 which is labelled by ab. The two factors ab and aab are associated to
the node v4. But in aabbab, only ab becomes a suffix, not aab. Thisis the reason why the node
v4issplitintov4 and vOin DAWG(aabbab). Doing so will cause no problem for the rest of
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the congtruction, if ever v4 and v get different behaviors. But note that the splitting operation is
not necessary if the text ends here, because nodes v4 and v9 of DAWG(aabbab) have the same
outgoing edge.

When splitting anode, it may also happen that some edges have to be re-directed to the
created node. The dtuation is illustrated in Figure 6.8 by DAWG(aabbabb). In
DAWG(aabbab), the node v5 corresponds to factors bb, abb, and aabb. In aabbabb, just bb
and abb are suffixes. Hence, in DAWG(aabbabb), paths labelled by bb and abb should reach
the node v11, a clone of node v5 obtained by the splitting operation.

2 :
st suf’y newnode
Esuf
sufy suf
sink sink :
a a !
neNS. nk naNsi nk

Figure 6.9. One stage of the algorithm, with the current |etter a. The non-solid a-edge
from w is transformed into a solid edge onto a clone of v.

In the algorithm, we denote by son(w, a) the son v of node w such that label (w, v)=a. We
assume that son(w, a)=nil if thereis no such node v.

On nodes of DAWG(text) is defined a suffix link caled suf. 1t makes lists of working
paths as shown in Figure 6.9. There, the working path is wl, w2=suffwl], w3=suf{w2],
w=suf[w3]. Generally, the node w is the first node on the path having an outgoing edge (w, V)
labelled by letter a. If this edge is non-solid, then v is split into two nodes : v itself, and
newnode. Thelatter is clone of node v, in the sense that outgoing edges and the suffix-pointer
for newnode are the same asfor v. The suffix link of newsink is set to newnode. Otherwise, if
edge (w, V) issolid, the only action made at this step isto set the suffix link of newsink to v.
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Al gorithm suffix-dawg;
begi n
create the one-node graph G = DAWH ¢€);

root := sink :=the node of G suf[root] := nil;
for i :=11to n do begin
a .= text[i];

create a new node newsi nk;
make a solid edge (sink, newsink) l|abelled by a;
w : = suf[sink];
while (wnil) and (son(w, a)=nil) do begin
make a non-solid a-edge (w, newsink); w:= suf[w;

end;

v :=son(w, a);

if w=nil then suf[newsink] := root

elseif (w v) is a solid edge then suf[newsink] :=v

el se begin { split the node v }
create a node newnode;
newnode has the sane outgoi ng edges as v
except that they are all non-solid;
change (w, v) into a solid edge (w, newnode);

suf [ newsi nk] : = newnode;
suf [ newnode] := suf[v]; suf[v]:=newnode;
w:=suf[w;

while (wenil) and ((w, v) is a non-solid a-edge) do begin
{*} redirect this edge to newnode; w :=suf[w;
end;
end;
si nk: =newsi nk;
end;
end.

Theorem 6.4

Algorithm suffix-dawg computes DAWG(text) in linear time.
Proof
We estimate the complexity of the algorithm. We proceed similarly as in the analysis of the
suffix tree construction. Let sink; be the sink of DAWG(text[1...i]). What we cdl the working
path consists of nodes wil=suf[sink], w2=suf[wl] ... w=suf[wy]. The complexity of one
iteration is proportional to the length ky of the working path plus the number ky of redirections
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made at step (*) in the agorithm. Let K be the value of ki+ko a the i-th iteration. Let depth(u)
be the depth of node u in the graph of suffix links corresponding to the final dawg (the depth is
the number of applications of suf needed to reach the root). Then, the following inequality can
be proved (weleaveit as an exercise):

depth(sinki+1) < depth(sink;) - Kj + 2,
and thisimplies

Ki < depth(sink;) - depth(sinkj+1) + 2.
Hence, the sum of al Kj'sislinear, which in turn implies that the total time complexity islinear.
This completes the proof that the algorithm works in linear time. +

Remark 1

Algorithm suffix-dawg gives another proof that the number of nodes of DAWG(text) is less
than 2Jtext| : at each step i of the algorithm at most 2 nodes are created, except a step 1 and 2
where only one node is created.

Remark 2

We classify edges of DAWG(text) into solid and non-solid ones. Such classification is an
important feature of the algorithm, used to know when a node has to be split. However, we can
avoid remembering explicitly whether an edge is solid or not. The category of an edge can be
tested from the value length(v) associated to node v. This information happens to be useful for
other purposes. We can store in each node v the length length(v) of the longest path from the
root to v. Then, the edge (v, w) is solid iff |length(v)[+1=|length(w)|. Function length plays a
centra rolein the algorithm of the next section.

6.4." Further relations between suffix trees and suffix dawg's

There is a very close relation between our two "good" representations for the set of
factors Fac(text). Thisis an interesting feature of these data structures. Therdation is intuitively
obvious because suffix trees and dawg's are compacted versions of the same object — the
uncompacted tree Trie(text).

Throughout this section (with a short exception) we assume that the pattern text starts
with asymbol occurring only at the beginning of text. In this case the relation between dawg's
and suffix treesis especially tight and simple.

Remark
The uniqueness of the leftmost symbol is not the crucia point for the relation between dawg's
and suffix trees. Even if the leftmost symbol is not unique our construction essentially can be
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applied. However, the uniqueness case is easier to ded with in the framework of suffix and
factor automata.

Two factors of text, x and y, are equivalent iff their end-pos sets are equal. This means
that one of the word is a suffix of the other (say y is a suffix of X) and whenever x appears then
y also appears in text. However, what happens if instead of end-positions we consider start-
positions? Let us look from the "reverse perspective’ and look at the reverse of the pattern.
Then suffixes become prefixes, and end-positions become first-positions. Denote by first-
pos(x) the set of first positions of occurrences of x in text.

Recall that a chain in atree is a maximal path whose nodes have out-degree one except
the last one. The following obvious lemma is crucia in understanding the relation between
suffix trees and dawg's (see figure below):

Lemma6.5
Assume that text has a unique leftmost symbol. Then the following three equalities are
equivaent :
end-pos(x)=end-pos(y) in text;
first-pos(xR)=first-pos(yR) in textR:
xR, yR are contained in the same chain of the uncompacted tree Trie(textR).

Remark

Thefirst two equalitiesin the lemma are always true, however the third one can be damaged if
text starts with a non-unique symbol. If text=abba then text=textR and the nodes a, ab are
contained in the same chain. However, first-pos(a)={1, 4} but first-pos(ab)={ 1} . Fortunately
with aunique leftmost symbol such a situation isimpossible.

;E reverse i s
y | — | yR

Figure 6.10. When the text has a unique leftmost symbol :
end-pos(x)=end-pos(y) in text iff first-pos(xR)=first-pos(yR) in textR
iff xR, yR are contained in the same chain of the uncompacted tree Trie(textR).

Corollary 6.6
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The reversed values of nodes of the suffix tree T(textR) are the longest representatives of
equivalence classes of factors of text. Hence nodes of T(textR) can be treated as nodes of
DAWG(text).

We consider first the relation : suffix trees — dawg's. Let T be a suffix tree. We define
shortest extension links (sext links, in short) in T, dented by sext[a, v]. The value of sext[a, V] is
the node w whose value y=val(w) is a shortest word having prefix ax, where x=val(v). If there
is no such node w then sext[a, v]=nil. Observe that sext[a, v]=nil iff test[a, v]=true. If link[a,
v]=nil then sext[a, v]=link[a, v].

Lemma6.7
If we are given a suffix tree T with tables link and test computed then table sext can be
computed in linear time.
Pr oof
The agorithm is top down. For the root sext links are easy to compute. If table sext was
computed for entries related to vl=father(v) then for each symbol athe value of sext[a, V] is
computed in constant time as follows::
if test[a, v]=false then sext[a, v]:=nil else
if link[a, v1]=nil then sext[a, v]:=sext[a, v1] else
sext[a, v]:=the son w of link[a, v1] such that the |abel of edge from link[a, v1] tow has
the same first symbol as label of edge (v1, v).
The whole computation takes linear time because it takes constant time for each pair (a, v). This
completes the proof. +

Remark

In fact, we could easily modify the algorithm for the construction of suffix trees by removing
table test and replacing tables link and test by a more powerful table sext. Table sext contains
essentialy the same information as tables link and test together. This could improve the space
complexity of the algorithm (by a constant factor). Time complexity does not change much.
We leave as an easy exercise a suitable modification of the algorithm.

However we fedl that tableslink and test make the algorithm easier to understand. Moreover as
we shall seelater table link gives solid edges of the dawg for reversed pattern and table sext (in
cases when link has value nil) gives non-solid edges. Also in gpplications it is better to have
choice of several dternative data structures.

The figure below presents the uncompacted suffix tree for the text text=babaad.
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nodes of suffix tree

6] i
(ba) H
D (ad) baa bab nodes of
' &b& | | _/ucompacted wee
abaa E T&ba
babaa
F |
G
sext{a, H)=F, sext(a I)=F, sext{a,&)=H. IZ,

Figure 6.11. The uncompacted node-labelled tree T1(text) for text=babaad. The nodes of the
suffix tree are circled. For example sext[a, H] is the shortest extension
of aword x = (a val(H)), it isthe node F such that x is a prefix of val(F).

The next figure presents the uncompacted suffix tree from the "reverse perspective’. The
equivalence classes of words of the text of textR=daabab are circled.

A <— empty word
%\ an equivalence class

of fators of word

an equivalence aa

class — ||
D|daa
end-pos(aa)=
end-pos{daa)=
{3}.
F

Figure 6.12. The previous uncompacted subword tree with the values of nodes reversed.



Chapter 6 129 26/1/98

sext{a H)=F link[a,H]= nil

sext{a,&)=H sext{a,I)=F

Figure 6.13. The suffix tree T(babaad) with examples of sext links.

Theorem 6.8
If text has the unique leftmost symbol then DAWG(text) equals the graph of sext links of
suffix tree T=T(textR). Solid edges of the dawg of text are given by table link of T.
Pr oof
The thesisfollows directly from the preceding lemma. The corollary from the lemma says that
nodes of the dawg correspond to nodes of T. In the dawg for text the edge labelled a goes from
the node v with val (v)=x to node w with val(w)=y iff y is the longest representative of the class
of factors which contain word xa. If we consider the reversed text then it means that axR is the
longest word yR such that first-pos(yR)=first-pos(axR) in textR. This exactly means that yR
=sext[a, xR]. YR |=xR[+1 iff y=xa and link[a, xR]=yR. According to the remark ending the
previous section this means that table link gives exactly all solid edges.
This completes the proof. F
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— dasbab = (babaad)F
DAWG(daabab)

a

t
@

Figure 6.13. DAWG(daabab) = graph of sext links of T(babaad).
Solid edges are given by table link of T( babaad).

Remark

If one wants to construct a dawg using suffix trees and the string text does not start with the left
marker then we can take the string p' = dp which has a left marker d. After constructing the
dawg for p' we simply erase the first edge labelled d and delete the nodes inaccessible from the
root. The first edge leading to anode of the old longest path becomes solid. The transformation
of the dawg from Figure 6.13 is shown below.

— dasbab = (babaad)F
DAWG(daabab)

a

deleted edges b a b

Figure 6.14. DAWG(aabab) results from DAWG(daabab), see Figure 6.13.
The edge |abelled d is removed. Then nodes inaccessible from the root are deleted :
A and B are deleted. Edge (I, D) becomes solid.
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Let usdea now with therelation : dawg's — suffix trees. An unexpected property of the
dawg construction algorithm is that it computes also the suffix tree of the reversed text if text
starts with a symbol occurring only at the first position (see Figure 6.15).

2= yRH x
/ \\ / b\ ch
/ cR
a
\\\_\ H R cha
III abcR
abch cba

abcb

abcbc El abcbcR

dawg G sufffix-tree = tree of suffix-links of G

Figure6.15. Tree of suffix-links of DAWG( abcbc) = suffix tree T(cbcba).
If text text start with the symbol occurring only at first position then the graph of
suffix-links of DAWG(text) gives the suffix tree T(textR).
We give values of nodes of the dawg and |abels of edges of the suffix tree.
Hence the dawg construction gives aso an alternative algorithm to construct suffix trees.

Given the dawg G of text text we can easily obtain the suffix tree for the reverse of text.
Let T beatree of suffix links of G; suf[v] is the father of v. The edge (v, suf[V]) is labelled by
the word z=yR//xR, where x=val (suf[v], y=val (v). The operation // consists of cutting the prefix x
of y. z=yR//xR iff yR=xRz This operation iswell defined in the context (y=val(v), x=val(suf[V])).
The tree T is called the tree of suffix links. This tree is automatically constructed during the
computation of DAWG(text).

Theorem 6.9
If text starts with a unique leftmost symbol then the tree of suffix links of DAWG(text)
equals the suffix tree T(textR).

Pr oof

The same arguments as in the proof of the previous theorem can be applied.

Remark
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Thereisafunctional symmetry between suffix tree and dawg's : essentially they have the same
range of applications. They are closely related : the structure of one of them is "contained” in
the structure of the other. However one of these data structures is a tree while the other is not.
As it was written in [CS 85] : it is remarkable that such functional symmetry is efficiently
achieved by such an integrated asymmetric construction.

From the point of view of applications the dawg can be compressed. This will result in a
considerable saving in space. Such compression alows to see a relation between
G=DAWG(text) and G'=DAWG(textR). It is also possible to make a symmetric version of a
dawg : a good data structure SymRep(text) which can efficiently represent simultaneously
Fac(text) and Fac(textR).

Let uslook at arelation between G and G'. Take the example text text=aabbabd. Then G is as
presented in Figure 6.1 and it has 10 nodes. The graph G' is presented in Figure 6.17 and it has
11 nodes.

root'=sink

oot

Figure 6.17. The graph G'=DAWG(textR).
There are three nodes of out-degree greater than 1 (edges go right-to-left).

At first sight it is hard to see any relation between G and G'. Let root and sink be the
names of the root and the sink of G, and let root', sink’ be the root and the sink of G'. We have
root=sink' and sink=root' (we can cdl these nodes external, while other nodes can be cdled
internal). Let us look a internal nodes with out-degree bigger than one. Cal such nodes
essential. There are three essential nodesvl, v2, v3in G and aso three essential nodes in G'. It
happens that there is a one-to-one correspondence between these nodes. Let values of nodes in
G' be words spelled right-to-left (words from the "reverse perspective’). Then we have the
same set of values of essential nodesin G and that in G'. We leave the genera proof of this fact
to the reader. We can identify internal nodes of G and G'. Now we define the compressed
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versions of G and G' to be graphs consisting only of essential and external nodes (al other
nodes disappear by compressing chains). Hence the compressed versions are two graphs with
the same set of nodes. Therefore these graphs can be combined (by taking union of edges of
both graphs) and we get a labelled graph which is a symmetric representation SymRep(text).
There will be two kinds of edgesin such graph : left-to-right and right-to-left edges. SymRep is
agood representation of Fac(text) and satisfies : SymRep(text)=SymRep(textR).

More precisely : a compressed version compr(G) of the dawg G is the graph whose
nodes are essential (internal) and external nodes of G. The graph compr(G) results by
compressing al chains of G - each internal node of out-degree one is removed and itsincoming
edges are redirected. Figures 6.18 and 6.19 show the compressed versions of dawg's for the
word aabbabd and its reverse. The nodes of compr(G) correspond to so caled prime factors,
see [BBHME 87], page 580, for a definition. Intuitively these are factors that appear in two
distinct left contents (if extendable to the left) and two distinct right contexts (if extendable to
theright).

sink

"1 vand —

d - bd
b grfbﬁ,

V3

Figure 6.18. The graph compr(G) for text=aabbabd.
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\ 8 root'=sink
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root a2 a b
aab 73

Figure 6.19. The graph compr (G') for textR=dbabbaa. The direction of edgesis right-to-left.
The labels of edges are to be read also right-to-left. SymRep(text) = compr (G')JJUcompr (G).

The constructed data structure can be used to "travel” in the dawg in two directions. We
can find some useful information for the factor x, then for its left extension ax, and then for the
right extension axb.

6.5. String-matching using suffix dawg's

In this section, we describe two other string-matching algorithms. They apply the strategy
developed in Chapter 3 and 4 respectively, but are based on suffix dawg's built on the pattern.
For fixed alphabets, the first agorithm yields a rea-time search, while the second searching
algorithm is optimal on the average.

A simple application of subword dawg gives an efficient algorithm to compute the
longest common factor of two strings. We have aready discussed an algorithm for that
purpose in Chapter 5. There, the solution is based on suffix trees. The present solution is quite
different by several aspects. First, it computes the longest common factor while processing one
of the two input words (a priori, the longer word) in an on-line way. Second, it uses the dawg
of only one word (a priori, the shorter word), which makes the whole process cheaper
according to the space used. The overal algorithm can be adapted from the string-matching
algorithm presented below.

Thefirst string-matching of the present section searches the text for factors of the pattern.
It computes the longest factor of the pattern ending at each position in the text. It is called the
forward-dawg-matching algorithm (FDM for short) because factors are scanned from left to
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right. The algorithm can be viewed as another variation of agorithm MP (Chapter 3). In this
latter algorithm, the text is searched for prefixes of the pattern, and shifts are done immediately
when amismatch is found. We explain the principles of FDM a gorithm.

Let pat and text be the two words. Let DAWG(pat) be the dawg of the pattern. The text is
scanned from left to right. At a given step, let p be the prefix of text that has just been
processed. Then, we know the longest suffix s of p which is a factor of pat, and we have to
compute the same value associated to the next prefix pa of text. It is clear that DAWG(pat) can
help to compute it efficiently if saisafactor of pat. But, this is till true if sa is not a factor of
pat because in this situation we can use the suffix link of the dawg in a similar as the failure
function is used in MP agorithm (Chapter 3).

Longest factor ending at i

pat |

len
text < >

[
Figure 6.20. Current configuration in FDM algorithm.

In a current dtuation of the forward-factor agorithm, we memorize a state of
DAWG(pat).
But, the detection of an occurrence of pat in text cannot be done only based on the state of
DAWG(pat), because states are usually reachable through different paths. To cope with this
problem, in addition to the current state of DAWG(pat), we compute the length len of the
longest factor of pat ending at the present position in the text. When suffix links are used to
compute the next factor, the algorithm resets the vaue of len with the help of the function
length defined on states of DAWG(pat). Recall that length(w) is the length of the longest path
form the root of DAWG(pat) to the node w. The next property shows why the computation of
len isvalid when going through a suffix link.

Property of DAWG(pat)
Let x be the label of any path from the root of DAWG(pat) to w.
Let y bethelabel of the longest path from the root of DAWG(pat) to v.
If suff[w] =v, thewordy is a suffix of x.

The property is an invariant of the dawg construction of Section 6.3. Note that each time a
suffix link is created in algorithm suffix-dawg the target of the suffix link is aso the target of a
solid edge. Thisis assumed by the splitting operation. So the proof follows by induction.
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function FDM : bool ean; { forward-dawg-matching al gorithm}
{ it conputes |ongest factors of pat occurring in text }
begi n
D : = DAWH pat);
len :=0; w:=root of D i := 0;
while not is<|text| do begin
if there is an edge (w, v) labelled by text[i] then begin
len := len+l; w:=v;
end el se begin
repeat w:= suf[w;
until (w undefined) or
(there is (w, v) labelled by text[i]);
i f w undefined then begin
len := 0; w:=root of D
end el se begin
let (w, v) be the edge | abelled by text[i] fromw
len := length(w)+1;, w:=v;
end,
{ len = larger length of factor of pat ending at i in text }
if len=|pat| then return(true);
o= 01+
end,
return(fal se);
end,

Algorithm FDM can still be improved. The modification is similar to the transformation
of algorithm MP into algorithm KMP. It is done through a modified version of the failure
function. The criterion to be considered is the delay of the search, that is, the time spent on a
given letter of the text. Algorithm FDM has delay O(|pat|) (consider the pattern am). The
transformation of FDM isrealized on the suffix link suf as explain below.

Assume that during the search the current letter of the text isa and the current node of the
dawg is w. If no a-edge starts from w, then we would expect that some a-edge starts from
v=suf[w]. But it happens that, sometimes, outgoing edges on v have the same labdl as outgoing
edges on w. Then, node v does not play its presumed role in the computation, and suf has to be
iterated at the next step. This iteration can in fact be preprocessed because it is independent of
the text.

We define the context of node w of DAWG(pat) as the set of letters, which are labels of
edges starting fromw :
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Context(w) ={a; thereis an a-edge (w, W) in DAWG(pat)} .
Then, the improved suffix link is SUF defined as (v=suf[w])
UF(w) =, if Context(w) = Context(v),
SUF(w) = suffv], otherwise.
Note that SUF(w) can be left undefined with this definition because suf{root] is undefined).

In practice, for the computation of SUF, no context of node is indeed necessary. Thisis
due to a specia feature of dawg's. When v=suffw], Context(w) is included in Context(v),
because the value of suf[w] is a suffix of the value of w. Thus, tests to compute SUF can be
made only on the sizes of context sets. The following is an equivaent definition of SUF :

JUF(w) =, if |Context(w)| = |Context(V)],
SUF(w) = suffv], otherwise.
Then, computing SUF is done with a standard breadth-first exploration of DAWG(pat).
Quantities |Context(w)| can be stored in each node during the construction of DAWG(pat), to
help afterwards computing SUF.

It is clear that the number of time SUF can be applied consecutively is bounded by the

size of the alphabet. Thisleads to the next theorem that summarized the overall.

Theorem 6.10
Algorithm FDM searches for pat in text, and computes longest factors of pat ending &
each position in text, in linear time (on fixed aphabet). The delay of the search can be
bounded by O(|A)).

Proof

The correctness comes from the discussion above. If we modify the algorithm FDM, replacing

suf by SUF, then the delay of the new algorithm is obviously O(|A)). +

We now present the second string-searching of the section. It is caled backward-dawg-
matching algorithm (BDM for short), and is somehow a variant of BM agorithm (Chapter 4).
Algorithm BM searches for a suffix of the pattern pat at the current position of the text text. In
BDM algorithm we search for afactor x of pat ending at the current position in the text. Shifts
use a pre-computed function on x.

The advantage of the approach is to produce an algorithm very fast on the average, not
only on large alphabets, but also for small aphabets. The strategy of BDM algorithm is more
“optimal” than that of BM algorithm: the smaller the cost of a given step, the bigger the shift.
In practice, on the average, the match (and the cost) at a given iteration is usualy small, hence,
the algorithm, whose shifts are reversely proportional to loca matches, is close to optimal. If
the alphabet is of size a least 2, then the average time complexity of BDM agorithm is O(n
log(m)/m). This reaches the lower bound for the problem. It is however quadratic in the worst
case. But, rather standard techniques, as those applied on BM agorithm (see Chapter 4) lead to
an algorithm that is both linear in the worst case and optimal on the average.
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Algorithm BDM makes a centra use of the dawg structure. The current factor x of pat
found in text, is identified with the node corresponding to xR in DAWG(patR). We use the
reverse pattern because we scan the window on the text from right to left. A constant-sized
memory is sufficient to identify x. On the current letter a of the text, we further try to match ax
with afactor of pat. Thisjust remainsto find an a-edge in DAWG(patR) from the current node.
If no appropriate a-edge is found, a shift occurs.

Next position of the window

RN |
window <
I shift = mHu|
text | |
: I X
i i+] i+m

Figure 6.21. Oneiteration of Algorithm BDM.
Word x isthe longest factor of pat ending at i+m.
Word uisthelongest prefix of the pattern that is a suffix of x.

Al gorithm BDM { backwar d- dawg- mat chi ng al gorithm}
{ use the suffix dawg DAWH patR) }
begi n
i 1= 0;
while i = n-mdo begin
ji=m
while j>1 and text[i+)..i+n]&Fac(pat) do j:=-1;
if j =0then report a match at position i;
shift := BDMshift[node of DAWH patR)];
i = i+shift;
end;
end.

We add to each node of DAWG(patR) an information telling whether words
corresponding to that node are suffixes of the reversed pattern patR (i.e. prefixes of pat). We
traverse this graph when scanning the text right-to-left in BDM algorithm. Let again x be the
longest word which is a factor of pat, found at a given iteration. The time spent to scan X is
proportiona to |x|. The multiplicative factor is constant if a matrix representation is used for
trangitions in the data structure. Otherwise, it is O(log|A[) (where A can be restricted to the
pattern a phabet), which applies for arbitrary alphabets.
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We now define the shift BDM_shift. Let u be the longest suffix of x which is a proper
prefix of the pattern pat. We can assume that we always know the current value of u. It is
associated to the last node on the scanned path in DAWG(pat) corresponding to a suffix of
patR. Then, the shift BDM_shift[X] is m-|u| (see Figure 6.21).

The expected time complexity of BDM algorithm is given in the next statement. We
analyze the average running time of BDM algorithm, considering the situation when the text is
random. The probability that a specified letter occurs a any position in the text is VA,
independently of the position of the |etter.

Theorem 6.11
Let c = JA > 1. Under independent equiprobability condition, the expected number of
inspections done by BDM algorithm is O((n/loge m)/m).
Proof
We first count the expected number of symbol inspections necessary to shift the pattern m/2
places to the right. We show that O(loge m) inspections are sufficient to achieve that goal. Since
there are 2n/m segments of text of length nV2, we get the expected time O((n\loge m)/m).
Letr = 3.[logc m|. There are more than m3 possible values of the suffix text[j-r...j]. But, the
number of subwords of length r+1 ending in the right half of the pattern is & most m/2
(provided mislarge enough). The probability that text[j-r...j] matches a subword of the pattern,
ending initsright half, isthen 1/(2m?). This is also the probability that the corresponding shift
has length less than /2. In this case, we bound the number of inspections by m(nv2) (worst
behavior of the algorithm making shifts of length 1). In the other case, the number of
inspectionsis bounded by 3.logcm.
The expected number of inspections that lead to a shift of length at least nV2 is thus less than
3.logec m (1-Error!) + m(m/2) Error!;,
which is O(loge m). This achievesthe proof.

Theorem 6.11 shows that BDM algorithm realizes an optimal search of the pattern in the
text when branching in the dawg takes constant time. However, the worst-case time of search
can be quadratic.

To speed up BDM algorithm we use the prefix-memorization technique. The prefix u of
size m-shift of the pattern (see Figure 6.22) that matches the text at the current position iskept in
memory. The scan, between the part v of the pattern and the part of the text align with it (Figure
6.22), is done from right to left. When we arrive a the boundary between u and v in a
successful scan (al comparisons positive), then, we are a a decision point. Now, instead of
scanning u until a mismatch is found, we need only scan (again) a part of u, due to
combinatorial properties of primitive words. The part of u which is scanned again in the worst
case has size period(u) The crucia point isthat if we scan successfully v and the suffix of u of
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size per(u) then we know what shift to do without any further calculation: many comparisons
are saved precisely at this moment, and this speeds up BDM algorithm.

Prefix of pat

window u Q] Y]

text | | |

| _: |
I <—> i+m

period(u) '

Figure 6.22. Prefix memorization (u prefix of pat). At most period(u) symbols of u are
scanned again. However, this extrawork is amortized by next shifts.
The symbols of v are scanned for the first time.

Al gorithm Turbo_BDM
{ linear-time backward-dawg- mat chi ng al gorithm}
begi n
i :=0; u:= enpty;
while i = n-mdo begin
joi=m
while j>|u|l-period(u) and text[i+j..i+nj€&EFac(pat) do
joi=0-L
if j=|u|l-period(u) and text[i+..i+n] suffix of pat
then report a match at position i;
shift := BDM shift(x);
i :=i+shift; u := prefix of pattern of length mshift;
end;
end.

The proof of Turbo BDM algorithm essentialy relies on the next lemma. It is stated with
the notion of displacement of factors of pat, which is incorporated in BDM shifts. If y €

Fac(pat), we denote by displ(y) the smallest integer d such that y = pat[m-d-|y|+1..m-d] (see
Figure 6.23).
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factory

pattern

displ(y)

Figure 6.23. Displacement of factor y in the pattern.

Lemma 6.12 (key lemma)

Letu, vbeasin Figure 6.22. Let z be the suffix of u of length period(u), and let x be the

longest suffix of uv that belongs to Fac(pat). Then

2v € FACT(p) implies BDM_shift(x)=displ(zv).

Pr oof
It follows from the definition of period(u), as the smallest period of u, that z is a primitive
word. The primitivity of z implies that occurrences of z can appear from the end of u only a
distances which are multiples of period(u). Hence, displ(zv) should be a multiple of period(u),
and this easily implies that the smallest proper suffix of uv which is a prefix of pat has size |uv}-
displ(zv). Hence the next shift executed by the algorithm, BDM_shift(x), should have length
displ(zv). Thisprovestheclaim. £

The transformation of BDM algorithm into Turbo BDM agorithm can be done as
follows. The variable u is specified by only one pointer to the text. The values of displacements
are incorporated in the data structure DAWG(pat), and similarly the values of periods period(u)
for al prefixes of the pattern can be precomputed and stored in DAWG(pat). In fact, the table of
periods can be removed and vaues of period(u) can be computed dynamicaly inside
Turbo_BDM algorithm using constant additional memory. This is quite technical and omitted
here.

Theorem 6.13
On atext of length n, Turbo_BDM algorithm runsin linear time (for a fixed aphabet). It
makes at most 2n inspections of text symbols.
Pr oof
In Turbo_BDM agorithm at most period(u) symbols of factor u are scanned. Let extra_cost be
the number of symbols of u scanned at the actua stage. Since the next shift has length at least
period(u), extra_cost < next_shift. Hence, all extrainspections of symbols are amortized by the
tota sum of shifts, which gives together a most n inspections. The symbols in parts v (see
Figure 6.22) are scanned for the first time a a given stage. These parts are digoint in distinct
stages. Hence, they give together at most n inspections too. The work spent inside segments u,
and inside segments v altogether is thus bounded by 2n. This completes the proof.
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Bibliographic notes

Probably the most impressive fact of the chapter is the linear size of dawg's first
discovered by Blumer, Blumer, Ehrenfeucht, Haussler, and McConnell [BBEHC 83]. They
have simultaneously designed a linear time algorithm for the construction of dawg's. After
marking nodes of the dawg associated to suffixes of the text as termina states, it becomes an
automaton recognizing the suffixes of the text. In fact, this is even the minimal automaton for
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7. Automata-theor etic approach

Finite automata can be considered both as simplified models of machine, and as
mechanisms used to specify languages. As machines, their only memory is composed of a
finite set of states. In the present chapter, both aspects are considered and lead to different
approachesto pattern matching. Formally, a (deterministic) automaton G is a sequence (A, Q,
init, 8, T), where A is an input aphabet, Q is afinite set of states, init is the initid state (an
element of Q) and d is the transition function. For economy reasons we alow d to be a partia
function. The value §(q, a) is the state reached from state q by the transition labelled by input
symbol a. The transition function extends in a natural way to al words, and, for the word X,
0(q, X) denotes, if it exists, the state reached after reading the word x in the automaton from the
state . The set T isthe set of accepting states, or termina states of the automaton.

The automaton G accepts the language:

L(G) ={x: &(init, x) is defined and belongsto T} .
The size of G, denoted by size(G) isthe number of al transitions of G: number of al pairs (q,
a) (gisastate, aisasingle symbol) for which 8(q, a) is defined. Another type of a useful size
of G isthe number of states denoted by statesize(G).

Probably the most fundamental problem in this chapter is: construct in linear time a
(deterministic) finite automaton G accepting the words ending by one pattern among a finite set
of patterns, and gives a representation of G of linear size, independently on the size of the
alphabet. Another very important and useful algorithm solves the question of matching a
regular expression.

7.1. Aho-Corasick automaton

We denote by SMA(pat), for Sring-Matching Automaton, a (deterministic) finite
automaton G accepting the set of al words containing pat as a suffix, and denote by SMA([])
an automaton accepting the set of all words containing aword of the finite set of words [] as a
suffix. In other terms, noting A* the set of all words on the alphabet A,

L(SMA(pat)) = A*pat and L(SMA(IT)) = A*I1.
In this section we present a construction of the minimal finite automaton G = SVIA(pat), where
minimality is understood according to the number of states of G. Unfortunately, the totdl size
of G depends heavily on the size of the alphabet. We show how to construct these automata in
linear time (with respect to the output).

With such an automaton the following real-time agorithm SVIA can be applied to the
string-matching problem (for one or many patterns). The algorithm outputs a string of 0's and
1's that locates al occurrences of the pattern in the input text (1's mark the end position of
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occurrences of the pattern). The algorithm does not use the same model of computation as
algorithms of Chapters 3 and 4 do. There, the elementary operation used by algorithms (MP,
BM, and their variations) is letter comparison. Here, the basic operation is branching
(computation of atransition).

Al gorithm SMA { real -tine transducer for string-matching }
begi n
state :=init; read(synbol);
whi |l e synbol = endnmarker do begin
state := d(state, synbol);
if state in T then
wite(l) { reports an occurrence of the pattern }
el se wite(0);
read(synbol);
end,
end.

We start with the case of only one pattern pat. And show how to build the minimal
automaton SMA(pat). The function build_SMA builds SVA(pat) sequentially. The core of the
construction consists, for each letter a of the pattern, to unfold the a-transition from the last
created statet. Thisisillustrated by pattern abaaba in Figure 7.1.

Figure 7.1. One step in the construction a sma: from SVIA(abaab) to SMA(abaaba):
unfolding the a-transition from state 5. Terminal states are black.
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function build SVA (pat) : automaton;

begi n

create a state init; termnal :=init;

for all bin Ado §8(init, b) :=1init;

for a :=first to last letter of pat do begin
tenp := o0(termnal, a); d(termnal, a) := new state Xx;
for all bin Ado d(x, b) :=d(tenmp, b);
termnal := x;

end,

return (A set of created states, 9§, init, {termnal});
end,

Lemma7/.1
Algorithm build_SMA constructs the (minimal) automaton SMA(pat) in time O(m.|A|).
The automaton SMIA(pat) has (m+1)|A| transitions, and m+1 states.

The proof of Lemma 7.1 isleft as an exercise. There is an dternative construction of the
automaton SMA(pat) which shows the relation between sma's and the MP-like algorithm of
Chapter 3. Once we have computed the fallure table Bord for pattern pat, the automaton
SMA(pat) can be constructed as follows. Wefirst defineQ={0, 1, ..., m}, T = {m}, init = 0.
And the trangition function (table) 6 is computed by the algorithm below. Figure 7.2 displays
simultaneoudly the failure links (arrows going to the left) and SVIA(abaaba).

Figure 7.2. The function Bord, and the automaton SVIA(abaaba).
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Al gorithm{ conputes the transition function of SMA(pat) }
{ assumng that table Bord is already conputed }
begi n
for all ain Ado §0, a) := 0;
if nmrO then 8(0, pat[l]) := 1;

for i :=1 to mdo
for all ain A do
if i<mand a=pat[i+1l] then (i, a) :=i+1

else 8(i, a) := 8(Bord[i], a);
end.

In some sense, we can consider that table Bord represents the transition function 6 of the
automaton SMA(pat). Then, MP algorithm becomes a mere simulation of agorithm SVIA
above. In the simulation, branching operations are substituted by letter comparisons. This
remark is indeed the basis of Simon agorithm (MPS agorithm in Chapter 3). The
representation of SMA(pat) by a failure function makes the size of the representation
independent of the alphabet without increasing the total time complexity of the search phase.

The agorithm above shows that the transition function of SVIA(pat) can be computed
from the failure table Bord.

We next apply the same strategy for the recognition of afinite set of patterns. Assume
that we have a set IT of r patterns. The i-th pattern is denoted by pi. Let m be the tota length
(sum) of dl patterns. We no longer try to build the minimal string-matching automaton
corresponding to the problem. So, SVIA(TT) is not necessarily the minimal (deterministic)
automaton of the language A*I1, asit iswhen IT contains only one pattern.

To construct SVIA(TT), we first consider a tree (a word trie) Tree(IT) whose branches are
labelled by elements of I1. The nodes of Tree(I1) are identified with prefixes of words in II.
The root is the empty word €. The father of a nonempty prefix xa is the prefix x. We write
father(xa) = x, and son(x, a) = xa. Nodes of Tree(IT) are considered as states of an automaton,
and they are marked as terminal or non terminal. A node is marked as terminal if the word it
represents is in the set I1. All leaves are termina states, but it may aso happen that some
internal nodeisalso atermina state. This happens when a pattern is a proper prefix of another
pattern. Figure 7.3 displays Tree({ ab, babb, bb} ).
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Figure 7.3. Theword tree of set {ab, babb, bb}. Terminal nodes are starred.

The agorithm build_SMA below, applied to a set of strings IT, builds an automaton
SVIA(IT) from the tree Tree(IT). The states of the automaton are the nodes of the tree. The
algorithm essentiadly transforms and completes the relation son into the transition 8. The

algorithm isvery similar to the case of asingle word. Here, no state is created, because they are
taken from the existing tree.

Figure 7.4. The automaton SMA(J]) for || = { ab, babb, bb}.
Note that node 6 isterminal.

There is however a ddlicate point related to the computation of termina states. It may
happen that some word of IT is an internal factor of another word of the set. Thisis the case for
the set {ab, babb, bb} considered in Figure 7.3. Node 6 of Tree({ab, babb, bb}) becomes a
terminal state in SVIA({ ab, babb, bb}), because bab ends with the word ab of the set. More
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generaly, this happens during the construction when the clone of node x, namely node temp in
the algorithm, isitself aterminal node.

function build SVA (IT) : autonaton;

begi n

{ father and son links refer to the tree Tree(Il) }
{ states of SMA(II) are the nodes of Tree(Il) }

if root termnal node then T := {root} else T := G

for all bin Ado §(root, b) := root;

for all non-root nodes x of Tree(Il) in bfs order do begin
t :=father(x); a :=the letter such that x=son(t, a);

tenp := 8(t, a); o8(t, a) := x;
if x or tenp termnal nodes then add x to T;
for all bin A do
if son(tenp, b) defined then §(x, b) := son(tenp, b)
el se d8(x, b) := d(tenp, b);
end,
return (A nodes of Tree(IIl), 6, root, T);
end,

Lemma7.2
The agorithm build_SVA builds a deterministic automaton SMA(IT) having the same set
of nodes as the word trie Treg(IT). It runs in time O(states ze(Tree(I1)).|A]).

Figure 7.5. One step of the algorithm for the construction of SVIA({ ab, babb, bb} );
Node 6 isaclone of §(5, b)=3 (on the left). Transitions on node 6 are the same as for 3.

With the automaton SMA(IT) built by the previous agorithm, searching a text for
occurrences of the patterns in IT can be redized by the algorithm SMA. The search is then
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performed in red time, and the gpace required to store the automaton is
O(statesize(Tree(IT)).JA]). Again, it is possible to represent the automaton SMA(IT) with a
failure function. Its advantage is to represent the automaton within space O(statesi ze(Tree(I1))),
which is independent of the alphabet. The search becomes then analogue to MP agorithm of
Chapter 3.

Figure 7.6. Thetree Tree(] ]) with suffix links Bord (left), and
the automaton SMA(] ]) (right), for [] = {ab, babb, bb} .

The function Bord related to IT is defined, for a non-empty word u, by
Bord(u) = longest proper suffix of u that is prefix of a pattern in IT.
We also denote by Bord the failure table defined on nodes of Tree(IT) (except on the root). The
relation used by the following agorithm that computes table Bord is (t is a node of Tree(IT)
different from the root):
Bord[ta] = BordK[t]a, for the smallest k such that Bord{[tja € I,
Bord[ta] = €, otherwise.

Note that the algorithm below also marks nodes as terminal in the same situation explained for
the direct construction of SMA(]]).
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procedure conpute Bord; { failure table on Tree(Il) }
begi n
{ father and son refer to the tree Tree(Il) }

{ Bord is defined on nodes of Tree(Il) }
set Bord[ €] as undefi ned;
for all ainA do Bord[a] := g
for all nodes x of Tree(Il), |x|>2, in bfs order do begin
t :=father(x); a :=the letter such that x=son(t, a);
z .= Bord[t];
while z defined and za not in Tree(Il) do z := Bord[z];
if zais in Tree(Il) then Bord[x] := za else Bord[x] := g
if zais termnal then mark x as term nal;
end,
end.

The complexity of the algorithm above is proportional to m.JA|. The analysis is similar to
that for computing Bord for a single pattern. It is enough to estimate the tota number of al
executed statements“z : = Bor d[ z] ". This statement can be again treated as deleting some
items from a store and z as the number of items. Let usfix apath x of length k from the root to
the leaf. Using the store principle it is easy to prove that the total number of insertions
(increases of 2) to the store for nodes of = is bounded by k, hence the total number of deletions
(executing"z : = Bord[ z] ") isaso bounded by k. If we sum this over al paths than we get
the total length mof al patternsin I1.

We can again base the construction of an automaton SMA(]]) on the failure table of
Tree(IT). The transition function is defined on nodes of the tree as shown by the following
algorithm.

Al gorithm{ conputes transition function for SMA(II) }
begi n
for all a not in Tree(Il) do o(¢e , a) := g
for all nodes x of Tree(Il) in bfs order do
for all ain A do
if xais in Tree(Il) then 8(x, a) := xa
el se 8(x, a) := d(Bord[x], a);
end.
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function AC(Tree(II); text) : bool ean;
{ Aho-Corasick nulti-pattern matching }

{ uses the table Bord on Tree(Il) }
begi n
state := root; read(synbol);

whi |l e synbol = endnmarker do begin
while state defined and son(state, synbol) undefined do

state := Bord[state];
if state undefined then state := root
el se state := son(state, synbol);

if state is termnal then return true;
read(synbol);
end;
return fal se;
end;

Algorithm AC isthe version of agorithm MP for severa patterns. It is a straightforward
application of the notion of the failure table Bord. The preprocessing phase of AC agorithm is
procedure compute Bord.

Terminal nodes of SMA(] [) can have numbers corresponding to numbering of patterns in
I1. Hence, the automaton can produce in real-time numbers corresponding to those patterns
ending at the last scanned position of the text. If no pattern occurs, O is written. This proves the
following statement.

Theorem 7.3
The string-matching problem for a finite number of patterns can be solved in time
O(n+m.|A]). The additional memory is of size O(m).

The table Bord used in AC algorithm can be improved in the following sense. Assume,
for instance that during the search node 6 of Figure 7.6 has been reached, and that the next letter
isa. Since node 6 has no a-son in the tree, AC agorithm iterates function Bord from node 6. It
finds successively nodes 3 and node 4 where the iteration stops. It is clear that the test on node
3isusdessin any situation because it has no son &t al. On the contrary, node 4 plays its role
because it has an a-son. Some iterations of the function Bord can be precomputed on the tree.
The transformation of Bord is similar to the transformation of suf into SUF based on contexts
of nodes described in Section 6.5. Figures 7.7 shows the result of the transformation. The
optimization does not change the worst-case behavior of AC algorithm.
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Bord
optimized

Figure 7.7. Optimized table Bord on Tree({ ab, babb, bb}).
Note that the table is undefined on node 4.

7.2. Faster multi-pattern matching

The method presented in the preceding section is widely used, but its efficiency is not
entirely satisfactory. It issimilar to the method of Chapter 3. The minimum time complexity of
the search phase in dl these agorithms is till linear, which is rather large compared to the
performance of the BM-type agorithms of Chapter 4. The idea is then to have the counterpart
of BM algorithm to search for several patterns. It is possible to extend the BM strategy to the
multi-pattern matching problem, but the natural extension becomes very technical. We present
here another solution based on the use of dawg's.

The search for several patterns combines the techniques used in AC agorithm and in the
backward-dawg-matching agorithm (BDM in Section 6.5). The dawg related to the set of
pattern IT is used to avoid searching certain segments of the text. It must be considered as an
extra mechanism added to the AC automaton SMA(IT) to speed up the search. The search is
done through awindow that slides aong the text. The size of the window is here the minimal
length of pattern in I1. In the extreme case where the minimal length is very small, the dawg is
not useful, and the AC algorithm, on its own, is efficient enough.

The idea for speeding up AC agorithm is the same as the central idea used in BM
agorithm. On the average, only a short suffix of the window has to be scanned to discover that
no occurrence of a pattern in IT occurs at the current position. In order to achieve an average-
optimal procedure we use the strategy of BDM algorithm. This approach has the further
advantage to smplify the whole algorithm compared to direct extensions of BM algorithm to
the problem.
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The agorithm of the present section, for matching a finite set of patterns I, is caled
multi_ BDM. The search uses both the automaton SVIA(IT) and the suffix dawg of reverse
patterns DAWG(IIR). The basic work is supplied by the former structure. The role of the latter
structure isto provide large shifts over the text.

shift 1 shift 2 shift 3
- - -
text

P -y - -
. DAWGC! DAWC ! DAWG | DAWG
1 1
: »: »: ! o
| AC | AC | AC |, AC
1
- I I !
1
1 stage 1 : stage 2 : stage 3 : stage 4
1 1
- : : |
! 1 1 1

Figure 7.8. Series of stagesin multi_BDM search phase.

In the current configuration of multi_BDM algorithm, the window is a position i on the
text. A prefix u of the window has aready been scanned through the AC automaton SMA(TT).
The word u is known as a prefix of some pattern. Both the length Ip of that prefix, and the
corresponding state state of SMA(IT) are stored. They serve when extending the prefix during
the present stage, if necessary. They aso serve to compute the length of the next shift in some
situation. Each stage is decomposed into two sub-stages. We assume that the window contains
the word uv (u as above).

— Substage I, scan with DAWG(ITR). The part v of the window, not already scanned with
SMA(II), is scanned from right to left with DAWG(ITR). Note that the process may stop before
v has been entirely scanned. This happens when v is not afactor of the patterns. Thisis likely to
happen with high probability (at least if the window is large enough). The longest prefix u' of I1
found during the scan is memorized to be used precisely in such asituation.

— Substage |1, scan with SMA(TT). If the part v of the window is entiredly scanned a
substage I, then it is scanned again, but, with SMA(IT) and in the reverse direction (from left of
right). Doing so, the possible matches are reported, and we get the new prefix of patterns on
which the window is adjusted. If vis not scanned entirely at substage I, the scan with SMA(T)
starts from the beginning of u', and the rest is similar to the previous situation. This is the
stuation where a part of the text is ignored by the search, which leads to a faster search than
with AC agorithm alone.
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The basic assumption of Substage | isthat u is a common prefix of the window and the
patterns. Since the size of the window is fixed and is the minimal length of patterns, in
particular, u is shorter than the shortest pattern. To meet the condition at the end of Substage |1,
the scan continues until the current prefix u is shorter than the required length.

Substage |
window of sizem
K\_/\_/_\
text Prefix of T1
RN v I
[ critpos i+m
|
P scan with suffix dawg
Substage |
window of sizem
text
I R [ U] |
[ i+m
. >
scan with SMA
automaton

Figure 7.9. Substages of multi_BDM search phase.

The algorithm is given below. The current position of the window isi. Position critpos
(= 1) is the position of the input head of automaton SMIA(IT). The corresponding state of the
automaton is denoted by state. The first interna while loop executes Substage |. The test
"text[i+j..i+m n] EFac(PR) " isassumesto bedone with the help of the suffix dawg
DAWG(IIR). The second internal while loop executes Substage 1.
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Algorithmnmulti _BDMV

{ searches text for the finite set of patterns II }
{ Gis SVA(IT) (AC automaton of Section 7.1), }
{ Dis DAWXTIIR for the reverse patterns (see Chapter 6) }
begi n
mn := mninmal |ength of patterns;
I = 0; { 1 is the position of the w ndow on text }
critpos := 0; state :=initial state of G
while i = n-mn do begin
] = mn;
while i+ > critpos and text[i+j..i+mn] € Fac(IIR do
jor=0-L
if i+ > critpos then begin
|l p := length of the |longest prefix of II found by D
during the preceding while | oop;
state :=initial state of G
critpos :=i+mn-|p;
end;

while not end of text and (critpos <i+mn or |ength of
the |l ongest prefix of II found by G = mn) do begin
apply Gto text[critpos+l..n], reporting matches,
i ncrenmenting critpos;

end;
state := state reached by G
Ip :=length of the |longest prefix of II found by G
i = critpos-Ip;
end,

end.
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Example
Consider the set of patterns I1 = {abaabaab, aabb, baaba}, and the text text =
abacbaaabaabaabbccc..... Let D = DAWG(IT), and G = SMA(II).

— Stage 1. The window contains abac. The dawg D discovers that the longest suffix of the
window that is prefix of IT isthe empty word. Then, critpos is set 4, which leads to a shift of
length 4.

— Stage 2. The window contains baaa. The dawg D finds the suffix aa as factor of I1. The
factor aa is scanned with G. The length of the shift is 2. Letter b isnot scanned at al.

— Stage 3. The window contains aaba. The dawg D scans backward the suffix ba of the
window, reaching the point whereisthe head of G. Then, G scans forward the same suffix of
the window, and finds that the suffix aba of the window is the longest prefix of IT found at this
position. The resulting shift has length 1.

— Stage 4. The window contains abaa. The dawg scans only its suffix of length 1. Then, G
scans it again. But, since the whole window is a prefix of some pattern, the scan continues
along the factor abaabb of the text. Two occurrences (of baaba and abaabaab) are reported.
The longest prefix of IT at this point isb. The next contents of the window is bccc. £

The following statement shows that multi BDM agorithm makes a linear search of
patterns provided branching in the automata is redized in constant time. The search takes
O(n.logl|A|) otherwise, where A can be restricted to the alphabet of the patternsin IT. The second
statement gives the average behavior of multi_ BDM a gorithm. The theorem makes evident that
the longer isthe smallest pattern, the faster is the search.

Lemma7.4
The agorithm multi_ BDM executes at most 2n inspections of text characters.
Proof
Text characters are not scanned more than once by D = DAWG(ITR), nor more than once by G
= SMA(II). So, the search executes at most 2n inspections of text characters. t

Theorem 7.5
Let c=|Al>1, and m>1 be the length of the shortest pattern of I1. Under independent
equiprobability condition, the expected number of inspections made by multi BDM
algorithm on atext of length nis O((n.loge m)/m).

Proof

The proof is similar to the corresponding proof for BDM agorithm in Chapter 6. £
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7.3. Regular expression matching

In this section we consider a problem more general than string searching. The pattern is a
set of string specified by a regular expression. The problem, caled regular expression
matching, or sometimes only pattern matching, contains both the string-matching and the
multiple string matching problems. However, since patterns are more genera their recognition
becomes more difficult, and it happens that solutions to pattern matching are not as efficient as
to string-matching.

The pattern is specified by a regular expression on the aphabet A with the regular
operations : concatenation, union, and star. For instance, (a+b)* represents the set of al strings
on the alphabet { a, b}, and the expression ab* +a* b represents the set { a, ab, abb, abbb, ..., b,
aab, aaab, aaaab, ...}.

Let recall the meaning of regular operations. Assume that e and f are regular expressions
representing respectively the sets of strings (regular languages) L(e) and L(f). Then,

— e.f (aso denoted by €f) represents L(e)L(f) ={uv:u& L(e) andv € L(f)},

— etf represents the union L(e) U L(f),

— ¢* representstheset L(€)* ={uk: k=0anduE L(e)}.

Elementary regular expression are 0, 1, and a (for a € A), which represents respectively the
empty set and the singletons{ €} and {a}.

The formalism of regular expressionsis equivalent to that of finite automata. It is the latter that
isused for the recognition of the specified patterns.

The pattern matching algorithm consists of two phases. First, the regular expression is
transformed into an equivaent automaton. Second, the search on the text is redized with the
help of the automaton.

We consider only specific automata having good properties according to the space used
for their representations. We cal them normalized automata. They are not necessarily
deterministic, asit is in previous section of the chapter. Such an automaton G is given by the
tuple (Q, i, F, t), assuming that the alphabet is A. The set Q is the finite set of states, i is the
only oneinitial state, t isthe only oneterminal state, and F is the set of edges (or arcs) labelled
by letters of the alphabet A or by the empty word €. The language of the automaton is denoted
by L(G), and isthe set of words, labels of paths in G starting a i and ending at t. Findly, the
automaton G and the regular expression e are said to be equivalent if L(G) = L(e). Figure 7.10
displays an automaton equivalent to ab*+a*b.
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Figure 7.10. A normalized automaton equivalent to the regular expression ab*+a*b.
Edges without label are e-transitions.

A normalized automaton G = (Q, i, F, t) have specific properties listed here:

— it hasauniqueinitia statei, auniquetermina statet, andi = t;

— no edge starts from t, and no edge pointson i;

— on every state, either thereis only one outgoing edge labelled by a letter of A, or there
are at most two outgoing edges labelled by €;

— on every state, either thereis only one in-going edge labelled by a letter of A, or there
are at most two in-going edges labelled by €.

Note that properties satisfied by G have their dua counterparts satisfied by the reverse
automaton GR obtained by exchanging i and t and reversing directions of edges.

The pattern matching process is based on the following theorem. Its proof is given in the
form of an algorithm that builds a normalized automaton equivaent to the regular expression.
We can even bound the size of the automaton with respect of the size of the regular expression.
We define size(e) as the total number of letters (including O and 1), number of plus signs, and
number of stars occurring in the expression e. Note that parenthesis and dots that may occur in
e are not reckoned with in the definition of size(e).

Theorem 7.6
Let e be aregular expression. Thereisanormalized automaton (Q, i, F, t) equivalent to e,
which satisfies |Q| = 2size(e) and |F| = 4size(e).
Pr oof
The proof is by induction on the size of e. The automaton associated to e by the construction is
denoted by G(e). If e is an elementary expression, its equivaent automaton is given in Figure
7.11.
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Figure 7.11. Normalized automata equivalent to elementary expressions
0 (empty set), 1 (set {€}), and a (aletter) from left to right.

Let G(e) =(Q,I',F, t),and G(e") = (Q", €', F", t") for two expressions € and €". We assume
that the set of statesare digoint (Q' N Q" = &). If eisacomposed expression of the form €e",
e+e", or €*, then G(e) isrespectively defined by concat(G(€), G(€")), union(G(€'), G(e")), and
star(G(€')). The operations concat, union, and star on normalized automata are defined in
Figure 7.12, Figure 7.13, and Figure 7.14. In the figure, the design of automata displays their
uniqueinitial and terminal states.

We leave it as an exercise the fact that the constructed automaton is normalized. By the way,
thisis clear from the figures.

In the construction, exactly two nodes are created for each element of the regular expression
accounting in its size. This proves, by induction, that the number of states of G(e) is & most
2size(e).

Then the bound on the number of edgesin G(e) easily comes from the properties of G(e). This
compl etes the proof of Theorem 7.6. £

i t
>0 O—@ o €

Figure 7.12. Concatenation of two automata

Figure 7.13. Union of two automata
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Figure 7.14. Star of an automaton

Figure 7.15 shows the automaton built by the algorithm of Theorem 7.6 from expression
(at+b*)*c.

C
>0O——>@

Figure 7.15. The normalized automaton for (a+b*)*c built by the algorithm.

To evaluate the time complexity of algorithms, it is necessary to give some hints about
the data structures involved in the machine representation of normalized automata. States are
simply indices on an array that stores the transitions. The array has three columns. The first
corresponds to a possible edge labelled by aletter. The two others correspond to possible edges
labelled by the empty word (the three columns can even be compressed into two columns
because of properties of outgoing edges in normalized automata). Initial and terminal states are
stored apart. This shows that the space required to represent a normalized automaton G = (Q, i,
F, 1) isO(|QJ). It isthen O(size(e)) if G = G(e).

The agorithm that proves Theorem 7.6 is given in the form of 4 functions below. The
overdl integrates the analysis of expression e. It is implemented here as a standard predictive
anayzer with one look-ahead symbol (char). The effect of procedure error is to stop the
analysis, in which case no automaton is produced. This happens when the input expression is
not correctly written. Function FACTOR contains a small improvement on the construction
described in the proof of Theorem 7.6 : severa consecutive symbols *' are considered as just
one symbol *'. This is because (f*)* represents the same set of strings as f*, for any regular
expression f.
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Theorem 7.7
A normalized automaton G(e) equivalent to a regular expression e can be built in time
and space O(size(e)).

Proof

Operation union, concat, and star can be implemented to work in constant time with the array
representation of normalized automata. Then, the algorithm automaton spends a constant time
on each symbol of the input expression. This provesthat the whole running time is O(size(€)).
The statement on the space complexity is essentially a consequence of Theorem 7.6, after
noting that the number of recursive callsis lessthan size(e). +

function automaton(e regul ar expression) : nornalized automaton;
{ returns the nornmalized autonmaton equivalent to e, }

{ which is defined in the proof of Theorem 7.6 }
begi n

char := first synbol of e;

G : = EXPR

if not end of e then error else return G
end;

function EXPR : nornalized automaton;

begi n
G := TERM
while char = '+ do begin
char := next synbol of e;
H:=TERM G:=union(G H);
end;
return G
end;

function TERM : nornalized autonmaton;
begi n
G : = FACTOR
while char in AU {'0, "1, "('} do begin
H:= FACTOR, G:= concat(G H);
end;
return G
end;
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function FACTOR : nornalized automnaton;
begi n
if char in AU {'0, "1'} then begin
G : = the correspondi ng el enentary aut omat on;

char := next synbol of e;
end else if char ="' (' then begin
char := next synbol of e;
G : = EXPR;
if char =')' then char := next synbol of e else error
end el se error;
if char = '*' then begin
G:.:=star(Q;
repeat char := next synbol of e; until char = '*";
end,
return G
end,

The automaton G(e) can be used to test if aword x belongs to the set L(e) of patterns
specified the regular expression e. The usual procedure for that purpose is to spell a path
labelled by x in the automaton. But their can be many such paths, and even an infinite number
of them. This is the case for instance with the automaton of Figure 7.15 and x = bc. An
algorithm using a backtracking mechanism is possible, but the usual solution is based on akind
of dynamic programming technique. The ideais to cope with path labelled by the empty word.
Then, comes up the notion of closure of a set of states as those states accessible from them by
e-path. For S asubset of states of the automaton G(e) = (Q, i, F, t), we define

closure(S) ={q &€ Q : there exist an e-path in G(e) from a state of Sto g}.
We also use the following notation for transitions in the automaton (a € A):

trans(S a) ={q &€ Q: there exist an a-edge in G(e) from a state of Sto q}.
Testing whether the word x belong to L(e) isimplemented by the algorithm below.
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function test(x word) : bool ean;
{ test(x) =true iff x belongs to the |anguage L(Q i, F, t) }
begi n

S :=closure({i});

whil e not end of x do begin

a = next letter of x;
S :=closure(trans(S, a));
end;

if t isin Sthen return true else return fal se;
end;

Functions closure and trans on set of states are realized by the algorithms below. With a
careful implementation, based on standard manipulation of lists, the running times to compute
closure(S) and trans(S, a) are both O(]]). This is independent of the al phabet.

function closure(S set of states) : set of states;
{ closure of a set of states in the automaton (Q i, F, t) }
begi n
T:=S File :=§
while File not enpty do begin
delete state p fromFile;
for any e-edge (p, ) in F do
if gis not in T then begin
add q to T; add g to File;
end;
end;
return T;
end;

Efficient Algorithms on Texts 163 M. Crochemore & W. Rytter



chapter 7 164 227197

function trans(S set of states; a letter): set of states;

{ transition of a set of states in the automaton (Q i, F, t) }
begi n
T:=

for all pin S do
if there is an a-edge (p, q) in F then
add g to T,
return T;
end,

Lemma7.8
Testing whether the word x belongs to the language described by the normalized
automaton (Q, i, F, t) can be realized in time O(|Q.[x|) and space O(|Q)).
Pr oof
Each computation of closure(S) and of trans(S, a) takes time O(|S), which is bounded by
O(|Q)). Thetota timeisthen O(|Q|.|x)).
The array representation of the automaton requires O(|Q|) memory space.

The recognition of expression e in the text text uses also the automaton G(e). But the
problem is dightly different, because the test is done on factors of text and not only on text
itself. Indeed we could consider the expression A*e, and its associated automaton, to locate dl
occurrences of patterns like prefixes of text. But no transformation of G(e) is even necessarily,
because it isintegrated in the searching algorithm. At each iteration of the agorithm, the initia
state is incorporated into the current set of state, as if we restart the automaton a the new
position in the text. Moreover, after each computation of set, atest is done to report a possible
match ending at the current position in the text.

Theorem 7.9
The recognition of patterns specified by aregular expression ein atext text can be realized
in time O(size(e).[text]) and space O(size(e)).
Proof
We admit that the construction of G(e) can be realized in time O(size(e)).
The recognition itself isgiven by PM agorithm below. The detailed implementation is similar
to that of function test. The statement is essentialy a corollary of Lemma 7.8, and a
consequence of Theorem 7.6 asserting that the number of states of G(e) is|Q| = 2size(e). F
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AlgorithmPM { Regular expression matching algorithm }
{ searches text for the regular expression e represented }
{ by the nornalized automaton (Q i, F, t) }
begi n
S :=closure({i});
whil e not end of text do begin
a := next letter of text;
S :=closure(trans(S, a) U {i}));
if t isin Sthen report an occurrence,
end,
end,

Thereisan dternative to the pattern procedure presented in this section. It is known that
any (normalized finite) automaton is equivaent to a deterministic automaton (defined by a
transition function). More precisely, any automaton G can be transformed into a deterministic
automaton D such that L(G) = L(D). Indeed, algorithm PM simulates moves in a deterministic
automaton equivalent to G(e). But states are computed again and agan without any
memorization.

It is clear that if G(e) is deterministic, agorithms PM and test become much more
simple, similar to algorithm SMA of Section 7.1. Moreover, with a deterministic automaton the
time of the search becomes independent of the size of e with an appropriate representation of
G(e). So, there seems to have only advantages to make the automaton G(e) deterministic, if itis
not already so. The main restriction is that the size of the automaton may grow exponentially,
going from s to 2S. This point is discussed in Section 7.4. We summarize the remark in the
next statement.

Theorem 7.10
The recognition of patterns specified by aregular expression ein atext text can be realized
in time O(JA|.2528(€) + |text|) and space O(252(8)), where A is the set of |etters effectively
occurring in e.
Pr oof
Build the deterministic version D(e) of G(e), and use it to scan the text. Use a matrix to
implement the transition function of D(e). The branching in D(e) thus takes constant time, and
the whole search takes O(jtext|). F

Efficient Algorithms on Texts 165 M. Crochemore & W. Rytter



chapter 7 166 227197

7.4.* Determinization of finite automata: efficient instances

We consider a certain set S of patterns represented in a succinct way by a deterministic
automaton G with n states. The set Sisthe language L(G) accepted by G. Typica examples of
sets of patternsare S={pat} asingleton and S = {pat,, pato, ..., pat;} afinite set of words.
For the first example, the structure of G is the line of consecutive positions in pat. The
rightmost state (position) is marked asterminal. For the second example, the structure of G is
the tree of prefixes of patterns. All leaves of the tree are terminal states, and some internal
nodes can aso beterminal if apattern isaprefix of another pattern of the set.

We can transform G into a non-deterministic pattern-matching automaton, noted
loop(G), which accepts the language of al words having a suffix in L(G). The automaton
loop(G) is obtained by adding aloop on the initial state, for each letter of the aphabet. The
automata loop(G) for two examples of the cases mentioned above are presented in Figure 7.16
and Figure 7.17. The actual non-determinism of the automata appears only on the initial state.

We can apply the classical powerset construction (see [HU 79] for instance) to a
nondeterministic automaton loop(G). It appears that, in these two cases of one pattern and of a
finite set of patterns, doing so we obtain efficient deterministic string-matching automata. In the
powerset construction, are only considered, those subsets which are accessible from the initid
subset.

b
a
Q 2 5005023503850 250 259

Figure 7.16. The non-deterministic pattern-matching automaton for abaaba.
The powerset construction gives the automaton SMA(abaaba) of Figure 7.2.
An efficient case of the powerset construction.

However, the idea of using altogether 1oop(G) and the powerset construction on it is not
always efficient. In Figure 7.18 a non-efficient case is presented. It is not hard to get convinced
that the deterministic version of loop(G), which has a tree-like structure, cannot have less than
27 states. Extending the example shows that a non-deterministic automaton, even of the form
loop(G), with n+1 states can be transformed into an equivalent deterministic automaton having
2" states.
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Figure 7.17. The non-deterministic pattern-matching automaton for the set { ab, babb, bb} .
The powerset construction gives the automaton SVIA({ ab, babb, bb}) of Figure 7.4.
An efficient case of the powerset construction.

b
a
Q a >O a,b>O a,b)O a,b)o a,b)O a,b)O a,b >®

Figure 7.18. A non-efficient case of the powerset construction. The presented automaton
results by adding the loop to the initial state of the deterministic automaton accepting words of
length 7 which start with letter a. The smallest equivalent deterministic automaton has 128
states.

Similarly we can transform the deterministic automaton G accepting one word pat into a
non-deterministic automaton FAC(G) accepting the set Fac(pat). The transformation could be
done by simply saying that all states are simultaneoudly initial and terminal states, but we prefer
creating additional edges from the singleinitial stateto all other states and labelled by al letters.
It happens that again we find an efficient case of the powerset construction if we start with the
deterministic automaton accepting just a single word. The powerset construction gives the
smallest deterministic automaton accepting the suffixes of pat.
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Figure 7.19. Efficient case of the powerset construction. Applied to FAC(G) the accepts
Fac(text)
it gives the smallest automaton for the suffixes of pat with alinear number of states.

The powerset construction applied on automata of the form FAC(G) is not aways
efficient. If we take as G the deterministic automaton with 2n+3 states accepting the set
S= (atb)"a(a+b)c, then the automaton FAC(G) has aso 2n+3 states. But the smallest
deterministic automaton accepting the set of al factors of words in S has an exponential
number of states.

O=< c O(a,b

Figure 7.20. A non-efficient case of the powerset construction. G (on the |eft) accepts
(atb)na(a+b)nc, for n = 3. A deterministic version of FAC(G) (on the right)
has, in this case, an exponential number of states.

Combining loop and FAC gives sometimes an efficient powerset construction. This is
doneimplicitly in Section 6.5. There the failure function defined on the automaton DAWG(pat)
serves to represent the automaton loop(DAWG(pat)). The overal is efficient because both steps
— from pat to DAWG(pat), and from DAWG(pat) to loop(DAWG(pat)) — are. But, in
general, the whole determinization process isinefficient.
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7.5. Two-way pushdown automata

The two-way deterministic pushdown automaton (2dpda, in short) is an abstract model
of linear time decision computations on texts. A 2dpda G is essentidly a usua deterministic
pushdown finite-state machine (see [HU 79]) which differs from the standard model in the
ability to move the input head in two directions.

The possible actions of the automaton are: changing the current state of the finite control,
moving the head by one position, changing locally the contents of the stack "near” its top. For
simplicity, we assume that each change of the contents of the stack is of one of two types:
push(a) - pushing a symbol a onto the stack; pop - popping one symbol off the stack. The
automaton has access to the top symbol of the stack and to the symbol in front of the two-way
head. We assume a so that there are special left and right endmarkers on both ends of the input
word. The output of such an abstract agorithm is ‘true iff the automaton stops in an accepting
state. Otherwise, the output is‘false’. Initiadly the stack contains a specia "bottom™ symbol, and
we assume that in the find moment of acceptance the stack contains also one element. When
the stack is empty the automaton stops (the next move is undefined).

The problem solved by a 2dpda can be abstractly trested as a forma language L
consisting of al words for which the answer of the automaton is'true’ (G stops in an accepting
state). We say also that G accepts the language L. The string-matching problem, for a fixed
input aphabet, can be aso interpreted as the formal language:

Lsm ={ pat&text : pat is afactor of text}.
Thislanguage is accepted by some 2dpda. This gives an automata-theoretic approach to linear
time string-matching, because as we shall see latter, 2dpda can be simulated in linear time. In
fact, historically it was one of the first methods for the (theoretical) design of a linear-time
string-matching algorithm.

Lemma7.11

There is a 2dpda accepting the language Lgm.
Proof
We define a 2dpda G for Lgy. It simulates the naive string-matching algorithm brute-forcel
(see Chapter 3). At agiven stage of the algorithm, we start at aposition i in the text text, and &
the position j = 1 in the pattern pat. The pair (i, j) isreplaced by the pair (stack, j), wherej is the
position of the input head in the pattern (and has exactly the same role as j in algorithm brute-
forcel). The contents of the stack istext[i+1...n] with text[i+1] at the top.
The automaton tries to match the pattern starting from position i+1 in the text. It checks if top
of stack equals the current symbol at position j in the pattern; if so, then (j := j+1; pop). This
action isrepeated until amismatch isfound, or until the input head points on the marker '&". In
the latter case G accepts. Otherwise, it goes to the next stage. The stack should now correspond
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to text[i+1...n] and j = 1. It is not difficult to reach such a configuration. The stack is
reconstructed by shifting the input head back simultaneously pushing scanned symbols of pat
(which have been matched successfully against the pattern).

This shows that the algorithm brute-forcel can be smulated by a 2dpda, and completes the
proof. £

Similarly the problem of finding the prefix palindromes of a string, and several other
problems related to palindromes can be interpreted as formal languages. Hereis a sample:
L prefpal = {WwRuU: u, w € A*, wis non-empty},
Lprefpalz = { WWRUURWRZ : w, u, v € A*, w, u, v non-empty},
Lpai2 = {WwwRuuR : w, u, v € A*, w, u are nonempty} .
All these languages related to symmetries are accepted by 2dpda’s. We leave it as an exercise
for areader to construct the appropriate 2dpda’s.

The main result about 2dpda’s is that they correspond to some simple linear-time
algorithms. Assume that we are given a 2dpda G and an input word w of length n. The size of
the problem is n (the static description of G has constant size). Then, it is proved below that
testing whether wisin L(G) takes linear time. We give the concepts that leads to the proof of
the result.

The key concept for 2dpdais the consideration of top configurations, also caled surface
configurations. The top configuration of a 2dpda retains from the stack only its top element.
The first basic property of top configurations is that they contain enough information for the
2dpda to choose the next move. The whole configuration consists of the current state, the
present contents of the stack, and the position of the two-way input head. Unfortunately, there
are too many such configurations (potentially infinite, as the automaton can loop when making
push operations). It is easy to see that in every accepting computation the height of the stack is
linearly bounded. This aso does not help very much because there is an exponential number of
possible contents of the stack of linear height. There comes the second basic property of top
configurations: their number islinear in the size of the problem n.

Formally, atop configuration isatriple C = (state, top symbol, position). The linearity of
the set of top configurations follows obviously from the fact that the number of states, and the
number of top symbols (elements of the stack alphabet) is bounded by a constant; it does not
depend on n.

We can classify top configurations according to the type of next move of the 2dpda: pop
configurations and push configurations. For atop configuration C, we define Term[C] as a
pop configuration C' accessible from C after some number (possibly zero) of moves which are
not allowed to pop the top symbol C. It isasif we started with a stack of height one, and at the
end the height of the stack were still equal to one. If there is no such C' then Term[C] is
undefined. Assume (w. |. 0. g.) that the accepting configuration is a pop configuration and the
stack is asimple element.
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The theorem below is the main result about 2dpda’s. It is surprising in view of the fact
that the number of movesis usualy bigger than that of top configurations. In fact, a 2dpda can
make an exponential number of moves and halt. But the result ssimply shows that shortcuts are
possible.

Theorem 7.12
If the language L is accepted by a 2dpda, then there is a linear-time algorithm to test
whether x belongs L (for fixed size a phabets).
Proof
Let G bea2dpda, and let w be a given input word of length n. Let us introduce two functions
acting on top configurations:
— P1(C) = C, where C' results from C by a push move; this is defined only for push
configurations;
— P2(C1, C2) = C', where C' results from C2 by a pop move, and the top symbol of C' isthe
same asin C1 (C2 determines only the state and the position).
Let POP be the boolean function defined by: POP(C) = trueiff C isa pop configuration.
All these functions can be computed in constant time by a random access machine using the
(constant sized) description of the automaton.

N Ci = top configuraton = {state, top svmbol, position)

C5

height
of stack

o6 C5

cd C7

1 C8
N\
/

fime

Figure 7.21. The diagram representing the history of the computation of a 2dpda.
Term[C3] = C7, Term[C2] = Term[P2(C2, Term[P1(C2)])],
where P1(C2) = C3, Term[C3] = C7 and P2(C2, C7) = C3, Term[C3] = C7.

It is enough to compute in linear time the vaue (or find that it is undefined) of Term[CO],
where CO is an initia top configuration. According to our simplifying assumptions about
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2dpdas, if G accepts, then Term[CO0] is defined. Assume that initidly al entries of the table
Term contain a specia value "not computed”.

We start with an assumption that G never loops, and ends with a one-element stack. In fact, if
the move of G is at some moment undefined we can assume that it goes to a state in which dl
the symbolsin the stack are successively popped.

Algorithm { linear-tinme sinulation of the halting 2dpda }

begi n
for all configuration C do onstack[(C] := fal se;
return Conp(Q0);

end.

function Conp(C) ; { returns TernfC] if defined, else 'false }

begi n
if TernfC = "not conputed" then
TernfC :=if POP(C then C else Comp(P2(C, Conp(P1(C))));
return Tern C
end,

The correctness and time linearity of the algorithm above are obvious in the case of an
halting automaton. The statement"Tern{ C] : = ... "isexecuted a most once for each C.
Hence, only alinear number of push moves (using function P1) are applied.
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Al gorithm Si nul at e;
{ a version of the previous algorithmthat detects |oops }
begi n

for all configuration C do onstack[(C] := fal se;
return Conp(Q0);
end.

function Conp(O ;
{ returns Tern[C if defined, 'false' otherw se }
begin { C1 is a local variable }

if TernfC = "not conputed" then begin

Cl :=P1L(O;
if onstack[Cl] then return false { |oop }
el se onstack[ Cl] := true;

Cl := Comp(Cl); onstack[Cl] := false; { pop nove },;
Cl := P2(C (C);
if onstack[Cl] then return false { |oop } el se begin

onstack[C] := false; onstack[Cl] := true
end;
TernfC := Conp(Cl)
end,
return Tern C

end;

The algorithm Smulate aboveisfor ageneral case: it has also to detect a possible looping of G
for a given input. We use the table onstack initidly consisting of values 'false’. Whenever we
make a push move then we set onstack[C1] to true for the current top configuration C1, and
whenever a pop move is done we set onstack| C1] to false. The looping is detected if we try to
put on the (imaginary) stack of top configurations a configuration which is aready on the stack.
If there is aloop then such situation happens.

The agorithm Smulate has also a linear time complexity, by the same argument as in the case
of halting 2dpda's. This completes the proof.

It is sometimes quite difficult to design a 2dpdafor agiven language L, even if we know
that such 2dpda exists. An example of such alanguagelL is:.
L ={ 1": nisthe square of an integer}.
A 2dpdafor thislanguage can be constructed by a method presented in [Mo 85].
It is much easier to construct 2dpda's for the following languages:
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{a"bm: m=2", {a"b™: m=n%}, {a"b™: m=log*(n)}.
But it is not known whether there is a 2dpda accepting the set of even palstars, or the set of dl
palstars. In genera, there is no good technique to prove that a specific language is not accepted
by any 2dpda. In fact the "P = NP?" problem can be reduced to the question: does it exists a
2dpda for a specific language L. There are severd examples of such languages. Generdly,
2dpda’s are used to give aternative formulations of many important problems in complexity
theory.
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first dgorithm is from Thompson [Th 68]. The equivaence between regular expressions and
finite automata is due to Kleene [K| 56]. The equivalence between deterministic automata an
non-deterministic automatais from Rabin and Scott [RS 59]. The very useful command "grep"
of Unix implements the pattern algorithm based on non-deterministic automata (Theorem 7.9).
The command "egrep” makes the search with a deterministic automaton (Theorem 7.10). But
the states of the automaton are computed only when they are effectively reached during the
search (see[Ah 90]).

The determinization of automata can be found in the standard textbook of Hopcroft and
Ullman [HU 79]. The question of efficient determinization of automata is from Perrin [Pe 90].
This paper is asurvey on the main properties and last discoveries about automata theory.

The reader can refer to [KMP 77] for a discussion about the 2dpda approach to string-
matching (see also [KP 71]).

The linear-time simulation of 2dpda’sis from Cook [Co 71] (see aso the presentation by
Jones [Jo 77]). Our presentation is from Rytter [Ry 85]. This paper also gives a different
algorithm similar to the efficient recognition of unambiguous context-free languages. We refer
to Gdlil [Ga 77] for the theoretical significance of 2dpdas, and interesting theoretical other
guestions. An example of interesting 2dpda computation can be found in [Mo 84].
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8. Regularitiesin texts: symmetries and repetitions

This chapter presents algorithms dealing with regularities in texts. By a regularity we
mean here a similarity between one factor and some other factors of the text. Such a smilarity
can be of two kinds: one factor is an exact copy of the other, or it is a symmetric copy of the
other. Algorithmically, an interesting question is to detect situationsin which similar factors are
consecutive in the text. For exact copies we get repetitions of of the same factor of the form xx
(squares). In the case of symmetric copies we have words of the form xxR called even
palindromes. Odd palindromes are also interesting regularities: words of the form xaxR, where
X isanonempty word. The compositions of very regular words are in some sense also regular:
apasar is a composition of palindromes and analogously a squarestar is a composition of
sguares. Algorithms of the chapter are aimed at discovering regularitiesin text.

8.1. KMR algorithm: longest repeated factorsin words and arrays

We start with a search for copies of the same factor inside a text. Let us denote by
Irepfac(text) the length of the longest repeated factor of text. It is the longest word occurring a
least twice in text (occurrences are not necessarily consecutive). When there are several such
longest repeated factors, we compute any of them. Let also Irepfacy(text) be the longest factor
which occurs at least k timesin text.

The central notion used in algorithms of the section is caled naming or numbering. It
serves to compute longest repeated factors, but its range of application is much wider. The
algorithm that attributes numbersis called KMR, and described below.

To explain the technique of numbering, we begin with the search for repetitions of factors
of agiven length r. The algorithm will be an example of the reduction of a string problem to a
sorting problem. Suppose that there are k distinct factors of length r (in fact k is computed by
the algorithm) in the text. Let fac(1), fac(2),..., fac(k) be the sequence of these k different factors
in lexicographic order. The algorithm computes the vector NUM;, of length n-r, whose i-th
component is (for i = 1...n-r+1):

NUM[i] =] iff text[i...i+r-1] = fac(j).
In other words, for each positioni (i = 1...n-r), NUM;, identifies the rank or index j, inside the
ordered list, of the factor of length r which starts at this position. For example if text = ababab
and r = 4 we have fac(1l) = abab, fac(2) = baba and NUM4 = [1, 2, 1]. In this sense, we
compute equivalence classes of positions: two positions are r-equivalent iff the factors of length
r starting at these positions are equal. We denote the equivalence on positions by =;. Then, for
two positioni and j(1 =i, j < n-r+l),
i =] iff NUM[i] = NUM([j].
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The equivalences on text are strongly related to the suffix tree of text.

Remark

String-matching can be easily reduced to the computation of the table NUM, defined on text,
for a pattern pat of length m. Consider the string w = pat& text, where & isa special symbol not
in the alphabet. If NUMy[1] = q then the pattern pat starts at all positionsi in text (relative to w)
such that NUM[i] = g.

The agorithm KMR described below is aimed at computing NUM;,. For simplicity, we
start with the assumption that r is a power of two. Later the assumption is dropped. We
describe a specia function RENUMBER(X) used at each step of KMR agorithm. The value of
RENUMBER applied to the vector x is the vector NUM1 associated to x which is treasted as a
text. Doing so, the aphabet of x consists of al distinct entries of x; its size can be large, but it
does not exceed the length of x. The function RENUMBER redizes one step of KMR
algorithm.

Let x be a vector (an array) of size n containing elements of some linearly ordered set.
The function RENUMBER assignsto x avector x'. Let val(x) be the set of values of dl entries
of x. The vector X satisfies:

(@) if x[i] =X[j] then xTi] = xTj], and

(b) val(X) isasubset of [1...n].
There are two variations of the procedure depending on whether the following condition is also
satisfied:

(c) X[i] istherank of x[i] inthe ordered list of elements of val(x).
Note that condition (c) implies the two others, and can be used to define X. But the red vaues
X[i]'s are of no importance because their role isto identify equivalence classes. We require also
that the procedure computes as a side effect the vector POS if qisin va(x) then POJq] is any
position i such that x[i] = q.

The main pat of the algorithm RENUMBER (satisfying conditions (a-c)) is the

lexicographic sort. We explain the action of RENUMBER on the following example:
x=[(1,2),(3,1),(22),(11),(23), (1 2)].
We give amethod to compute a vector X' satisfying conditions (a) and (b). We first create the
vector y of composite entriesy[i] = (X[i], 1). Then, the entries of y are lexicographically sorted.
So, we get the ordered sequence
((1,1),4).((1,2),1),((1, 2),6), (2 2),3),((2 3), 5), (3, 1), 2.
Next, we partition this sequence into groups of elements having the same first component.
These groups are consecutively numbered starting from 1. The last component i of each
element is used to define the output vector: x[i] is the number associated to the group of the
element. So, in the example, we get
X[4] =1, x[1] =2, X[6] =2, X[3] =3, X[5] =4, X[2] =5.
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Doing so is equivalent to computing the vector NUM1 for x. A vector POSassociated to X' is
POY1] =4, POY2] =1, POY3] =3, PO94] =5, POg5] =2.

Lemma8.1
If the vector x has size n, and its components are pairs of integers in the range (1, 2, ...,
n), RENUMBER(X) can be can be computed in time O(n).
Proof
Thelinear time lexicographic sorting based on bucket sort can be applied (see [AHU 83], for
instance). In thisway, procedure RENUMBER has the same complexity as sorting n elements
of aspecial form.

The crucia fact that gives the performance of algorithm KMR is the following simple
observation:

(*) NUM2p[i] = NUM2p[j] iff (NUMp[i] = NUMg[j]) and (NUMg[i+p] = NUMp[j+p]).
This fact is used in KMR agorithm to compute vectors NUM;. Let us look a how the
algorithm works for the example string text = abbababba and r = 4. The first vector NUM1
identifiesthe lettersin text:

NUM1=[1,2,21,21,2,21].
Then, the agorithm computes successively vectors NUMo, and finally NUMs.
NUM2=1[1,3,2,1,21,3, 2];
NUMs=[2,5,3,1,4,2].

Al gorithm KVR
{ relatively to text, conputes the vector NUM (r is a power}
{ of two) and, as a side effect, vectors NUVMp (p = 29 < 1) }
begi n
NUML := x := RENUMBER(text); { text considered as a vector }
p =1
while p < r do begin
for i :=1to n-2p+l1 do y[i] := (x[i], x[i+p]);
NUMpp @ = RENUMBER(Y);
p:=2.p;
end;
end.

Once all vectors NUMp, for all powers of two smaller than r, are computed we can easily
compute for each integer q < r the vector NUMg in linear time. Let g' be the greatest power of
two not greater than g. We can compute NUMg using afact similar to (*):
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NUMqi] = NUMg[j] iff (NUMg[i] = NUMqlj]) and (NUMq[i+g-q] = NUMg[i+a-q).

Equivalences on positions of atext (represented by vectors NUMp) computed by KMR
algorithm, capture the repetitions in the text. The algorithm is a genera strategy that can serve
severa purposes. A first application, provides alongest factor repeated at least k times in the
text (recall that itslength is denoted by Irepfacy(text)). And it can produce at the same cost the
position of such afactor. Let us call it REP(r, text). If r isitslength, and if the vector NUM;[i]
on text is known, then Irepfacy (text) can be trivially computed in linear time.

Theorem 8.2

The function Irepfacy(text) can be computed in O(n.logn) time for alphabets of size O(n).
Pr oof
We can assume that length n of the text is a power of two; otherwise a suitable number of
"dummy" symbols can be appended to text. The algorithm KMR can be used to compute al
vectors NUM, for powers of two not exceeding n. Then we apply akind of binary search using
function REPy(r, text): the binary search looks for the maximum r such that REPy(r, text) =
nil. If the search is successful than we return the longest (k times) repeated factor. Otherwise
we report that there is no such repetition. The sequence of values of REP(r, text) (for r = 1, 2,
..., N-1) is "monotonic” is the following sense: if rl < r2 and REPy(r2, text) = nil, then
REPk(r1, text) = nil. The binary search behaves like searching an element in a monotonic
sequence. It has logn stages; in each stage the value REPy(r, text) is computed in linear time.
Altogether the computation takes O(n.logn) time. This completes the proof. £

Remark
We give later in Section 8.2 alinear time algorithm for this problem. However it will be more
sophisticated, and it uses one of the structures from Chapters 5 and 6.

The longest repeated factor problem generalizesin a straightforward way to an equivalent
two-dimensional problem. It is called the longest repeated sub-array problem. We are given an
nxn array T. The size of the problem is N = n2. For this problem KMR algorithm gives
O(N.logN) time complexity, which is the best upper bound known up to now. The algorithm
works aswell for finding repetitionsin trees.
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(L) (L #+p)—

(+p,1)=(i+p, j+p)—

(k1)—k l+p)—

(k+p,1)—(k+p,1+p) -

Figure 8.1. A repeated sub-array of size 2px2p. The occurrences can overlap.

Still, numbering is used on sub-arrays. Let NUM([i, j] be the number of the rxr sub-
array of thearray T having its upper-left corner a position (i, j). Thereisafact, analogue to (*),
illustrated by Figure 8.1:

(**) NUM2p[i, j] = NUM2p[k, 1] iff
NUMp[i, j] = NUMg[k, I] and NUMp[i+p, j] = NUMp[k+p, I] and
NUMp[i, j+p] = NUMp[K, I+p] and NUMp[i+p, j+p] = NUMp[k+p, I+p].

Using fact (**) al the computation of repeating 2px2p sub-array reducesto the computation of
repeating pxp sub-arrays. The matrix NUMzp is computed from NUMp by a procedure
anaogue to RENUMBER. Now, the internal lexicographic sorting is done on elements having
four components (instead of two for texts). But, Lemma 8.1 ill holds in this case, such as
KMR algorithm that is deduced from RENUMBER. This proves the following.

Theorem 8.3
The size of alongest repeated sub-array of an nxn array of symbols can be computed in
O(N.logN) time, where N = n2.

The longest repeated factor problem for texts can be solved in a straightforward way if
we have already constructed the suffix tree T(tree) (see Section 5.7). The vaue Irepfac(text) is
the longest path (in the sense of length of word corresponding to the path) leading from the root
of T(tree) to an internal node. Generdly, Irepfacy(text) is the length of a longest path leading
from the root to an interna node whose subtree contains at least k leaves. The computation of
such a path can be accomplished easily in linear time. The preprocessing needed to construct
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the suffix tree makes the whole algorithm much more complicated than the one applying the
strategy of KMR agorithm. Nevertheless, this proves that the computation takes linear time.

Theorem 8.4
The function Irepfack can be computed in time linear in the length of the input text, for

fixed size aphabets.

8.2. Finding squares

Itisanontrivia problem to find a square factor in linear time, that is, a non-empty factor
of the form xx. A naive agorithm gives cubic bound on the number of steps. A simple
application of failure function gives a quadratic algorithm. For that purpose, we can compute a
failure function Bord; for each suffix text[i...n] of the text. Then, there is a square starting a
positioni in thetext iff Bordi[j] = j/2, for somej (1 < j = n-i+1). Since each fallure function is
computed in linear time, the whole agorithm takes quadratic time.

The notions introduced in Section 8.1 are useful to find a square of a given length r.
Using NUM, the test takes linear time, giving an overdl O(n.logn) time agorithm. In fact,
values of NUM;, for all sensible values of r, can help to find squares at a similar cost, but KMR
algorithm does not provide all these vectors.

We develop now an O(n.logn) algorithm that test the squarefreeness of texts. And design
afterwards a linear time algorithm (for fixed aphabets). The first method is based on a divide-
and-conquer approach. The main part of both algorithms is a fast implementation of the
boolean function test(u, v) which tests whether the word uv contains a square for two
sguarefree words u and v. Then, if uv contains a square, it necessarily beginsin u and ends in v.
Thus, the operation test is a composition of two smaller boolean functions: righttest and |efttest.
Thefirst one searches for a square whose center isin v, while the second searches for a square
whose center isin u.

We describe how righttest works on words u and v. We use two auxiliary tables related
to string-matching. The first table PREF is defined on the word v. For a position k on v,
PREF[K] isthe size of longest prefix of v occurring at position k (it isaprefix of v[k+1...]. The
second tableis called SUF. The value SUF[K] (k is still a position on V) is the size of longest
suffix of V[ 1...K] which isaso asuffix of u. Table SUF isageneralization of table Sdiscussed
in Section 4.6. These tables can be computed in linear time with respect to |v| (see Section 4.6).
With the two tables, the existence of a square in uv centered in v reduces to a simple test on
each position of v, as shown by Figure 8.2.
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middle of the square of size 2k

Figure 8.2. A square xx of size 2k occursin uv. The suffix of V[1...K] of sizeqisasoa
suffix of u; the prefix of v[k+1...] of size pisaprefix of v. PREF[K]+SUF[K] = k.

Lemma 8.5
The boolean value righttest(u, v) can be computed in O(Jv|) time (independently of the
size of u).
Pr oof
The computation of tables PREF and SUF, takes O(|v|) time. It is clear (see Figure 8.2) that
there exists a square centered in v iff for some position k PREF[K]+SUF[K] = k. All these tests

take again O(|v|) time. £

Corollary 8.6

The boolean value test(u, v) can be computed in O(Jul+|v|) time.
Pr oof
Compute righttest(u, v) and lefttest(u, v). The vaue test(u, v) is the boolean vaue of
righttest(u, v) or lefttest(u, v). The computation takes respectively O(Jv|) (Lemma 8.5), and
O(|u)) time (by symmetry from Lemma 8.5). The result follows.

We give another very interesting algorithm computing righttest(u, v) in linear time
according to v, but requiring only a constant additiona memory space. It is based on the
following combinatorial fact:

—if u, v are squarefree, and we have a situation as in Figure 8.3 (where segments painted with
same color indicate which factors are equal) theni' < max(j, i/2) and i'+' < test.

The proof is rather technica and is left to the reader as an excellent exercise on word
combinatorics.
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supposed square of size 2i

center

smallest real square

Figure 8.3. One stage of an algorithm to compute righttest(u, v): start at i and check right-to-

left until amismatch at j; then, assume the middle of asquare at j, and check from i+j right-to-

left until a mismatch occurs at position test. Parts of text painted with the same pattern match.
Each part can be empty, but not all together.

One stage of the algorithm consists in finding largest matching segments painted with ,

and then, (if i+ < test) in finding largest matching segments painted with If we reach
position 1 then asquareisfound. Otherwisewe seti :=i', wherei' can be taken small according

to the combinatorial fact above. Then, we start the next (similar) stage.
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function righttest(u, v) : bool ean;
{ return true iff uv contains a square centered in v }
begi n
I = ]v|; test :=|v|+1;
{ initially, no reasonable bound on i+ is known }
while i = 1 do begin
o=y
{ traversing right-to-left segnents painted with }
while j =1 and |u|-i+ =1 and u[|u]-i+] = v[j] do
joi=0-1
if j =0 then return true;
K :=i+4j;
if k < test then begin
test := k;

{ traversing right-to-left segnents painted with
while test > i and v[test] = v[j-k+test] do

test := test-1;
if test =i then return true;
end; { if }

ic=max(j, [i/2])-1;
end; { main while | oop }
return false; { no square centered in v }
end,

We |eave as an exercise the proof that the algorithm makes only alinear number of steps.
Symmetrically lefttest can be accomplished in linear time using also a constant-sized memory.
So can implemented the function test.

Lemma8.7
The function test can be computed in linear time using only O(1) auxiliary memory.

The recursive algorithm SQUARE for testing occurrences of squaresin a text is designed
with the divide-and-conquer method, for which function test has been written.
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Theorem 8.8
Algorithm SQUARE tests whether the text text of length n contains a square in time
O(n.logn) with O(1) additional memory space.
Proof
The agorithm has O(n.logn) time complexity, because test can be computed in linear time. The
recursion has a highly regular character, and can be organized without using a stack. It is
enough to remember the depth of recursion and the current interval. The tree of recursion can
be computed in a bottom-up manner, level-by-level. This completes the proof. f

function SQUARE(text) : bool ean;
{ checks if text contains a square, n = |text]| }
begi n
if n>1 then begin
if SQUARE(text[1..|n/2]]) then return true;
i f SQUARE(text[|n/2]+1..n]) then return true;
if test(text[1..[n/2]], text[|n/2]+1..n]) then return true;
return false; { if value true not already returned }
end,

The algorithm SQUARE inherently runsin O(n.logn) time. Thisis due to the divide-and-
conquer strategy for the problem. But, it can be shown that the algorithm extends to the
detection of all squaresin atext. And this shows that the algorithm becomes optimal, because
some texts may contain exactly O(n.logn) squares, namely Fibonacci words.

We show that the question of testing the sqaurefreeness of a word can be done in linear
time on afixed aphabet. This contrasts with the above problem. The strategy will be again to
use a kind of divide-and-conquer, but with an unbalanced nature. It is based on a specid
factorization of texts. The interest is mainly theoretical because of a rather large overhead in
memory usage: the extramemory spaceis of linear size (instead of O(1) for SQUARE), and an
efficient data structure for factors of the text hasto be used. But the algorithm, or more exactly
the factorization defined for the purpose, is related to data compressions methods based on
elimination of repetitions of factors. The algorithm shows another deep application of data
structures developed in Chapters 5 and 6 for storing all factors of atext.
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Pos(i)

Figure 10.5. Efficient factorization of the source.
Vs isthe longest factor occurring before.

We first define the f-factorization of text (the f stands for factors). It is a sequence of
nonempty words (vy, V2,..., Vim), where
—vp =text[1], and
— for k> 1, vk is defined as follows. If |vivo...v.1| = i then v is the longest prefix u of
text[i+1...n] which occurs at least twicein text[1...i]u. If thereis no such u then vy = text[i+1].
Denote by pos(vk) the smallest position | <i (wherei = |v1v2...V-1]) such that an occurrence of
vk Starts at . If thereis no such position then take pos(v) = 0.

The f-factorization of a text, and the computation of values pos(vi) can be done in linear
time with the directed acyclic word graphs G = DAWG(text) (also with the suffix tree T(text)).
Indeed, the factorization is computed while the dawg is built. The overal has the same
asymptotic linear bound as just building the dawg. This leads to the final result of the section,
consequence of the following observation whose proof is left as an exercise.

Lemma8.9
Let (v1, v2,..., Vim) be the f-factorization of text. Then, text contains asquare iff for some k
at least one of the following conditions holds:
(1) pos(vk)+|vkl=|[v1Vv2...vk-1] (selfoverlapping of vy),
(2) lefttest(vk-1, Vi) or righttest(vi-1, Vi),
(3) righttest(v1va...Vk-2, Vik-1Vk)-
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function |inear-SQIARE(text) : bool ean;

{ checks if text contains a square, n = |text]| }
begi n
conpute the f-factorization (vy, vp, .., vy of text;

for k :=1 to mdo
if (1) or (2) or (3) hold then { Lenma 8.9 }
return true;
return fal se;
end;

Theorem 8.10
Function linear-SQUARE tests whether atext of length n contains a square in time O(n)
(on afixed alphabet), with O(n) additional memory space.
Pr oof
The key point is that the computation of righttest(vqVva...Vk-2, Vk-1Vk) can be done in O(|vk-1Vk|)
time. The total timeis thus proportional to the sum of length of al v's, hence, it is linear. This
completes the proof.

8.3. Symmetriesin texts

We start with a decision problem which consists in verifying if a given text has a prefix
which is a palindrome (such palindromes are called prefix palindromes). Thereisavery simple
linear time algorithm to search for a prefix palindrome:

— compute the failure function Bord for text&textR (of length 2n+1),
— then, text has a prefix palindrome iff Bord(2n+1) = O.

However, this agorithm has two drawbacks: it is not an on-line algorithm, and
moreover, we could expect to have an algorithm which computes the smallest prefix
paindrome in time proportional to the length of this palindrome (if a prefix palindrome exists).
It will be seen later in the section (when testing palstars) why we impose such requirement.

For time being, we restrict ourselves to even palindromes. We proceed in a similar way
as in the derivation of KMR algorithm. An efficient algorithm will be derived from an initia
brute force algorithm by examining its invariants. However here more combinatorics on
words is used (as compared with KMR algorithm).

Observe a strong similarity between this agorithm and the first agorithm for string-
matching, brute forcel. The time complexity of the algorithm is quadratic (in worst case). A
simple instance of a worst text for the algorithm is text = ab". On the other hand, the same
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analysis as for agorithm brute forcel (string-matching) shows that the expected number of
comparisons (if symbols of text are randomly chosen) islinear.

Al gorithm brute_force;
{ looking for prefix even palindrones }
begi n
=1
while i =< [n/2] do begin
{ check if text[1l..2i] is a palindrone }

j =0
while j < i and text[i-]j] = text[i+1+] do | :=j+1;
if j =i then return true;
{ inv(i, J): text[i-]] = text[i+1+] }
o= 0+
end,

return fal se;
end.

The key to the improvement is to make an appropriate use of the information gathered by

the algorithm. Thisinformation is expressed by invariant

wW(i, j) : texti-j...i] = text[i+1...i+].

The maximum vaue of | satisfying w(i, j) for a given position i is caled the radius of the
paindrome centered a i, and denoted by Rad[i]. Hence, agorithm brute force computes
values of Rad[i] but does not profit from their computation. The information is wasted. At the
next iteration, the value of j is reset to 0. Instead of that, we try to make use of dl possible
information, and, for that purpose, the computed values of Rad[i] are stored in a table for
further use. The computation of prefix palindromes easily reduces to the computation of table
Rad. Hence, we convert the decison version of agorithm brute force into its optimized
version computing Rad. For simplicity assume that the text starts with a specia symbol. So a
palindrome centered in i is actually a prefix palindrome iff Rad[i] =i-1.

The key to the improvement is not only a mere recording of table Rad, but also a
surprising combinatorial fact about symmetries in words. Suppose that we have aready
computed Rad[1], Rad[2],...., Rad[i]. It happens that we can sometimes compute many new
entries of table Rad without comparing any symbols. The following fact enablesto do it.

Lemma8.11
If 1 <k=Rad[i] and Rad[i-K] = Rad[i]-k, then Rad[i+k] = min(Rad[i-k], Rad[i]-k).
Pr oof
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Two cases are considered.

— Case (a): Rad[i-K] < Rad[i]-k.

The palindrome of radius Rad[i+k] centered at i-k is contained completely in the longest
paindrome centered in i. Position i-k is symmetrical to i+k with respect to i. Hence, by
symmetry (with respect to position i) the longest palindrome centered in i+k has the same
radius as the palindrome centered at i-k. Thisimpliesthe conclusion in this case.

— Case (b): Rad[i-K] > Rad[i]-k.

The situation is displayed in Figure 8.4. The maximal palindromes centered at i, i+k and i-k are
presented. Symbols a, b are distinct because of the maximality of the palindrome centered in i.
Hence, Rad[i+k] = min(Rad[i-K], Rad[i]-k).

This completes the whole proof of the lemma. £

palindrom centered in i

palindrom centered in i-k
palindrom centered in i+k

:

Figure 8.4. Case (b) of proof of Lemma8.11.

In one stage of the algorithm that computes prefix palindromes, we can update Rad[i+k]
for all consecutive positionsk =1, 2,... such that Rad[i-k] = Rad[i]-k. If the last such k is, say,
k' then we can later consider the next value of i asi+k, and start the next stage. Thisissimilar to
shifts applied in string-matching algorithms is whose values result form a precise consideration
on invariants. We obtain the following algorithm for on-line recognition of prefix even
palindromes and computation of the table of radii. All positions i satisfying Rad[i] = i-1
(occurrences of prefix palindromes) are output.
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Al gori t hm Manacher;
{ on-line conputation of prefix even palindrones,
{ and of table Rad; text starts with a unique |eft endnmarker }
begi n
I :=2; Rad[1] :=0; j :=0; { ] = Rad[i] }
while i =< [n/2] do begin
while text[i-]] = text[i+1+] do | :=j+1;
if j =i then wite(i); Rad[i] :=]j;
k := 1,
while Rad[i-K] = Rad[i]-k do begin
Rad[i+k] := mn(Rad[i-k], Rad[i]-k); k := k+1;

end;

{ inv(i, J): text[i-]] = text[i+1+] }
j o= max(j-k, 0);

=0tk
end;

The solution presented for the computation of prefix even palindromes adjusts easily to
the table of radii of odd palindromes. They can also be computed in linear time. So are longest
palindromes occurring in the text. Severa other problems can be solved in a straightforward
way using the table Rad.

Theorem 8.12
The longest symmetrical factor and the longest (or shortest) prefix palindrome of a text
can be computed in linear time. If text has a prefix palindrome, and if sis the length of the
smallest prefix palindrome, then s can be computed in time O(S).

We now consider another question about regularitiesin texts. Let P* be the set of words
which are compositions of even palindromes, and let PAL* denote the set of words composed
of any type of palindromes (even or odd). Recal that one-letter words are not palindromes
according to our definition (their symmetry is too trivia to be considered as an "interesting”
symmetry).

Our aim is now to test whether aword is an even palstar, i.e. a member of P*, or a
palstar, i.e. amember of PAL*. We begin with the easier case of even palstars.

Let first(text) be afunction whose valueisthe first positioni in text such that text[1...i] is
an even palindrome; it is zero if there is no such prefix palindrome. The following agorithm, in
a naturad way, tests even pastars. It finds the first prefix even palindrome, and cuts it.
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Afterwards, the same process is repeated as long as possible. If we are left with an empty
string then theinitial word is an even palstar.

function PSTAR(text) : boolean; { is text an even palstar ? }
begi n
s :=0;
while s < n do begin { cut text[s+l..n] }
if first(text[s+1l..n])=0 then return fal se;
s = s+Hfirst(text[s+1l..n])
end,
return true;
end,

Theorem 8.13

Even palstars can be tested on-linein linear time.
Proof
It is obvious that the complexity is linear, even on-line. In fact, Manacher algorithm computes
the function first on-line. An easy modification of the algorithm gives an on-line agorithm
operating within the same complexity.
However, amore difficult issue is the correctness of function PSTAR. Suppose that text is an
even palstar. Then, it seems reasonable to expect that its decomposition into even palindromes
does not necessarily start with the shortest prefix even palindrome. Fortunately and surprisingly
perhaps, it happens that we have aways a good decomposition (starting with the smallest
prefix palindrome) if text is an even palstar. So the greedy strategy of function PSTAR is
correct. To prove thisfact, we need some notation related to decompositions. It is defined only
for texts that are even palindromes. Let

parse(text) = min{s: text[1...5] € P and text[s+1...n] € P*}.

Now the correctness of the algorithm follows directly from the following fact about even
nonempty palstarstext.
Claim: parse(text) = first(text).
Proof of the claim.
It follows from the definitions that first(text) < parse(text), henceit is sufficient to prove that the
reverseinequality holds. The proof is by contradiction. Assume that text is an even palstar such
that first(text) < parse(text). Consider two cases,
— case (a): parse(text)/2 < first(text) < parse(text),
— case (b): 2 < first(text) < parse(text)/2.
The proof of the claim according to these casesis given in Figure 8.5. This completes the proof
of the correctness and the whole proof of the theorem. 1
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(@) :
first(t) parse{t)
center of parse(t)
The prefix palindrom of length less
than first{t): contraditction / can be empty
(b)

first{t) parse(t)
The text t[1.. parse(t)] decomposes into at least two palindroms
it contradicts the definition of parse(t)

Figure 8.5 The proof of the claim (by contradiction).

If wetry to extend the previous algorithm to all palstars, we are led to consider functions

firstl and parsel, analogue to first and parse respectively, asfollows:
parsel(text) = min{s: text[1...5] € PAL and text[s+1...n] € PAL*},
firstl(text) = min{s: text[1...s] € PAL}.

Unfortunately, when text is a palstar the equality parsel(text) = firstl(text) is not always
true. A counterexample is the text text = bbabb. We have parsel(text) = 5 and first1(text) = 2.
If text = abbabba, then parsel(text) = 7 and firstl(text)=4. For text = aabab, we have
parsel(text) = firstl(text).

Observe that for the first text, we have parsel(text) = 2.first1(text)+1; for the second text,
we have parsel(text) = 2.first1(text)-1; and for the third text, we have parsel(text) = first1(text).
It happens that thisis agenera rule that only these cases are possible.

Lemma8.14

L et text be a nonempty palstar, then

parsel(text) € {firstl(text), 2.firstl(text)-1, 2.firstl(text)+1}.

Proof
The proof is similar to the proof of the preceding lemma. In fact, the two specia cases
(2firstl(text)-1, 2.firstl(text)+1) are caused by the irregularity implied at criticd points by
considering together odd and even palindromes. Let f = firstl(text), and p = parsel(text). The
proof of the impossibility of the situation (f < p < 2.f-1) is essentially presented in the case (a)
of the Figure 8.5. The proof of the impossibility of two other cases (p = 2.f) and (p > 2.f+1) are
similar. £
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Assume that we have computed the tables F[i] = firstl(text[i+1...n]) and
PAL[i]=(text[i+1...n] is a paindrome) for i = (O, 1, ..., n). Then, the following agorithm
recognizes pastars.

function PALSTAR(text): bool ean; { pal star recognition }
begi n

pal star[n] :=true; { the enpty word is a palstar }
for i :=n-1 downto O do begin
f .= Fi];
if f =0 then palstar[i] := false
else if PAL[i] then palstar[i] := true
el se palstar[i] := (palstar[i+f] or palstar[i+2f-1]
or pal star[i+2f+1]);
end,
return palstar[0];
end.
Theorem 8.15
Palstars can be tested in linear time.
Pr oof

Assuming the correctness of function PALSTAR, to prove that it works in linear time, it is
enough to show how to compute tables F and PAL in linear time. The computation of PAL is
trivial if the table Rad is known. This latter can be computed in linear time. More difficult is the
computation of table F. For ssimplicity we restrict ourselves to odd palindromes, and compute
thetable
F1[j] = min{s: text[1...s] isan odd palindrome, or s= 0}.

Assume Rad is the table of radii of odd palindromes. The radius of the palindrome of size
2k+1 equals k. We say that j isin the range of an odd palindrome centered at i iff i-j+1 < Rad[i]
(see Figure 8.6).
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bottom of the stack top of\the stack
| _ 3t
XXXXXXX XX XXX\ /xxxx
other eleme( positions j which are for the
the stack first time in range of a palindrom

Figure 8.6. Stage(i): while the top position j isin the range of palindrome centered at i do
begin pop(stack); F1[j] := 2(j-i)+1 end; push(i).

A stack of positionsis used. Its convenient to have some special position at the bottom. Initially
thefirst position 1 is pushed onto the stack, and i is set to 2. One stage begins with the situation
depicted in the Figure 8.6. All x'sare on the stack (entries of F1 waiting for their values). The
whole algorithmiis:

for i := 2 ton do stage(i);

for al remaining elementsj on the stack do

{j isnot in arange of any palindrome} F1[j] :=0.
The treatment of even palindromesis similar. Then F[i] is computed as the minimum value of
even or odd palindromes starting at position i. This completes the proof. +

Remark
Infact the algorithm PALSTAR can be transformed into an on-line linear time algorithm. But
thisis outside the scope of the book.

It is perhaps surprising that testing whether a text is a composition of a fixed number of
palindromes seems more difficult than testing for palstars. Recall that P denotes here the set of
even palindromes. It is very easy to recognize compositions of exactly two words from P. The
word text is such a composition iff for some internal position i text[1...i] and text[i+1...n] are
even palindromes. This can be checked in linear timeif table Rad is already computed. But this
approach does not give directly alinear-time algorithm for P3. Fortunately, there is another nice
combinatorial property of texts useful for that. Its proof is omitted.
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Lemma 8.16
If x € P, then there is a decompositions of x into words x[1...s] and X[s...n] such that
both are members of P, and that either the first word is the longest prefix palindrome of
X, or the second one is the longest suffix palindrome of x.

One can compute the tables of dl longest palindromes starting or ending a positions of
the word by alinear time agorithm very similar to that for table F. Assume now that we have
such tables, and aso the table Rad. Then one can check if any suffix or prefix of text is a
member of P2 in constant time because of Lemma 8.16 (only two positions to be checked
using preprocessed tables). Now we are ready to recognize elements of P3 in linear time. For
each position i we just check in congtant time if text[1...i] € P2 and text[i+1...n] € P.
Similarly, we can test elements of P4. For each position i we check in constant time if
text[1...i]] € P2 and text[i+1...n] € P2. We have just sketched the proof of the following
statement.

Theorem 8.17
The compositions of two, three and four palindromes can be tested in linear time.

As far as we know, there is presently no algorithm to test compositions of exactly five
paindromesin linear time.
We have defined palindromes as nontrivial symmetric words (words of size at |east two).
One can say that for a fixed k, palindromes of size smaller than k are aso uninteresting. This
leads to the definition of PALk as palindromes of size a least k. Generalized pastars
(compositions of words from PAL() can aso be defined. For afixed k, there are linear time
algorithms for such palstars. The structure of algorithms, and the combinatorics of such
palindromes and pal stars are analogous to what has been presented in the section.

Bibliographic notes

The agorithm KMR of thefirst section is from Karp, Miller and Rosenberg [KMR 72].
Another approach is presented in [Cr 81]. It is based on a modification of Hopcroft's
partitioning algorithm [Ho 71] (see[AHU 74]), and the algorithm computes vectors NUM; for
all sensible values of r. It yields an optimal computation of dl repetitions in a word. The same
result has been shown by Apostolico and Preparata [AP 83] as an application of suffix trees,
and by Main and Lorentz [ML 84].

The first O(n.logn) algorithm for searching a square is by Main and Lorentz [ML 79]
(see dso [ML 84]). The procedure righttest of Section 8.2 is a dight improvement on the
origina algorithm proposed by these authors. The linear time agorithm of Section 8.2 is from
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Crochemore [Cr 83] (see also [Cr 86]). A different method achieving linear time has been
proposed by Main and Lorentz [ML 85].

The algorithm for prefix paindrome in Section 8.3 is from Manacher [Ma 75]. The
materia of the rest of the section is mainly from Galil and Seiferas [GS 78]. The reader can
refer to [GS 78] for the proof of Lemma 8.16, or an on-line linear time agorithm for
PALSTAR.

Sdlected references

[Cr 86] M. CROCHEMORE, Transducers and repetitions, Theoret. Comput. Sci. 45 (1986)
63-86.

[GS78] Z.GALIL, J. SEIFERAS, A linear-time on-line recognition algorithm for "Palstars’,
J. ACM 25 (1978) 102-111.

[KMR 72] R.M. KARP, R.E. MILLER, A.L. ROSENBERG, Rapid identification of repeated
patternsin strings, arrays and trees, in: (Proc. 4th ACM Symposium on Theory of
Computing, Association for Computing Machinery, New Y ork, 1972) 125-136.

[ML 84] M.G. MAIN, R.J. LORENTZ, An O(n log n) algorithm for finding al repetitions in a
string, J. Algorithms (1984) 422-432.

[Ma75] G. MANACHER, A new linear time on-line agorithm for finding the smallest initia
palindrome of the string, J. ACM 22 (1975) 346-351.

Efficient Algorithms on Texts 197 M. Crochemore & W. Rytter



chapter 9 199 21/7/97

9. Almost optimal parallel algorithms

By an efficient parallel algorithm we mean an NC-algorithm (see Chapter 2). Especially
efficient are optimal and almost optimal parallel algorithms. By optimal we mean an algorithm
whose total number of elementary operations is linear, while an almost optima algorithm is
one which is optima within a polylogarithmic factor. From the point of view of any
application, the difference between optimal and almost optimal algorithms is extremely thin. In
this chapter, we present amost optima algorithms for two important problems: string-
matching, and suffix tree construction. In the first section we present an almost optimal parallel
string-matching algorithm (O(log2n) time, O(n) processors) which is based on a parald
version of the Karp-Miller-Rosenberg algorithm of Chapter 8, and is cdled Parallel-KMR. In
fact, it is possible to design a string-matching algorithm using only n/log2n processors (which
is strictly optimal), but such an algorithm is much more complicated to describe, and its
structure is quite different than that of KMR algorithm. KMR algorithm is conceptualy very
powerful. The computation of regularitiesin Section 9.3 is derived from it. And, in the Section
9.4, we present an almost optimal parallel algorithm for the suffix tree construction that can be
also treated as an advanced version of KMR algorithm.

Methodologically we apply two different approaches for the construction of efficient
parale agorithms:

(1) — design of apardléel version of aknown sequentia algorithm,

(2) — construction of anew agorithm with agood parallel structure.

The method (1) works well in the case of amost optima pardle string-matching
agorithms, and square finding. The known KMR algorithm, and the Main-Lorentz algorithm
(for squares) have already a good parald agorithmic structure. However, method (1) works
poorly in the case of suffix tree construction, and Huffman coding, for instance. Generdly,
many known sequentia algorithms look inherently sequential, and are hard to paralldize. All
algorithms of Chapter 5 for the problem of suffix tree construction, and the agorithm of
Chapter 10 for Huffman coding are inherently sequentia. For these problems, we have to
develop some new approaches, and construct different algorithms. In fact, the sequentid
version of our pardle algorithm for suffix tree construction gives a new simple and quite
efficient sequential algorithm for this problem (working in O(n.logn) time). This shows a nice
application of parallel computations to efficient sequential computations for textua problems.

Our basic model of pardld computations is a pardlel random access machine without
write conflicts (PRAM). But the PRAM model with write-conflicts (concurrent-writes) is also
discussed (see Chapter 2). The PRAM model is best suited to work with tree structured objects
or tree-like (recursive) structured computations. As a dtarter we show such a type of
computation. One of the basic parallel operationsis the (so-called) prefix computation.
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Given avector x of n values compute al prefix products: y[1] = x[1], V[2] = X[1]®x[2],
V[3] = X[1]®x[2]®X[3], .... Denote by prefprod(x) the function which returns the vector y as
value. We assume that ® is an associative operation computable on a RAM in O(1) time. We
also assume for smplicity that n is a power of two. The typica instances of ® are arithmetic
operations +, min and max. The parale implementation of prefprod works as follows. We
assign a processor to each entry of theinitial vector of length n.

function prefprod(x); { the size of x is a power of two }
begi n

n: = size(x);
if n=1+then return x el se begin
x1 .= first half of x; X2 := second half of x;
for each i € {1,2} do in parallel y; : = prefprod(x;);
mdval : = yi[n/2];
for each 1 <j =n/2 do in parallel yo[j] : = mdval ®yo[j];
return concatenation of vectors yi, Yyo;
end,
end.
Lemma9.1

Parallel prefix computation can be accomplished in O(logn) time with n/logn processors.

Pr oof

The agorithm above for computing prefprod(x) takes O(logn) time and uses n processors. The
reduction of the number of processors by a factor logn is technical. We partition the vector x
into segments of length logn. A processor is assigned to each segment. All such processors
simultaneously compute al prefix computations localy for their segments. Each processor
makes it by a sequentia process. Then, we compress the vector by taking from each segment a
representative (say the first element). A vector X' of size n/logn is obtained. The function
prefprod is applied to X' (now n/logn processors suffice because of the size of X). Findly, dl
processors assigned to segments update values for al entries in their own segments using a
(globally) correct value of the segment representative. This again takes O(logn) time, and uses
only n/logn processors. This completes the proof.

Prefix computation will be used in this paper, for instance, to compute the set of maximal
(in the sense of set inclusion) subintervals of an O(n) set of subintervalsof {1, 2, ..., n}.

Another basic parallel method to construct efficient parallel algorithms is the (so-called)
doubling technique. Roughly speaking, it consists in computing at each step objects whose size
is twice bigger as before, knowing the previously computed objects. The word "doubling” is
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often misleading because in many algorithms of such type the size of objects grows with aratio
c> 1, not necessarily with ratio ¢ = 2. The typica use of this technique is in the proof of the
following lemma (see [GR 88]). Suppose we have a vector of size n with some of the positions
marked. Denote by minright[i] (resp. maxleft[i]) the nearest marked position to the right (resp.
to the left) of position i. Computing vectors minright and maxleft takes logarithmic pardlé
time.

Lemma9.2
From a vector of size n with marked positions, vectors minright, and maxieft can be
computed in O(logn) time with n/logn processors.

The doubling technique is also the crucia feature of the structure of the Karp-Miller-
Rosenberg algorithm in a parald setting. In one stage, the algorithm computes the names for
all words of size k. In the next stage, using these names, it computes names of words having
size twice bigger. We explain now how the algorithm KMR of Chapter 8 can be parallelized.

To make aparallel version of KMR algorithm, it is enough to design an efficient parallel
version of one stage of the computation, and this essentially reducesto the parallel computation
of RENUMBER(X). If this procedure is implemented in T(n) paralel time with n processors,
then we have a parald version of KMR agorithm working in T(n).logn time with also n
processors. This is due to the doubling technique, and the fact that there are only logn stages.
Essentially, the same problems as computed by a sequential algorithm can be computed by its
parald version in T(n).logn time.

The time complexity of computing RENUMBER(X) depends heavily on the model of
parallel computations used. It is T(n) = logn without concurrent writes, and it is T(n) = O(1)
with concurrent writes. In the latter case, one needs a memory bigger than the total number of
operations used by what is called abulletin board (auxiliary table with n2 entries; or, by making
some arithmetic tricks, with nl*e entries). This looks dightly artificia, though entries of
auxiliary memory have not to be initialized. The details related to the distribution of processors
are also very technical in the case of concurrent writes model. Therefore, we present most of
the algorithms using the PRAM model without concurrent writes. This generally increases the
time by a logarithmic factor. This logarithmic factor gives also a big margin of time for
technical problems related to the assignment of processors to elements to be processed. We
shortly indicate how to remove this logarithmic factor when concurrent writes are used. The
main difference is the implementation of the procedure RENUMBER, and the computation of
equivalent classes (classes of objects with the same name).

9.1. Building the dictionary of basic factorsin parallel
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Given the string text, we say that two positions are k-equivaent iff the factors of length k
starting at these positions are equal. Such an equivalence is best represented by assigning a
each position i a name or a number to the factor of length k starting at this position. The nameis
denoted by NUM{i]. Thisis the numbering technique presented in Chapter 8 (Section 6.1). We
shall compute names of al factors of a given length k for k running through 1, 2, 4, .... We
consider only factors whose length is a power of two. Such factors are called basic factors. The
name of a factor, denoted by is its rank in the lexicographic ordering of factors of a given
length. We a so call these names k-names. Factors of length k, and their corresponding k-names
can be considered as the same object. For each k-name r we also require (for further
applications) alink POgr, K] to any one position at which an occurrence of the k-name r starts.
We consider only factors starting a positions [1.. n-1]. The n-th position contains the special
endmarker #. The endmarker has highest rank in the alphabet. We can generally assumew. |. o.
g. that n-1 isa power of two, adding enough marker otherwise.

The tables NUM and POS are caled together the dictionary of basic factors. This
dictionary isthe basic data structure used in severa applications.

i =1234567S8

t ext = ab aab b a a #######
k =1 NUMi,k] =12112211
k =2 NUMi,k] =24125413

k=4 NWMi, k] =36148725

r =123456738

k =1 PCS[r,k] = 1 2 undefined
k =2 PCS[r,k] = 3 1 8 2 5 undefined
k =4 POS[r,k] =37148265

Figure9.1. Thedictionary of basic factors: tables of names of k-names, and of their
positions. The k-name at position i isthe factor text[i...i+k-1]; its name isits rank according to
lexicographic ordering of all factors of length k (order of symbolsis: a< b <#). Integersk are

powers of two. The tables can be stored in O(n.logn) memory.

Figure 9.1 displays the data structure for text = abaabbaa#. Six additional #s are
appended to guarantee that each factor of length 8 starting in [1...8] is well defined. The figure
presents tables NUM and POS In particular, the entries of POS*, 4] give the lexicographically
sorted sequence of factors of length 4. This is the sequence of factors of length 4 starting a
positions 3, 7, 1, 4, 8, 2, 6, 5. The ordered sequenceis:
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aabb, aat#, abaa, abba, a###, baab, baa#, bbaa.

In the case of arrays, basic factors are kxk subarrays, where k is a power of two. In this
situation, NUMI(i, j), K] isthe name of the kxk subarray of a given array text having its upper-
left corner at position (i, j). We will discuss mostly the construction of dictionaries of basic
factorsfor strings. The construction in the two-dimensional caseis an easy extension of that for
one-dimensional data.

The central machinery of KMR algorithm is the procedure RENUMBER that is defined
now. Let x be avector or an array of total size n containing elements of some linearly ordered
set. We recdl the definition of procedure RENUMBER (see chapter 8). The function
RENUMBER assigns to x a vector X. Let val(x) be the set of values of dl entries of x (the
alphabet of x). The vector X' satisfies:

(@) if x[i] =X[j] then xTi] = xTj], and

(b) val(X) isasubset of [1...n].
Asaside effect, the procedure also computes the table POS : if g is in val(x) then PO q] is
any position i such that X[i] = g. Conditions () and (b) are obviously satisfied if X[i] is defined
astherank of X[i] inside the ordered list of valuesif X[j]'s. But we do not generally assume such
definition because it is often harder to compute.

Lemma 9.3
Let x be avector of length n.
(1) RENUMBER(X) can be computed in O(logn) time with n processors on an
exclusive-write PRAM.
(2) Assume that val(x) consists of integers or pairs of integers in the range [1...n]. Then,
RENUMBER(X) can be computed in O(1) time with n processors on a concurrent-write
PRAM. In this case, the size of auxiliary memory is O(nl*e).
Proof
(1) The main part of the procedure is the sorting (see chapter 8). Sorting by a paralld merge
sort algorithm is known to take O(logn) time with n processors. Hence, the whole procedure
RENUMBER has the same complexity as sorting n elements. This completes the proof of
point (1).
(2) Assume that val(x) consists of pairs of integers in the range [1...n]. In fact, RENUMBER
is used mostly in such cases. We consider an nxn auxiliary table BB. This table is cdled the
bulletin board. The processor at position i writes its name into the entry (p, q) of table BB,
where (p, g) = X[i]. We have many concurrent writes here because many processors attempt to
write their own position into the same entry of the bulletin board. We assume that one of them
(for instance, the one with smallest position) succeeds and writes its position i into the entry
BBIp, q]. Then, for each position j, the processor sets X[i] to the value of BB[p, q], where (p,
g) is the vaue of X[j]. The computation is graphically illustrated in Figure 9.2. The time is
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constant (two steps). Doing so, we use quadratic memory. But applying some arithmetic tricks
it can be reduced to O(nl+¢). This completes the proof. £

i j K i j K
X (p.0) (p.0) (p.0) i i i

SN 7 N B

q q

Figure 9.2. Use of abulletin board. X[i] = X[j] =X[K] = (p, ). Then the values of x at
positionsi, j, k are changed, in two parallel steps (with concurrent writes), to the same valuei.

Theorem 9.4
The dictionary of basic factors (resp. basic subarrays) of a string (resp. array) of size n
can be computed with n processors in O(log2n) time on an exclusive-write PRAM, and
in O(logn) time on a concurrent-write PRAM (in the latter case auxiliary memory space
of size O(nl*¢) is used).

Proof

We describe the agorithm only for strings. The crucia fact is the property already used in

Chapter 8:

(*) NUM[i, 2K] = NUM([j, 2K] iff (NUM[i, K] = NUM[j, k] and NUM[i+k, k] = NUM[j+k, K]).
The dictionary is computed by the algorithm Parallel-KMR below. The correctness of the
algorithm follows from fact (*). The number of iterations is logarithmic, and the dominating
operation is the procedure RENUMBER. The thesis follows now from the Lemma 9.3.

In the two-dimensional case, thereisafact analogous to (*), which makes the algorithm work
similarly. The size of the kxk array is n = k2. This completes the proof. t
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Al gorithm Paral | el - KMR,
{ a parallel version of the Karp-MI| er-Rosenberg algorithm }

{ Conputation of the dictionary of basic factors of text; }
{ text ends wth #, |text| =n, n-1is a power of two }
begi n

X . = text;

X = RENUMBER(x); { recall that RENUMBER conputes PCS }

for i in 1l .n do in parallel begin

NUMi, 1] :=x[i]; POS[1, i] := PO§i];
end,
k :=1;

while k < n-1 do begin
for i in 1l..n-2k+1 do in parallel x[i] := (x[i], x[i+k]);
delete the last 2k-1 entries of x;
X = RENUMBER( X) ;

for i in 1..n-2k+1 do in parallel begin
NUMi, 2k] :=x[i]; PO§[2k, i] : = POS[i];
end;
k := 2k;
end,

end.

9.2. Parallé construction of string-matching automata.

We first present asimple application of the dictionary of basic factors to string-matching.
Then we describe an application to the computation of failure tables Bord and string-matching
automata (see Chapter 7).

The table PREF isaclose "relative” of the failure table Bord commonly used in efficient
sequentia string-matching algorithms and automata (see Chapter 3). The table PREF is
defined by

PREF[i] = max{j: text[i...i+]-1] isaprefix of text},
while the table Bord is defined by
Bord[i] =max{i : 0<j <iandtext[1...j] isasuffix of text[1...i]}.
The table PREF, and the related table SUF, are crucia tables in the Main-Lorentz square-
finding algorithm (Chapter 8, Section 2), for which aparallel version is given in Section 9.3.

Theorem 9.5
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The table PREF can be computed in O(logn) time with n processors (without using
concurrent writes), if the dictionary of basic factorsis aready computed.
Proof
Essentialy it is enough to show how to compute table PREF within our complexity bounds.
One processor is assigned to each position i of text, and it computes PREF[i] using a kind of
binary search, asindicated in Figure 9.3. This completes the proof. £

| | 1
a b a a b b a a b a a b b a
[ | 1
First test (negative) Second test (positive)
NUM[1,4] = NUM[4,4] ? NUM[1,2] = NUM[4,2] ?
]
a b a a b b a
]

Third test (negative)
NUM[1,1] = NUM[4,1] ?

Figure 9.3. The computation of PREF[4] = 2 using binary search (l0g28 = 3 tests).

Corollary 9.6
String-matching can be solved in time O(log2n) time with n processors in the exclusive-
write PRAM model.
Proof
To find occurrences of pat in text, consider the word pat#text. Compute table PREF for this
word. Then, occurrence of pat in text appears at positions i of text where PREF[i] = |pat|. The
overall takes O(log2n) time with n processors, as a consequence of Theorems 9.4 and 9.5.

Lemma9.7
The failure table Bord for a pattern pat of length n, can be computed in O(log2n) time
with n processors without using concurrent writes (in O(logn) time if the dictionary of
basic factorsis aready computed).
Proof
We can assume that the table PREF is already computed (Theorem 9.5). Let us consider pairs
(i, I+PREF[i]-1). These pairs correspond to intervals of the form [i...j]. The first step is to
compute all such intervals which are maximal in the sense of set inclusion order. It can be done
with aparallel prefix computation. For each k, we compute the value
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maxval (k) = max(PREF[1], PREF[2]+1, PREF[3]+2, ..., PREF[k-1]+k-2).

Then, we "turn off" al positions k such that maxval(k) = PREF[k]+k-1. We are left with
maximal subintervals (i, RIGHT[i]). Let us (in one paralld step) mark dl right ends of these
intervals, and compute the table RIGHT-1j] for all right ends j of these intervals. For the other
valuesj, RIGHT-1[j] is undefined. Again, using a parallel prefix computation, for each position
k, we can compute minright[K], the first marked position to the right of k.
Then, in one parallel step, we set

Bord[K] : = O if minright[K] is undefined, and

Bord[K] : = max(0, k-RIGHT-Yminright[K]]+1) otherwise (see Figure 9.4).
This completes the proof. £

Structure of maximal intervals (i, RIGHT[i])

i i

<——PREF[i] =k-i+1—> right ends of
intervals

Figure 9.4. Computation of Bord[K] inthe casei = RIGHT-1[minright[K]] = k.

One may observe that if the table PREF is given then even n/O(logn) processors are
sufficient to compute table Bord, because our main operations are parallel prefix computations.

Corollary 9.8
The periods of dl the prefixes of a word can be computed in O(log2n) time with n
processors without using concurrent writes (in O(logn) time if the dictionary of basic
factorsis aready computed).

Pr oof

The period of prefix pat[1...i] isi-Bord[i] (Chapter 2). £

We now give another consequence of Lemma 9.7 related to the previous result. It is
shown in Chapter 7 (Section 1) how to build the string-matching automaton for pat, SMIA(pat).
Itisthe minimal deterministic automaton which accepts the language A* pat. The construction
of such automata is the background of severa string-matching algorithms. Its sequentid
construction is straightforward, and can be related to the failure function Bord. Using this fact,
we develop aparale algorithm to compute SMA(pat).
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Theorem 9.9
Assume that the basic dictionary of pat is computed, and the alphabet has O(1) size.
Then, we can compute the string-matching automaton SVIA(X) in O(logn) time with n
processors on an exclusive-write PRAM. The same result holds for a finite set of
patterns.
Proof
We prove only the one-pattern case. The case with many patterns can be done in essentially the
same way, though trees are to be used instead of one-dimensional tables (see Chapter 7).
Parallel-KMR agorithm works for trees as well.
We can assume that the failure table Bord for pat is adready known. Our agorithm is
essentialy a paralel version of the construction of SMA(X) shown in Section 7.1. The string-
matching automaton has {0, 1,..., n} as set of states. The initia state is 0 and n is the only
accepting state.
Definefirst the transition function 6 for occurrences of symbols of pat only: let §[i, a] = i+1
for a = pat[i+1] and §[0, a] = O for a = pat[1]. For each symbol a of the alphabet, define a
modified failure table as follows:
fori<n, Py[i] =if (pat[i+1] = &) theni else Bord[i],
and Pg[n] = Bord[n].
Let Po*[i] = PaK[i], where k is such that P2K[i] = Pak*1[i].
Tables P5 are treated here as functions that can be iterated indefinitely. We can easily compute
al tables P5'[i] in O(logn) time with n processors using the doubling technique (logn
executionsof Pg[i] := Pg2[i]). Then, thetransition table of the automaton is constructed
asfollows:
for each letter a, and position i such that d[i, a] is not already defined
doin parallée 9[i, a] : = §[Pa"[i], a].
This completes the proof. £

9.3. Parallel computation of regularities

We continue the applications of KMR algorithm with the problem of searching for
sguaresin strings. Recall that asquare is a nonempty word of the form ww. Section 8.2 gives
an algorithm to find a square factor within aword in sequential linear time. But the algorithm is
based on a compact representation of factors of the word. We consider here the other methods
devoted to the same problem and also presented in Section 8.2.

A smple application of failure functions gives a quadratic sequentia algorithm. It leadsto
a paralel NC-agorithm. To do so, we can compute a failure function Bord; for each suffix
pat[i...n] of the word pat. We have already remarked that thereis a square in pat, prefix of the
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pat[i...n], iff Bordi[j] = (j-i+1)/2 for some j > i. Computing a linear number of failure
functions leads to a quadratic sequentia algorithm, and to a parale NC-algorithm. However,
with such an approach, the parallel computation requires a quadratic number of processors. We
show how the divide-and-conquer method used in the sequential case saves time and space in
paralel computation.

The main part of the sequential algorithm SQUARE for finding a sguare in a word
(Section 8.2) isthe operation called test. This operation applies to squarefree words u and v, and
tests whether the word uv contains a square (the sguare begins in u and ends in v). This
operation is a composition of two smaller tests righttest and Iefttest. The first (resp. second)

operation tests whether uv contains a square which center isin v (resp. u).
The operation test can be realized with the two auxiliary tables PREF and SUF,,. Recal

that SUF[K] isthe size of longest suffix of V{1...k] whichisaso asuffix of u. Thistable SUF,
can be computed in the same way as PREF (computing PREF for uR& VR, for instance).

Lemma9.10
Tables PREF and SUF, being computed, functions righttest(u, v), lefttest(u, v) and
test(u, v) can be computed in O(logn) time with n/logn processors. The running time is
constant with a concurrent-write PRAM having n processors.
Pr oof
Given tables PREF and SUF,, the computation of righttest(u, v) reduces to the comparison
between k and PREF[K]+SUF[K]. A square of length 2k is found iff the latter quantity is
greater than or equd to k, as shown in Figure 8.2. The evauation of righttest is done by
ingpecting in parald dl positions k on v. Hence, in O(logn) time (and constant time with the
concurrent-writes model), the time to collect the boolean value, we can compute righttest. By
grouping the values of k in intervas of length logn we can even reduce the number of
processors to n/logn. The same holds for lefttest, and thus for test which is a composition of the
two others. This completes the proof. f

The function test yields arecursive parallel algorithm for testing occurrences of squares.
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function SQUARE(text): bool ean;
{ returns true if text contains a square }
{ WIl.o.g. n=|text]| is a power of two }
begi n
if n>1 then begin
for i € {1, n/2+1} do in parallel
if SQUARE(text[i..i+n/2-1]) then return true;
{ if the algorithmhas not already stopped then ... }
if (test(text[1l..n/2], text[n/2+1..n]) then return true;
end,
return false; { if the "true" has not been already returned }
end,

Theorem 9.11
The algorithm SQUARE tests the squarefreeness of a word of length n in O(log2n)
parallel time using n processors in the PRAM model without concurrent writes.
Pr oof
The complexity of the algorithm SQUARE essentialy comes from the computation of basic
factors in O(log2n) (Theorem 9.4). Each recursive step during the execution of the algorithm
takes O(logn) time with n processors as shown by Lemma 9.10. The number of step is logn.
Thisgivestheresult. ¥

The pardld squarefreeness test above is the parale version of the corresponding
algorithm SQUARE of Chapter 8. Section 8.2 contains another seria algorithm that solves the
same question in linear time on fixed alphabets. We present now the parallel version of the
latter algorithm.

Recall that the second algorithm is based on the f-factorization of text. It is a sequence of
nonempty words (v1, Va,..., Vi) such that text = vqvo...vm and defined by
— v1 =text[1], and
— for k> 1, vk is defined as follows. If vivo...Vi-1| = i then vy is the longest prefix u of
text[i+1...n] which occurs at least twicein text[1...i]u. If thereis no such u then vy = text[i+1].
Recall also that pos(vk) is the position of the first occurrence of v in text (it is the length of the
shortest word y such that yv is a prefix of text).

Theorem 9.12
The f-factorization of text of size n, and the associated table Pos, can be computed in
O(logn) time with n processors of a CRCW PRAM.
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Proof

(a) First construct the suffix tree T(text) by the algorithm of [AILSV 88]. The leaves of T(text)
correspond to suffixes of text, and the path from the root to the leaf numbered i spells the suffix
starting at position i in text.

(b) For each node v of T(text) compute the minimal value of the leaf in the subtree rooted at v.
This can be done by a tree-contraction algorithm, for example the one of [GR 88].

(c) For each leaf i, compute the first node v (bottom-up) on the path from i to the root with a
vaue | < i. Denote by size(i) the length of the string spelled by the path from the root to the
nodev. The value | equals pos(i). If there is no such node then pos(i) =i and size(i) = 1.

The computation of tables pos(i) and size(i) can be done efficiently in paralel asfollows:

— Let Up[v, K] be the node lying on the path from v to the root whose distance from v is oK |f
thereis no such node then we set Up[v, k] to root.

— For each node v of the tree, compute the table MinUp[v, K] for k =1, 2, ..., logn. The value
of MinUp]v, K] isthe node with the smallest value on the path from v to Up[v, k]. Both tables
can be easily computed in O(logn time with O(n) processors.

— Next, the values of pos(i) can be computed by assigning one processor to each leaf i. The
assigned processor makes a kind of binary search to find thefirst j <i on the path from i to the
root. Thistakes logarithmic time.

(d) Let Next(i) = i+size(i). Compute in parallel al powers of Next. The factorization can then be
deduced because the position of the element vj;1 of (v1, Vo, ..., Vi) iS Nexti(l).

The table pos has been already computed at point (c). This completes the proof.

The parald version of the function linear-SQUARE of Section 8.2 is asfollows.
Now the key point isthat the computation of righttest(vVvy...Vk-2, Vi.1Vk), implied by the test of

conditions (2) and (3), can be done in logarithmic time using only O(|vy.1Vk|) processors. All
the tests can be done independently.

function Parallel-test(text): bool ean;

begi n
conpute in parallel
the f-factorization (v1, vp, .., vp of text;
for each k € {1, 2, .., n} do in parallel

if (1) or (2) or (3) hold then { see Lenma 8. 8xxx }
return true;
return fal se;
end;
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Theorem 9.13
The square-freeness test for a given text text of size n can be computed in O(logn) time
using O(n) processors of a CRCW PRAM.

Proof

Each condition can be checked in the algorithm Parallel-test in O(logn) time using O(|vk-1Vi|)

processors, dueto Lemma 9.10. Thus, the number of processors we need is a most the totd
sum of al |vi.qvkl, which is obviously O(n). This completes the proof. ¥

The next application of KMR algorithm is to agorithmic questions related to
palindromes. We consider only even length palindromes. let PAL denote the set of such
nonempty even palindromes (words of the form wwR). Recall that Rad([i] is the radius of the
maximal even palindrome centered at position i in the text text,

Rad[i] = max{k : text[i-k+1...i] = (text[i+1...i+K])R}.
If kisthe maximal integer satisfying text[i-k+1...i] = (text[i+1...i+Kk])R then we say that i is
the center of the maximal palindrome text[i-k+1...i+K]. We identify palindromes with their
corresponding subintervals of [1...n].

Lemma9.14
Assume that the dictionaries of basic factors for text and its reverse, textR, are computed.
Then the table Rad of maximal radii of palindromes can be computed in O(logn) time
with n processors.

Proof

The proof is essentially the same as for the computation of table PREF: a variant of pardld

binary searchisused.

Denote by Firstcentreli] (resp. Lastcentre|i]) the tables of first (resp. last) centersto the right of
i (including i) of palindromes containing position i.

Lemma9.15
If the table Rad is computed then the table Firstcentre (resp. Lastcentre) can be
computed in O(logn) time with n processors.
Proof
We firgt describe an O(log2n) time algorithm. It uses the divide-and-conquer approach. A
notion of half-palindrome is introduced and shown on Figure 9.5.
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Maximal palindrome centered at i Its corresponding half-palindrome

B R %

| |
LEFTi] i LEFT[i] i

-
%

Figure 9.5. Half-palidromes.

The value Firstcentregfk] is the first (to the right of k including k) right end of an half-

palindrome containing k.

The structure of the algorithm is recursive:
The word isdivided into two parts x1 and x2 of equa sizes. In x1 we disregard the half-
palindromes with right end in x2. Then, we compute in pardle the table Firstcentre for
x1 and x2 independently. The computed table, at this stage, gives correct fina value for
positionsin x2. However, the part of the table for x1 may be incorrect due to the fact that
we disregarded for x1 half-palindromes ending in x2. To cope with this, we apply
procedure UPDATE(X1, x2).

Thetableis updated looking only at previoudly disregarded half-palindromes. The structure of

these half-palindromes is shown on Figure 9.6.

Left part of the text Right part of the text

D%

Half-palindromes to be removed

Figure 9.6. Structure of half-palindromes.

The half-palindromes can be treated as subintervals|i...j]. We introduce a (partial) ordering on
half-palindromes as follows: [i...j]<[k...I] iff (i = kandj < 1).
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procedure UPDATE(x1, x2);
{ only half-palindronmes starting in x1 and ending in x2 are
consi dered }
begi n
renove all hal f-palindrones but mninmal ones;
{ this can be done in logn tine by parallel prefix conputation }
{ we are left with the situation presented in Figure 9.7 }
we conpute for each position k the first (to the left)
starting position s[k] of an half-palindrone;
for each position k in x1 do in parallel
{ see Figure 9.7 }
Firstcentre[k] := mn(Firstcentre[k], right end of half-
pal i ndrone starting at s[k]);

end;

Left part of text Right part of text

Firstcenter[K]

Figure9.7. Table Firstcenter.

At the beginning of the whole algorithm Firstcentre]k] is set to +o. One can see that the
procedure UPDATE takes O(logn) time using |x1|+[x2| processors. The depth of the recursion
is logarithmic, thus, the whole agorithm takes O(log2n) time.

We now briefly describe how to obtain O(logn) time with the same number of processors. We
look at the global recursive structure of the previous algorithm. The initial level of the recursion
is the zero leve, the last one has depth logn-1. The cruciad observation is that we can
simultaneously execute UPDATE at al levels of the recursion. However at the g-th level of the
recursion, instead of minimizing the value of Firstcentre[k] we store the values computed a
this level in a newly introduced table Firstcentrey: for each position k considered at this level
the procedure sets Firstcentreg[K] to the right end of half-palindrome starting a s[k] (see
UPDATE). Hence, the procedure UPDATE is dightly modified; at level q it computes the table
Firstcentreg. Assume that all entries of all tables areinitialy set to infinity.
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After computing al tables Firstcentreg we assign a processor to each position k. It computes
sequentially (for its position) the minimum of Firstcentreg[K] over recursion levelsk = 0, 1,...,
logn-1. This globally takes O(logn) time with n processors. But we compute O(logn) tables
Firstcentrey, each of size n, so we have to be sure that n processors suffice to compute all these
datain O(logn) time. The computation of Firstcentrey, at agiven level of recursion can be done
by simultaneous applications of parale prefix computations (to compute the first marked
element to the left of each position K) for each pair (x1, x2) of factors (at the g-th level we have
24 such pairs). The prefix computations a a given level take together O(n) elementary
sequential operations. Hence the total number of operationsfor all levelsisn O(logn). It is easy
to compute Firstcentrey for a fixed g using n processors. This requires O(n.logn) processors
for al levels g, however we have only n processors.

At this moment, we have an agorithm working in O(logn) time whose total number of
elementary operations is O(nlogn). We can apply Brent's lemma: if M(n)/P(n) = T(n) then the
algorithm performing the tota number of M(n) operations and working in parale time T(n)
can be implemented to work in O(T(n)) time with P(n) processors (see for instance [GR 89]).
In our case M(n) = O(n.logn) and T(n) = O(logn). Brent's lemma is a genera principle, its
application depends on the detailed structure of the algorithm as to whether it is possible to
redistribute processors efficiently. However in our case we dea with computations of very
simple structure: multiple applications of paralel prefix computations. Hence n processors
suffice to make all computations in O(logn) time. This compl etes the proof. +

Theorem 9.16
Even pastars can be tested in O(logn) time with n processors on the exclusive-write
PRAM moddl, if the dictionary of basic factorsis already computed.
Pr oof
Let first be a table whose i-th value is the first position j in text such that text[i...j] is an even
nonempty palindrome; it is zero if there is no such prefix even palindrome. Define first[n] = n.
This table can be easlly computed using the values of Firstcentrefi]. Then, the sequential
algorithm tests even padtars in the following natura way: it finds the first prefix even
palindrome and cutsiit; then such aprocessis repeated as long as possible; if we are done with
an empty string then we return "true”: theinitial word is an even palstar. The correctness of the
algorithm is then analogue to that of Theorem 8.12.
We make a parallel version of the algorithm. Compute table first™[i] = first&[i], where k is such
that first{[i] = firstk*1[i], using a doubling technique. Now the text is an even padtar iff
first*[1] = n. This can be tested in one step.
This ends the proof.

Unfortunately the natural sequential algorithm described above for even palstars does not
work for arbitrary palstars. But, in this more general case, a similar table first can be defined
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and computed in essentially the same manner as for even palindromes. Palstar recognition then
reduces to the following reachability problem: isthere a path according to first from position 1
to n. It isknown that the positions are nodes of a directed graph whose maximal outdegree is
three. It israther easy to solve the reachability problem in linear sequentia time, but we do not
know how to solve it by an aimost optimal parallel agorithm. In fact, the case of even pastars
can be also viewed as areachability problem: its simplicity isrelated to the fact that in this case
the outdegree of each vertex in the corresponding graph isjust one.

Lemma9.17
The table Lastcentre can be computed in O(logn) time with n processors on the
exclusive-write model.
Proof
We compute the maximal (with respect to inclusion) half-palindromes. We mark their leftmost
positions, and then, the table Lastcentre is computed according to Figure 9.8. For position k,
we haveto find only the first marked position to the left of k (including k). This completes the
proof. ¥

® l ®

Lastcenter K]

Figure 9.8. Table Lastcenter.

Theorem 9.18
Compositions of k palindromes, for k = 2, 3 or 4, can be tested in O(logn) time with
n/logn processorsin the exclusive-write PRAM model, if the dictionary of basic factors
is computed.
Proof
The parallel adgorithmisan easy paralel version of the sequentia agorithm in [GS 78] which
appliestok =2, 3, 4. Thekey point is that if atext x is a composition uv of even palindromes
then thereis acomposition u'v' such that u' is a maximal prefix palindrome or V' is a maximal
suffix palindrome of x. The maximal prefix (suffix) palindrome for each position of the text
can be computed efficiently using the table Lastcentre (in the case of suffix palindromes the
table is computed for the reverse of the string).
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Given the tables Rad and Lastcentre (also for the reversed string) the question "is the text
X[1...i] a composition of two palindromes’ can be answered in constant time using one
processor. The computation of logical "or", or questions of this type, can be done by a paralld
prefix computation. The time is O(logn), and O(n/logn) processors suffice (see Lemma 9.1).
This completes the proof. £

Several combinatorial algorithms on graphs and strings consider strings on an ordered
alphabet. A basic agorithm often used in this context is the computation of maximal suffixes,
or of minimal non-empty suffixes, according to the alphabetic ordering. These agorithms are
strongly related to the computation of the Lyndon factorization of a word, that is recaled now.
A Lyndon word is a non-empty word which is minimal among its non-empty suffixes. Chen,
Fox and Lyndon proved that any word x can be uniquely factorized as l1l2.. | such that h = 0O,
the li's are Lyndon words, and |1 = Io = ... = Ip. It is known also that Iy, is the minimal non-
empty suffix of x. In the next paralld agorithm, we will use the following characterization of
the Lyndon word factorization of x.

Lemma 9.19
The sequence of non-empty words (14, I2, ..., In) is the Lyndon factorization of the word
x iff x = I4lo.. I, and the sequence (I1l2...In, 1213...Ih, ..., In) is the longest sequence of
suffixes of x in decreasing a phabetical order.

Pr oof

We only prove the 'if' part and leave the ‘only if' part to the reader.

Letsy =l1lo...1, sp=12l3...1h, ..., Sh = Ih, Sh+1 = €. As a consequence of the maximality of the
sequence, one may note that, for eachi =1, ..., h, any suffix w longer than 541 satisfiesw > s;.
To prove that (11, 12, ..., Ip) is the Lyndon factorization of x, we have only to show that each
element of the sequenceisa Lyndon word. It is the case for I, since, again by the maximality
condition, I isthe minimal non-empty suffix of x, and thus is less than any of its non-empty
suffixes. Assume, ab absurdo, that v is both a non-empty proper prefix and suffix of Ij, and let
w be such that wv = §;. Since vsi+1 is a suffix of x longer than sj+1, we have vsi+1 > . The
latter expression implies s > w, which is a contradiction. This proves that no non-empty proper
suffix v of lj isaprefix of lj. But since again vs+1 > 5, we must havev > s, and also v > |j. So,
li isaLyndon word. This ends the proof.

Theorem 9.20
The maximal suffix of the text of length n, and its Lyndon factorization can be computed
in O(log2n) time with n processors on the exclusive-write PRAM.
Proof
We first apply the KMR algorithm of Section 3 using the exclusive-write model to the word
x#...#. Assume here (contrary to the previous sections) that the specia character # is the
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minimal symbol. Essentialy, it makes no difference for KMR agorithm. We then get the
ordered sequence of basic factors of x given by tables POS. After padding enough dummy
symbols to the right, each suffix of x becomes also a basic factor. Hence, for each position i,
we can get Rank[i]: the rank of the i-th suffix X[i]...x[n] in the sequence of al suffixes. One
may note that the padded character # has no effect on the aphabetical ordering since it is less
than any other character.

Let usdefine L[i] to bethe position j such that both j < i and Rank[j] = min{Rank[j]: 1 =< |' =
i}. By the above characterization of the Lyndon word factorization of x, L[i] gives the starting
position of the Lyndon factor containing i. Vaues L[i] can be computed by prefix computation.
Define an auxiliary table G[i] = L[i]-1. Now, it is enough to compute the sequence G[n], G4[n],
G3[n], ..., GN[n] = 0. In fact, such sequence gives the required list of positions, starting with
position n. It is easy to mark al positions of [0.. n] contained on this list in O(log2n) paralld
time. These positions decompose the word into its Lyndon factorization. This completes the
proof. ¥

9.4. Parallel computation of suffix trees

Efficient paralel computation of the suffix tree of a text is a delicate question. The
dictionary of basic factors leads to a rather simple solution, but which is not optimal. As
already noted in Chapter 8, the equivalences on factors of atext are strongly related to its suffix
tree. And the naming technique used by KMR algorithm to compute the dictionary is precisely
atechnique to handle the equivalence classes.

To build the suffix tree of atext, afirst coarse approximation of it is built. Afterwards the
tree isrefined step by step. The approximation becomes closer to the suffix tree that is reached
at the end of the process. During the construction, we have to answer quickly the queries of the
form: are the k-names (i.e. the factors of length k) starting at positionsi and j identical ? Thisis
needed to compute the k-equivalence relations defined on the nodes of intermediate trees.
Roughly speaking, such relations help to make refinements of the tree and get better
approximations of the final suffix tree.

Assume n-1 is a power of two. The n-th letter of text is a specia symbol. A suitable
number of special symbolsis padded to the end of text in order to have well defined factors of
length n-1 starting at positions 1, 2, ..., n-1. We say that two words x and y are k-equivaent if
they have the same prefix of length 2K,

We build a series of logarithmic number of trees Tn.1, T(n-1)/2, ..., T1: €ach successive
tree is an approximation of the suffix tree. The key invariant of the construction is:

invar (k): for each internal node v of Ty there are no two distinct outgoing edges whose

labels have the same prefix of length k. The label of the path from the root to the leaf i

equalstext[i...i+n]. Thereisno internal node of outdegree one.
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Note that the parameter k is aways a power of two. This gives the logarithmic number of
iterations.

Remark
If invar(1) holds, then we have the tree T, is essentiadly the suffix tree T(text). Just a trivid

modification may be needed to delete all #'s padded for technical reasons, except one.

The core of the construction is the procedure REFINE(K) that transforms Tok into Tk.
The procedure maintains the invariant: if invar(2K) is satisfied for Tok, then invar(k) holds for
Tk ater running REFINE(K) on Tok. The correctness (preservation of invariant) of the
construction is based on the trivial fact expressed graphically below.

Figure9.9. If x=yand x1 = y1, then xo = yo. If invar(2K) islocally satisfied (on the left),
after insertion of anew node, invar (k) locally holds (on the right).

The procedure REFINE(K) consists of two stages:
(2) insertion of new nodes, one per each non-singleton k-equivalence class;
(2) deletion of nodes of outdegree one.
In thefirst stage the operation localrefine(k, v) isapplied in parallel to al internal nodes v of the
current tree. Thislocal operation is graphically presented in the Figure 9.10. The k-equivalence
classes, labels of edges outgoing a given node, are computed. For each non-singleton class, we
insert anew (internal) node.
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localrefine(k,v) // k-name edge
new node

v1v2v3v4v5v6v7 vi v2 v3 v4 V5 w6 V7 V8

I | b | | o] [ 2 #

k-equivalence classes

Figure 9.10. Local refinement. The sons (of node v) whose edge labels have the same k-
prefixes are k-equivalent.

To achieve a more complete pardldization, each of operation localrefing(k, v) is
performed with as many processors as the number of sons of v (one processor per son).
Hence, each locd refinement is done in logarithmic time, as well as the whole REFINE
operation. Since we apply REFINE logn times, the global time complexity is O(log2n). The
number of processorsis linear asisthe sum of outdegrees of al internal nodes.

The agorithm isinformally presented on the example text abaabbaa#. We start with the
tree T(8) of al factors of length 8 starting a positions 1, 2, ..., 8. The tree is amost a suffix
tree: the condition that is only violated is that some internal node v (in fact here, the root) has
two distinct outgoing edges whose labels have a common nonempty prefix. We attempt to
satisfy the condition by successive refinements. the prefixes violating the condition become
smaller and smaller, divided by two at each stage, until they become empty.
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e here [i*] = [1,i+7]
/ 8.4]
5
2 * [6.*]
1 [2,*¥] [3'*]"[4,*; 5.%]s =
2 3| [a 5] L&

Figure 9.11.Thetree T(8) for text = abaabbaa#. The 8-equivalence isthe 4-equivaence,
hence T(8) = T(4). But the 2-equivalence classesare {6, 2}, {3, 7}, {4, 1}, {8}, {5}.
We apply REFINE(2) to get T(2).

-~ _[5,12]

\6,7] —~
S

[8,15] [8,13] [4,9]

g

Figure9.12. Tree T(2). Now the 1-equivalence classesare {3}, {7}, {4}, {1}, {Vv1, v2, 8}, {6,
2}, {Vv3, 5}. Three new nodes has to be created to obtain T(1).
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[4.4]
[5.5]
(5,10]
6,11
[9,11] [6,11] (3.5]
- 7 4 1

Figure 9.13. The tree after the first stage of REFINE(1) : insertion of new nodes v4, v5, V6.

deleting nodes of outdegree 1

SN [3,3]

(v4)
[6,12]
[7,8]
5
5,10] &
[6,11] [4,9]
9,11
B.a1l [3.8] [9,13]
: 7 4 1
6 2

Figure 9.14. Tree T(1) after the second stage of REFINE(1):
deletion of nodes of outdegree one.
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final modification

69 L2
7,8]
5
5,9] =

el [6.9] [4,9]

3,91 )

2 7 4 1

6 2

Figure 9.15. The suffix tree T(abaabbaa#).
It results from T(1) by a"cosmetic" modification, elimination of extra#.

The informal description of the construction of the suffix tree T(text) is summarized by
the algorithm below.

Al gorithm
{ parallel suffix tree construction; n-1is a power of two }
procedur e REFI NE(K);
begi n
for each internal node v of T do in parallel begin
| ocalrefine(k, v); delete all nodes of outdegree one;
end;
end;
{ main algorithm}
begi n
let T be the tree of height 1 whose |eaves are 1..n-1, and
the [ abel of the i-th edge is [i, i+n];
k : =n-1;
repeat { T satisfies invar(k) }
k : = k/2;, REFINE(K); { T satisfies invar(k) }
until k = 1;
delete extra #'s;
return T;
end.
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Remark

Observe that the previous strategy followed to build the suffix tree T(text) can be implemented
in the sequential RAM model (one processor). Then, because the computation of equivalence
classes can be done by a sequentia linear time agorithm (with the help of radix sorting), we get
an O(n.logn) time simple new algorithm for the computation of suffix trees. The suffix tree
constructions of Chapter 5 are inherently sequential, because the text is scanned from left to
right or in the reverse direction. The nature of the present algorithm is "more parale”, and has
almost no reason to be considered for sequential computations

Theorem 9.21
The suffix tree of text of length n can be constructed in O(log2n) pardle time with n
processors on a PRAM with exclusive-writes. (With a more elaborated construction even
read conflicts can be avoided).
Proof
The complexity bounds follows directly from the construction, and from the algorithm
computing the dictionary of basic factors. At each stage, it is possible to calculate for each node
how many new sons have to be created for this node. Then, in logarithmic time, we can assign
new processors to the newly created nodes. All calculations are easy because we can caculate
the number of new nodes traversing the tree in pre-order, for instance. Such traversal of the tree
iseasily paralelized efficiently. This completes the proof. +

In the construction above, the running time can be reduced by the logarithmic factor if
concurrent writes are allowed. Basicaly, the method is analogue to the computation of the
dictionary of basic factors. The bulletin board technique is used similarly. However, it becomes
more difficult to assign processors to newly created nodes.

Theorem 9.22
Suffix trees can be built in O(logn) pardld time with n processors in the PRAM with
write conflicts.

9.5.* Parallel computation of dawg's

In this section we extend the results of the previous section to the computation of dawg's.
We show how to compute efficiently in parallel the directed acyclic word graph of al factors of
atext, and also its compressed version — the minimal factor automaton. The construction of
dawg's given here consists essentially in a parald transformation of suffix trees. The basic
procedure is the computation of equivalent classes of subtrees. We encode the suffix tree by a
string in such away that the subtrees correspond to subwords of the coding string.
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Lemma 9.23
Let T be arooted ordered tree whose edges are labelled with constant size letters. Then,
we can compute the isomorphic classes of subtrees of T with O(n) processors in time
O(log2n) in the exclusive-write PRAM model, and in time O(logn) in the concurrent-
write PRAM mode.

Proof

We use an Euler tour technique, werefer the reader to [TV 85] and [GR 88] for more detailed

exposition of thistechnique. The edge with label X is replaced by two edges. the forward edge

with label X, and the backward edge with label X'. The tree becomes an Eulerian directed graph.

Figure 9.16. code(vl) = "ABBCAACCCABAACCB"; code(v3) = code(v4).
The code x of thetree T is constructed in parallel by the Euler tour method.
The labels of edges outgoing a given node are sorted. The nodes v4 and v3 are roots of
isomorphic subtrees because x[5...8] = x[12...15].

An Euler tour x is computed such that the edges outgoing a given node of the tree appear in
their original order. Such a tour can be computed in O(logn) time with n processors [TV 85].
The main advantage of the technique is the transformation of tree problems into problems on
strings. Figure 9.16 demonstrates an Euler tour technique for a sample tree.

L et code(v) denote the part of the traversal sequence x corresponding to the subtree rooted at v.
It is possible to compute in O(logn) time with n processors the integers i and j such that
code(V) = X]i...j] for each node v. The subtrees rooted a vl and v2 are isomorphic iff
code(vl) = code(V2).

We build the dictionary of basic factors for x. Then, each subtree gets a constant size name
corresponding to its code. These names are given directly by the dictionary if the length is a
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power of two. If not, the composite nameis created (decomposing the code of the subtree into
two overlapping strings having length a power of two). Afterwards two subtrees are
isomorphic iff they have the same names, and the crucia point is here that the names are of
O(2) size. The procedure RENUMBER can be applied to compute the equivaence classes of
subtrees with the same name. This compl etes the proof. +

Theorem 9.24

DAWG(text) can be constructed in O(log2n) time in the exclusive-write PRAM model,

and in O(logn) time in the concurrent-write PRAM model, using O(n) processors.
Proof
We demonstrate the algorithm on the example string text = baaabbabb. We assume that the
suffix tree of text is already constructed. For technical reasons, the endmarker # is added to the
text. Thisendmarker islater ignored in the final dawg (however, it is necessary at this stage).
By the algorithm given in the proof of the preceding lemma, the equivalence classes of
isomorphic subtrees are computed. The roots of isomorphic subtrees are identified, and we get
an approximate version G' of DAWG(text) (see Figure 9.17). The difference between the actua
structure and the dawg is related to lengths of strings which are labels of edges. In the dawg
each edge is labelled by a single symbol. The "naive" approach could be to decompose each
edge labdled by a string of length k into k edges and then merge some of them; but the
intermediate graph could have a quadratic number of nodes. We apply such an approach with
the following modification. By the weight of an edge we mean the length of its label. For each
node v, we compute the heaviest (with the biggest weight) incoming edge. Denote this edge by
inedge(v). Then, in parallel, for each node v, we perform alocal transformation local-action(v).
It is crucid that al these locd transformations are independent and can be performed
simultaneoudly for all v.

OO VOTTLY
®
#OOTOOOTY
e

Figure 9.17. Identification of isomorphic classes of nodes of the suffix tree.
In the algorithm, labels of edges are constant size names corresponding to themselves.
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The transformation local-action(Vv) consists in decomposing the edge inedge(V) into k edges,
where K is the length of the label z of this edge. The labd of i-th edge is i-th letter of z. Are
introduced k-1 new nodes: (v, 1), (v, 2), ..., (v, k-1). Thenode (v, i) is at distance i from v. For
each other edge incoming v, e = (w, v) we perform in paralle the following additional action.
Suppose that the label of e has length p, and that itsfirst letter isa. If p > 1, we remove the edge
e, and create an edge from w to (v, p-1) whose label isthe letter a. This is graphicaly illustrated
in Figure 9.18.

Figure 9.18. Theloca transformation. New nodes are introduced on the heaviest
incoming edge.

Then we execute the statement : for al non-root nodes v in parallel do local-action(v). The
resulting graph for our example string text is presented in the Figure 9.19. Generally, this graph
isthe required DAWG(text). This completes the proof. f
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redundant states

Figure 9.19. Dawg (top) and minimal factor automaton (bottom) of baaabbabb.

The dawg DAWG(text) can still be compacted. In fact, the structure can be reduced in the
sense of minimization of automata. This remains to merge equivaent node according to the
path starting from them. The reduction is possible if we do not mark nodes associated to
suffixes of the text. In other words, the structure then accepts the set of al factors of text
without any distinction between them. We cal the resulting structure the minimal factor
automaton of text, and denote it by F(text). Figure 9.19 illustrate the notion on the word text =
baaabbabb. We first show how to determine the nodes of DAWG(text) associated to suffixes
of text. The overadl gives the minimal automaton accepting suffixes of text, Jtext). Then, we
give the construction of F(text) derived from that of DAWG(text).

Theorem 9.25
The minimal suffix automaton of a text of length of length n can be constructed in
O(log2n) time in the exclusve-write PRAM model, and in O(logn) time in the
concurrent-write PRAM model, using O(n) processors.
Pr oof.
We admit that the minimal suffix automaton Stext) is just DAWG(text) in which nodes
associated to suffixes of text are marked as accepting states. We can assume that we know the
values of nodes of the suffix tree (labels of the path from the root to nodes). In the process of

Efficient Algorithms on Texts 228 M. Crochemore & W. Rytter



chapter 9 229 21/7/97

identification of roots of isomorphic subtrees, we can assign names to the nodes of the dawg:
the name of node v is the word corresponding to the longest path from the root to v. Then, node
is an accepting state of Stext) iff its name is the suffix of the input word text. This can be
checked for each node v in constant time with the dictionary of basic factors. This completes the
proof. £

# #

baaa (bJaE) @azabba) (Cbaaab ) ((baaabbab™) (Tbaaabb ) (“baaabbabb )

Figure 9.20. The suffix tree T(w") for w = bbabbaaab#; w is the reverse of text = baaabbabb,
with an endmarker. We ignore nodes whose incoming edges are labelled only by #.
The values of nodes of thistree are reverses of the labels of their pathsin T(w);
they correspond to the nodes of DAWG(text). The node v is redundant iff, simultaneoudly,
visaprefix of the father of text, v has only two sons, and at least one of them isaleaf.
Hence, a is not redundant, but nodes ab and abb are.

Theorem 9.26
The minimal factor automaton of a text of length of length n can be constructed in
O(log2n) time in the exclusve-write PRAM model, and in O(logn) time in the
concurrent-write PRAM model, using O(n) processors.
Sketch of the proof
Construct the suffix tree T' = T(w). Let G = DAWG(text) and G' = DAWG(#text). Let w be the
reverse of #text. There is a one-to-one correspondence between nodes of G' and T, if we
reverse dl labels of nodes of T'. The origina label of the node v of T' is the word
corresponding to the path from the root to v. However, we modify these labels by reversing
these words. We identify al nodes of G with their equivalents in T' by an efficient pardle
algorithm based on the dictionary of basic factors.
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Thetree T isthetree of so-called suffix-links of G'. It provides a useful information about G'
and G, since G isasubgraph of G'. Let V' be the set of all nodes (including root) reachablein G
from the root, after removing the edge labelled #; the subgraph G' induced by V' equals G.
Now the graph G = DAWG(text) can be treated as afinite deterministic automaton accepting dl
factors of text (the set Fac(text)). All nodes are accepting states. Two nodes of G are equivalent
iff they are equivalent in the sense of this automaton. It happens that equivalence classes are
very simple, each equivalence class consists of a most two nodes. It is easy to compute these
equivalence classesin paralld using thetree T'. We say that the node (state) v is redundant if it
is contained in atwo-element equivalence class, and its partner V' (in the equivaence class) has
alonger value. For aredundant node v, denote by nt(v) the node v'. Essentially, the problem of
the computation of the minimal factor automaton reduces to the computation of redundant
nodes, and of the function m. Let usidentify nodes with their values. Let z be the father of text
inT.
Claim
The node v of G isredundant iff visaprefix of z(not necessarily proper), v has only two
sonsin T', and one of itssonsis aleaf.
Let b be the letter preceding the rightmost occurrence of z in text. Assume that v is a
redundant node, and that V' is a son of v such that the labdl of the edge (v, V') does not
start with the letter b. Then rt(v) = V.
We |eave the technical proof of the claim to the reader (as a non-trivial exercise!). Section 6.4
may be helpful for that purpose. In the example of Figure 9.20, z = abb, its prefixes are a, ab,
and abb. Only ab and abb are redundant; rt(ab) = baaab and rt(abb) = baaabb.
The claim above allows to compute efficiently in paralld al redundant nodes, and the function
nt. After that, we execute: the statement
for each redundant node v do in parallel
identify v with n(v), redirect all edges com ng
from non-redundant nodes to v onto n(Vv);
The computation of redundant nodes is illustrated in Figure 9.20. Once we know redundant
nodes, the whole minimization process can be done efficiently in parallel. This completes the
proof. f

The algorithm gives also another sequential linear-time construction of dawg's, as classes
of isomorphic subtrees can be computed in linear sequential time traversing the tree in a
bottom-up manner and using bucket sort. There is a possible different efficient paralle
algorithm for dawg construction by transforming the suffix tree of the reverse input word into
the dawg of the word. In this case, the correspondence between such suffix trees and dawg's, as
described in chapter 6, can be used. In the presentation above, we paraléelize the transformation
of suffix trees into dawg's, which relies on subtrees isomorphism. It is also possible to
parallelize the other transformation, but this becomes much more technical.
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The parale agorithm for dawg construction can be further extended, and applies to the
computation (in parallel) of complete inverted files. This can be understood as the construction
of the suffix dawg of afinite set of texts.

Bibliographic notes

Elementary techniques for the construction of efficient paralel algorithms on a PRAM
can befound in [GR 88]. It isalso a source for detailed description of optimal pattern-matching
algorithm for strings (see Chapter 14). The method developed in Parallel-KMR algorithm
leads to less efficient algorithm, but is more general and easy to explain. Moreover, the running
times we get with KMR agorithm are usually within a logarithmic factor of best known
algorithms. The dictionary of basic factors in from [CR 91c]. Cole [Co 87] has designed a
parallel merge sort that can be used for one implementation of the procedure RENUMBER of
Section 9.1.

The material of Sections 9.2 and 9.3 is from [CR 91c|. Apostolico has given an optimal
algorithm to detect squaresin texts[Ap 92].

The suffix tree construction is based on the same ideas. Efficient paralel algorithms for
the construction of suffix trees have been discovered independently by Landau, Schieber,
Vishkin, and by Apostolico and Iliopoulos. The combined version appears in [AILSV 88].
This paper also contains the trick on the reduction of bulletin board space from n? to nl*€,

The construction of suffix and minimal factor automatais from [CR 90], and is based on
the close relationship between suffix trees and dawg's given in [CS 84] (see Chapter 6). A
more efficient algorithm to test the squarefreeness of atext, achieving an optimal speed-up, has
been designed by Apostolico et dii [ABG 92] (see also [Ap 92]), but the method are much
more complicated than the ones presented in this chapter.

Technical properties used to derive parallel detections of palindromes are essentially from
[GS 78].

The properties required to prove Theorem 9.26 can be found in [BBEHCS 85] (see aso
Section 6.4).
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10. Text compression techniques

The aim of data compression isto provide representations of datain a reduced form. The
information carried by data is left unchanged by the compression processes considered in this
Chapter. There is no loss of information. In other words, compression processes that we
discuss arereversible.

The main interest of data compression is of practica nature. Methods are used both to
reduce the memory space required to store files on hard disks or other smilar devices, and to
accelerate the transmission of data in telecommunications. The question remains important
even regarding the rapid increase of mass memory, because the amount of data increases
accordingly (to store images produced by satellites or scanners, for instance). The same
argument applies to transmission of data, even if the capacity of existing media is constantly
improved.

We describe data compression methods based on substitutions. The methods are generd,
which means that they apply to data on which little is known. Semantic data compression
techniques are not considered. So, compression ratios must be appreciate under that condition.
Standard methods usually save about 50% memory space.

Data compression methods try to eliminate redundancies, regularities, and repetitions in
order to compress the data. It is not surprising then that algorithms have common features with
others described in preceding chapters.

After afirst section on elementary notions on the compression problem, we consider the
classical Huffman satistical coding (Sections 10.2 and 10.3). It is implemented by the Unix
(system V) command "pack”. It admits an adaptive version well suited for telecommunication,
and implemented by the "compact” command of Unix (BSD 4.2). Section 10.4 deals with the
general problem of factor encoding, and contains the efficient Ziv-Lempel algorithm. The
"compress' command of Unix (BSD 4.2) is based on avariant of thislatter algorithm.

10.1. Substitutions

The input of a data compression algorithm is a text. It is denoted by s, for source. It
should be considered as a string on the aphabet {0, 1}. The output of the algorithm is aso a
word of {0, 1}* denoted by c, for encoded text. Data compression methods based on
substitutions are often described with the help of an intermediate alphabet A on which the
source strandates into atext text. The method is then defined by the mean of two morphisms g
and h from A* to {0, 1}*. The text text is an inverse image of s by the morphism g, which
meansthat its letters are coded with bits. The encoded text c is the direct image of text by the
morphism h. The set {(g(a), h(a)) : a € A} iscalled the dictionary of the coding method. When
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the morphism g is known or implicit, the description of the dictionary is just given by the set
{a,h(@):acA}.

We only consider data compression methods without loss of information. This implies
that adecoding function f exists such that s=f(c). Again, f is often defined through a decoding
function h' such that text = h'(c), and then f itself is the composition of h' and g. The lossless
information constraint implies that the morphism h is one-to-one, and that h' is its inverse
morphism. This meansthat the set { h(a)) : a& A} isauniquely decipherable code.

The pair of morphisms, (g, h), leads to a classification of data compression methods with
substitutions. We get four principal classes according to whether g is uniform (i.e. when dl
images of letters are words of the same length) or not, and whether the dictionary is fixed or
computed during the compression process. Most elementary methods do not use any
dictionary. Strings of a given length are sometimes caled in this context blocks, while factors
of variable lengths are caled variables. A method is then qualified as block-to-variable if the
morphism g is uniform, or variable-to-variable if neither g nor h are assumed to be uniform.

The efficiency of a compression method that encodes a text s into a text ¢, is measured
through a compression ratio. It can be [g/|c|, or its inverse |cf/|d. It is sometimes more intuitive
to compute the amount of space saved by the compression, (|5-|c|)/|c|.

block-to-variable variable-to-variable
differential encoding repetition encoding
fixed dictionary statistical encoding factor encoding
(Huffman)
evolutive dictionary | sequential statistical encoding | Ziv and Lempel's algorithm
(Faller et Gallager)

Therest of the section is devoted to the description of two basic methods. They appear on
thefirst line of the previous table: repetition encoding and differential encoding.

The am of repetition encoding is to efficiently encode repetitions. Let text be a text on the
alphabet A. Let us assume that text contain a certain quantity of repetitions of the form aa...a
for some character a (a € A). Inside text, a sequence of n letters a, can be replaced by &an,
where"&" isanew character (& & A). This corresponds to the usual mathematical notation an.
When the repetitions of only one letter are encoded in that way, the letter itself do need not to
appear, so that the repetition is encoded by &n. Thisis commonly done for "space deletion”.
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1100001 1100001 1100001 1100001 1100001 1100001
a a a a a a
encoded by
& a 6
0100110 1100001 000110

Figure 10.1. Repetition coding (with ASCII code).

The string &an that encodes a repetition of n consecutive occurrences of a, is itsalf
encoded on the binary aphabet {0, 1}. In practice, |etters are often represented by their ASCI|
code. So, the codeword of a letter belongs to {0, 1}K with k=7 or 8. There is no problem in
genera to choose the character "&" (in Figure 10.1, the real ASCII symbol & is used). Both
symbols & and a appear in the coded text ¢ under their ASCII form. Theinteger n of the string
&an should also by encoded on the binary alphabet. Note that it is not sufficient to trandate n
by its binary representation, because we would be unable to locdize it at decoding time inside
the stream of bits. A simple way to cope with that is to encode n by the string 0'bin(n), where
bin(n) is the binary representation of n, and | is the length of it. This works well because the
binary representation of n starts with a"1" (because n>0). There are even more sophisticated
integer representations, but not realy suitable in the present situation. On the opposite, a
simpler solution isto encode n on the same number of bits as letters. If this number is k=8 for
instance, the trandation of any repetition of length less than 256 has length 3. It is thus useless
to encode a2 and a3. A repetition of more than 256 identica letters is cut into smaller
repetitions. These limitations reduce the efficiency of the method.

The second very useful elementary compression technique is the differential encoding,
also called relative encoding. We explain it on an example. Assume that the source text s is a
series of dates

1981, 1982, 1980, 1982, 1985, 1984, 1984, 1981, ..
These dates appearsin binary formin s, so at least 11 bits are necessary for each of them. But,
the sequence can be represented by the other sequence
(1981, 1, -2, 2, 3, -1, 0, -3,..),

assuming that the integer 1 in place of the second date is the difference between the second and
the first dates. An integer in the second sequence, except the first one, is the difference between
two consecutive dates. The decoding process is obvious, and processes the sequence from |eft
to right, which is well adapted for texts. Again, the integers of the second sequence appear in
binary in the coded text c. All but the first, in the example, can be represented with only 3 bits
each. Thisis how the compression is realized on suitable data.

More generally, differential encoding takes a sequence (ui, Up, ..., uUp) of data, and
representsit by the sequence of differences (uy, ux-ug, ..., Un-Un-1) Where "-" is an appropriate
operation.
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Differential encoding is commonly used to create archives of successive versions of a
text. Theinitia text is fully memorized on the tape. And, for each following version, only the
differences with its preceding one is kept on the tape. Severa variations on this idea are
possible. For instance, (ug, Uy, ..., Upy) can be trandated by (ug, uz-us, ..., Up-U1), considering
that the differences are all with the first element of the sequence. This element can also change
during the process according to some rule.

Very often severa compression methods are combined to redize a whole compression
process. A good example of this strategy is given by the application to facsimile machines
(FAX). Pagesto be transmitted are made of lines, each of 1728 bits. A differential encoding is
first applied on consecutive lines. So, if the nth lineis

0101001 0101010 1001001 1101001 1011101 1000000...
and then+1th lineis

0101000 0101011 0111001 1100101 1011101 000000O...
the following lineisto be sent

0000001 0000001 1110000 0001100 0000000 1000000...
Of course, no compression at all would be achieved if the line were sent as it is. There are two
solution to encode the line of differences. The first solution encodes runs of "1" occurring in the
line both by their length and their relative position in the line. So, we get the sequence

(7, 1), (7,49), (8,2, (10,1), ...

whose representation on the binary aphabet gives the coded text. The second solution makes
use of a statistical Huffman code the encode successive runs of O's and runs of 1's. These codes
are defined in the next section.

A good compression ratio is generaly obtained when the transmitted image contains a
written text. But it is clear that "dense" pages lead to small compression ratio, and that best
ratios are reached with blank (or black) pages.

10.2. Static Huffman coding

The most common technique to compress atext is to redefine the codewords associated
to the letters of the aphabet. This is achieved by block-to-variable compression methods.
According to the pair of morphisms (g, h) introduced in section 10.1, this means that g
represents the usual code attributed to the characters (ASCII code, for instance). More
generaly, the source is factorized into blocks of a given length. Once this length is chosen, the
method reduces to the computation of a morphism h that minimizes the size of the encoded text
h(text). The key idea to find h is to consider the frequency of letters, and to encode frequent
letters by short codewords. Methods based on this criterion are caled statistical compression
methods.
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Computing h, remains to find the set C = {h(a) : a € A}, which must be a uniquely
decipherable code in order to permit the decoding of the compressed text. Moreover, to get an
efficient decoding algorithm, C is chosen as an instantaneous code, i.e. a prefix code, which
means that no word of C is prefix of another word of C. It is quite surprising that this does not
reduce the power of the method. This is because any code has an equivalent prefix code with
the same distribution of codeword lengths. The property, stated in the following theorem, is a
consequence of what is known as the Kraft-McMillan inequalities related to codeword lengths,
which are recalled first.

Kraft'sinequality
Thereisaprefix code with word lengths |1, 1, ..., Ik on the aphabet {0, 1} iff
*) Error!< 1.

McMillan'sinequality
Thereisauniquely decipherable code with word lengths Iy, |4, ..., Ik on the alphabet {0,
1} iff the inequality (*) holds.

Theorem 10.1
A uniquely decipherable code with prescribed word lengths exists iff a prefix code with
the same word lengths exists.

Huffman's method computes the code C according to a given distribution of frequencies
of the letters. The method is both optimal and practical. The entire Huffman's compression
algorithm proceeds in three steps. In the first step, the numbers of occurrences of letters
(blocks) are computed. Let ny be the number of times letter a occursin text. I1n the second step,
the set {ny : a € A} is used to compute a prefix code C. Finaly, in the third step, the text is
encoded with the prefix code C found previously. Note that the prefix code should be appended
O0Otthe coded text because the decoder needs it. It is commonly put inside a header (of the
compressed file) that contains additiona information on the file. Instead of computing exact
numbers of occurrences of |ettersin the source, a prefix code can be computed on the base of a
standard probability distribution of letters. In this situation, only the third step is applied to
encode atext, which gives avery simple and fast encoding procedure. But obvioudly the coding
isno longer optimal for agiven text.
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Figure 10.2. Thetrie of the prefix code {0, 10, 1100, 1101, 111}.
Black nodes correspond to codewords.

The core of Huffman's algorithm is the computation of a prefix code, over the aphabet
{0, 1}, corresponding to the distribution of letters {ny : a € A}. This part of the algorithm
builds the word trie T of the desired prefix code. The "prefix" property of the code ensures that
there is a one-to-one correspondence between codewords and leaves of T (see Figure 10.2).
Each codeword (and leaf of the trie) corresponds to some number ng, and gives the encoding
h(a) of the letter a.

The size of the coded text is

|h(text)| = Error!.
On thetrie of the code C the equality trandates into
|h(text)| = Error!,

wheref isthe leaf of T associated with letter a, and level(f) isits distance to the root of T. The
problem of computing a prefix code C = {h(a) : a& A} such that |h(text)| is minimum becomes
aproblem on trees:

— find aminimum weighted binary tree T whose leaves {f5 : a & A} have initid weights

{ng:a€ A},
where the weight of T, denoted by W(T), is understood as the quantity Error!. The agorithm
below builds a minimum weighted tree in a bottom-up fashion, grouping together two subtrees
under anew node. In other words, at each stage, the algorithm creates a new node that is made
afather of two existing nodes. The weight of a node isthe weight of the subtree below it. There
are severa possible trees of minimum weight. All trees that can be produced by Huffman
agorithm are called Huffman trees.
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Example
L et text = abracadabra. The number of occurrences of letters are
Nna=5 nmp=2, nc=1 ng=1, n =2
The tree of a possible prefix code built by Huffman's algorithm is shown in Figure 10.3.
Weights of nodes are written on the nodes. The prefix codeis:
h(a) =0, h(b) =10, h(c)=1100, h(d)=1101, h(r)=111.

The coded text is then

0101110110001101 0101110
which is a word of length 23. If the initid codewords of |etters have length 5, we get the
compression ratio 55/23 = 2.4. However, if the prefix code (or its trie) has to be memorized,
this additionally takes at least 9 bits, which reduces the compression ratio to 55/32 = 1.7. If the
initial coding of |etters has also to be stored (with at least 25 bits), the compression ratio is even
worse: 55/57 = 0.96. In the latter case, the encoding leads to an expansion of the source text. £

N
N
—

Figure 10.3. Huffman tree for abracadabra.

As noted in the previous example, the header of the coded text must often contain enough
information on the coding to alow alater decoding of the text. The necessary information is the
prefix code computed by Huffman's algorithm, and theinitial codewords of letters. Altogether,
this takes around 2JA|+k|A| bits (if kis the length of initial codewords), because the structure of
the trie can be encoded with 2|AJ-1 bits.
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Al gorithm Huf frman { m ni nrum wei ghted tree construction }
begi n
for ain A do create a one-node tree fg with weight Wfa) = ng;

L := queue of trees fg in increasing order of weights;
N := enpty queue; { for internal nodes of the final tree }
while |L|+|N > 1 do begin

let uand v be the elenents of LUN w th smallest weights;
{ uand v are found fromheads of lists }
delete u and v from (heads of) the queues;
create a tree x with a new node as root,
and u and v as left and right subtrees;

W) 1= Wu) +Wv);
add the tree x to the end of queue N;

end,

return the remaining tree in LUN;

end.

Theorem 10.2

Huffman algorithm produces a minimum weighted tree in time O(JA.|og|A).
Proof
The correctness is based on several observations. First, a Huffman tree is a binary complete
tree, in the sense that all internal nodes have exactly two sons. Otherwise, the weight of the tree
could be decreased by replacing a one-son node by its own son. Second, there is a Huffman
tree T for {ny : a€ A} in which two leaves a the maximum level are siblings, and have
minimum weights among dl leaves (and dl nodes too). Possibly exchanging leaves in a
Huffman tree gives the conclusion. Third, let x be the father of two leaves fp and fc in a
Huffman tree T. Consider a weighted tree T' for {n; : a&€ A}-{np, nc} +{ np+ Nnc}, assuming
that x isaleaf of weight np+ ne. Then,

W(T) = W(T)+np+ nc.

Thus, TisaHuffman treeiff T' is. Thisisthe way the treeis built by the algorithm, joining two
trees of minimal weightsinto anew tree.
The sorting phase of the algorithm takes O(]Al.log|Al) with any efficient sorting method. The
running time of the instructions inside the "while" loop is constant because the minimal
weighted nodes in L U N are at the beginning of the lists. Therefore, the running time of the
"while" loop is proportiona to the number of creasted nodes. Since exactly |Al-1 nodes are
created, this takes O(JA]) time.
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The performance of Huffman codesis related to a measure of information of the source
text, caled the entropy of the alphabet. Let pg be ny/[text|. This quantity can be viewed as the

probability that letter a occurs at a given position in the text. This probability is assumed to be
independent of the position. Then, the entropy of the alphabet according to the ps'sis defined as
H(A) =- Error!.
The entropy is expressed in bits (log is a based-two log). It is a lower bound of the average
length of the codewords h(a),
m(A) = Error!.
Moreover, Huffman codes give the best possible approximation of the entropy (among
methods based on a recoding of the aphabet). This is summarized in the following theorem
whose proof relies on the Kraft-McMillan inequalities.

Theorem 10.3
The average length of any uniquely decipherable code on the alphabet Ais at least H(A).
The average length m(A) of a Huffman code on A satisfies H(A) = m(A) < H(A)+1.

The average length of Huffman codesis exactly the entropy H(A) when, for each letter a
of A, pa= 2@ (note that the sum of al pys is 1). The ratio H(X)/m(X) measures the
efficiency of the code. In English, the entropy of letters according to a common probability
distribution on letters is close to 4 bits. And the efficiency of a Huffman code is more than
99%. This meansthat if the English source text is an 8-bit ASCII file, Huffman compression
method is likely to divide its size by two. The Morse code (developed for telegraphic
transmissions), that also takes into account probabilities of letters, is not a Huffman code, and
has an efficiency close 66%. This not as good as any Huffman code, but the Morse code
incorporate redundancies in order to make transmissions safer.

In practice, Huffman codes are built for ASCII letters of the source text, and aso for
digrams (factors of length 2) occurring in the text instead of |etters. In the latter case, the source
is factorized into blocks of length 16 bits (or 14 bits). On large enough texts, the length of
blocks can be chosen higher to capture some dependencies between consecutive letters, but the
size of the alphabet grows exponentialy with the length of blocks.

Huffman's algorithm generalizes to the construction of prefix codes on aphabets of size
mlarger than two. Thetrie of the code is then an almost m-ary tree. Internal nodes have m sons,
except maybe one node which isfather of less than mleaves.

The main default of the whole Huffman's compression agorithm is that the source text
must be read twice. The first time to compute the frequencies of |etters, and the second time to
encode the text. Only one reading of thetext is possible if one uses known average frequencies
of letters. But then, the compression is not necessarily optimal on a given text. The next section
presents a solution avoiding two readings of the source text.
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There is another dtatistical encoding that produces a prefix code. It is known as the
Shannon-Fano coding. It builds a weighted tree, as Huffman's method does, but the process
works top-down. Thetree and al its subtrees are balanced according to their weights (sum of
occurrences of characters associated to leaves). The result of the method is not necessarily an
optimal weighted tree, so its performance is generally within that of Huffman coding.

10.3. Dynamic Huffman coding

We describe now an adaptive version of Huffman's method. With this algorithm, the
source text is read only once. Moreover, the memory space required by the algorithm is
proportional to the size of the current trie, that is, to the size of the alphabet. The encoding of
letters of the source text is realized while the text is read. In some situations, the compression
ratio is even better than the ratio of Huffman's method.

Assume that za (z aword, a a letter) is a prefix of text. We consider the alphabet A of
letters occurring in z, plus the extra symbol # that stands for al letters not occurring in z but that
possibly appear in text. Let us denote by T, any Huffman tree built on the aphabet A U {#}
with the following weights:

N = number of occurrences of ain z,
ng = 0.
We denote by h,(a) the codeword corresponding to a, and determined by the tree T,. Note that
the tree has only one leaf of zero weight, namely, the leaf associated to #.

The encoding of letters proceeds as follows. In the current situation, the prefix z of text
has dready been coded, and we have the tree T together with the corresponding encoding
function hz. The next letter a is then encoded by h,(a) (according the tree T,). Afterwards, the
tree is transformed into Tz5. At decoding time the algorithm reproduces the same tree at the
same time. However, the letter a may not occur in z, in which case it cannot be trandated as
any other letter. Here, the letter a is encoded by h,(#)g(a), that is, the codeword of the special
symbol # according the tree T, followed by the initid code of letter a. This step also is
reproduced without any problem at decoding time.

The reason why this method is practically effective comes from an efficient procedure to
update the tree. The procedure UPDATE used in the algorithm below can be implemented in
time proportiona to the height of the tree. This means that the compression and decompression
algorithms work in real-time for any fixed aphabet, as it is the case in practice. Moreover, the
compression ratio obtained by the method is close to that of Huffman's compression algorithm.
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Al gorithm{ adaptive Huf fman coding }
begi n
z :=¢ T:=Tg
while not end of text do begin
a .= next letter of text; { hisinplied by T}
if ais not a newletter then wite(h(a))
else wite(h(#)g(a)); { g(a) =initial codeword for a }
T : = UPDATE(T);
end,
end.

The key-point of the adaptive compression agorithm is a fast implementation of the
procedure UPDATE. It is based on a characterization of Huffman trees, known as the siblings
property. The property does not hold in general for minimum weighted trees.

Theorem 10.4 (siblings property)
Let T be a complete binary weighted tree (with p leaves) in which leaves have positive

weights, and the weight of any internal node is the sum of weights of its sons. Then, T is
aHuffman treeiff its nodes can be arranged in a sequence (x1, X2, ..., X2n-1) such that:

1 — the sequence of weights (W(x1), W(x2), ..., W(x2n-1)) isinincreasing order, and

2 — for any i (1=<i<n), the consecutive nodes x2j-1 and x2j are siblings (they have the

same father).
Pr oof
If T is atree built by Huffman algorithm, the ordering on nodes is just given by the order in
which nodes are deleted from queues during the run of the algorithm.
The"if" part of the proof is by induction on the number p of leaves. Consider the two nodes x;
and xo of theligt. It is rather obvious to prove that they are leaves because weights are strictly
positive integers. The leaves x; and xo can be chosen first by Huffman algorithm because they
have minimum weights. Let x be their father. The rest of the construction is done as if we had
only p-1 leaves, x1 and xo being substituted by x. By induction, the existence of the ordering
proves that the tree in which x isaleaf isaHuffman tree. Thus, the initial tree in which x is the
father of x1 and xp, is aso a Huffman tree (see the proof of Theorem 10.2).

The characterization of Huffman trees by the siblings property remains true if only one
leaf has anull weight. During the sequential encoding, the transformation of the current tree T,
into Tz starts by incrementing the weight of the leaf x; that corresponds to a. If point 1 of the
siblings property is no longer satisfied after that, node X; is exchanged with the node x; for
which j is the greatest integer such that w(X)) < w(x;). If necessary, the same operation is
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repeated on the father of xj, and so on. The exchange of nodes is, in fact, the exchange of the
corresponding subtrees. The tree structure is not affected by exchanges because weights strictly
increase from leaves to the root (except maybein the 3-node tree containing the leaf associated
to #), so that a node cannot be exchanged with any of its ancestors. This proves that the
procedure UPDATE can be implemented in time proportional to the height of the tree. Thus,
we have proved the following.

Lemma 10.5
Procedure UPDATE can be implemented to work in time O(|A)).

Figure 10.4. Transformation of Tapra iNt0 Taprac. Marked nodes have been excahanged.
Numbers besides nodes give an ordering satisfying the siblings property.

Example
Figure 10.5 shows the sequential encoding of abracadabra. Letters are assumed to be initidly
encoded on 5 bits (a -> 00000, b -> 00001, ¢ -> 00010, ..., z -> 11010). The entire trandation
of abracadabrais:

00000 000001 0010001 O 10000010 O 110000011 O 110 110 O

a b r a Cc a d a b r a

We get aword of length 45. These 45 bits are to be compared with the 57 bits obtained by the
origind Huffman's algorithm. For this example, the dynamic agorithm gives a better
compression ratio, say 55/45=1, 22.
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a b 0) 1
0 > /04 1]b
00000 000001
0 1l]|a 0 1
0 1la
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r 0 1 a 0 1
E— _—
0010001 1 |a 2 0 2 |a 2
0 1 0 1
1 11b 1 11b
0 1 0 1
0 1| 0 1]
5
0 1
2 |a 3
0 1
c a
S— . 11b 2 —_— t
10000010 0 etc...
0 1
1 1r
0 1
0 1]|c

Figure 10.5. Dynamic Huffman compression of abracadabra.

The precise analysis of the adaptive Huffman compression agorithm has led to an
improved compression algorithm. The idea of the improvement is to choose a specific ordering
for the nodes of the Huffman tree. One may note indeed that, in the ordering given by the
siblings property, two nodes of same weight are exchangeable. The improvement is based on a
specific ordering that corresponds to a width-first tree-traversal of the tree from leaves to the
root. Moreover, a each level in the tree, nodes are ordered from left to right, and leaves of a
given weight precede internal nodes of the same weight. The agorithm derived from this is
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efficient even for texts of few thousands characters. The encoding of larger texts save almost
one bit per character compared with Huffman's algorithm.

10.4. Factor encoding

Data compression methods with substitutions find al their power when the substitution
appliesto variable-length factorsinstead of blocks. The substitution is defined by a dictionary:
D={(f,c):feF,ceC},
where F isa(finite) set of factors of the source text s, and C is the set of their corresponding
codewords. The set F acts as the alphabet A of Section 10.1. The source text is a concatenation
of elements of F.

Example

L et text be atext composed of ordinary ASCII characters encoded on 8 bits. One may choose
for C the 8-bit words that correspond to no letter of text. Then, F can be a set of factors
occurring frequently inside the text text. Replacing in text factors of F by letters of C
compresses the text. This amounts to increase the al phabet on which text iswritten.

In the general case of factor encoding, a data compression scheme must solve the three

following points:

— find the set F of factorsthat are to be encoded,

— design an agorithm to factorize the source text according to F,
— compute a code C in one-to-one correspondence with F.

When the text is given, the computation of such an optimal encoding is a NP-complete
problem. The proof can be doneinside the following model of encoding. Let A be the aphabet
of the text. The encoding of text is a word of the form d#c where d (€ A*) is supposed to
represent the dictionary, #isanew letter (not in A), and c is the compressed text. The part ¢ of
the encoded string is written on the alphabet A U {1, 2, ..., n}x{1, 2, ..., n}. A pair (i, j)
occurring in ¢ means a reference to the factor of length j which occurs at positioni ind.

Example
OnA={a, b, ¢}, let text = aababbabbabbc. Its encoding can be bbabb#aa(1, 4)a(0, 5)c. The
explicit dictionary isthen

D ={(babb, (1, 4)), (bbabb, (0, 5))} U AxA.

Inside the above model, the length of d#c isthe number of occurrences of both letters and
pairs of integers that appear in it. For instance, this length is 12 in the previous example. The
search for a shortest word d#c that encodes a given text reduces to the SCS-problem — the
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Shortest Common Superstring problem for afinite set of words — which is a classica NP-
complete problem.

When the set F of factors is known, the main problem is to factorize the source s
efficiently according to the elements of F, that is, to find factorsfq, fp, ..., fk € F such that

s=f1fo.. .1k

The problem arises from the fact that F is not necesarily a unique decipherable code, so several
factorizations are often possible. It is important that the integer k be as small as possible, and
the factorization is said to be an optimal factorization when kisminimal.

The simplest strategy to factorize s is to use a greedy algorithm. The factorization is
computed sequentially. So, the first factor f1 is naturaly chosen as the longest prefix of s that
belongsto F. And the decomposition of the rest of the text is done iteratively in the same way.

Remark 1

If Fisaset of letters or digrams (F € A U AxA), the greedy algorithm computes an optimal
factorization. The condition may seem quite restrictive, but in French, for instance, the most
frequent factors ("er", "en") have length 2.

Remark 2
If F is a factor-closed set (al factors of words of F are in F), the greedy agorithm also
computes an optimal factorization.

Another factorization strategy, called here semi-greedy, leads to optimal factorizations
under wider conditions. Moreover, itstime complexity issimilar to the previous strategy.

Semi-greedy factorization strategy of s
— letm=max{|uv|]: u,veE F, and uvisaprefix of s};
— let f1 be an element of F such that f1v is prefix of s, and [f1v| = m, for somev € F;
— let s=f1S;;
— iterate the same processon s.

Example
Let F = {a, b, c, ab, ba, bb, bab, bba, babb, bbab}, and s= aababbabbabbc. The greedy
algorithm produces the factorization

s=aababbabbabbc
which has 7 factors. The semi-greedy algorithm gives

s=aaba bbab babb c
which is an optimal factorization. Note that F is prefix-closed (prefixes of words of F are in F)
after adding the empty word. £
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Theinterest in the semi-greedy factorization algorithm comes from the following lemma
whose proof isleft as an exercise. Aswe shall seelater in the section, the hypothesis of the set
of factors F arises naturally for some compression algorithms.

Lemma 10.6
If the set F is prefix-closed, the semi-greedy factorization strategy produces an optimal
factorization.

When the set F is finite, the semi-greedy algorithm may be redized with the help of a
string-matching automaton (see Chapter 7). This leads to a linear-time agorithm to factorize a
text.

Finaly, if the set F is known, and if the factorization algorithm has been designed, the
next step to consider in order to perform awhole compression processisto determine the code
C. As for datigtical encodings of Sections 10.2 and 10.3, the choice of codewords associated
with factors of F can take into account their frequencies. This choice can be done once for al,
or in adynamic way during the factorization of s. Hereis an example of a possible strategy: the
elements of F are put into a list, and encoded by their position in the list. A move-to-front
procedure realized during the encoding phase tends to attribute small positions, and thus short
encodings, to frequent factors. Theidea of encoding afactor by its positionin alistis applied in
the next compression method.

Factor encoding becomes even more powerful with an adaptive feature. It is redized by
the Ziv-Lempel method (ZL method, for short). The dictionary is built during the compression
process. The codewords of factors are their positions in the dictionary. So, we regard the
dictionary D as a sequence of words (fo, f1, ...). The agorithm encodes positions in the most
efficient way according to the present state of the dictionary, using the function Ig defined by:

Ig(1) =1 and,
lg(n) = [logz(n)], for n> 1.
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Al gorithmZL; { Z v-Lenpel conpression algorithm}
{ encodes the source s on the binary al phabet }
begi n
D:={¢}; x := s#
while x = € do begin
fk := longest word of D such that x = fyay, for sone a €A
a:=letter following fx in x;
wite k on I gD bits;
wite the initial codeword of a on I g|Al bits;
add fgxa at the end of D
X =Y,
end,
end.

Example
Let A={a, b, #}. Assumethat theinitial codewords of lettersare 00 for a, 01 for b, and 10 for
#. Let s = aababbabbabb#. Then, the decomposition of sis
s= a ab abb abba b b#
which leads to
c=000 101 1001 1100 00001 10110.
After that, the dictionary D contains seven words:
D = (g, a, ab, abb, abba, b, b#).

Intuitively, ZL agorithm compresses the source text because it is able to discover some
repeated factorsinsideit. The second occurrence of such a factor is encoded only by a pointer
onto itsfirst position, which can save alarge amount of space.

From the implementation point of view, the dictionary D in ZL agorithm can be stored
as aword trie. The addition of a new word in the dictionary takes a constant amount of time
and space.

There is a large number of possible variations on ZL algorithm. The study of this
algorithm has been stimulated by its good performance in practical applications. Note, for
instance, that the dictionary built by ZL algorithm is prefix-closed, so the semi-greedy
factorization strategy may help to reduce the number of factorsin the decomposition.

The model of encoding valid for that kind of compression method is more general than
the preceding one. The encoding c of the source text sisaword on theaphabet AU {1, 2, ...,
n}x{1,2,...,n}. A pair (i, j) occurring in c references afactor of sitself: i isthe position of the
factor, and j isitslength.
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Example
Let again s = aababbabbabb#. It can be encoded by the word
c=a(0, )b (1,2)b (3 3)ab (11, 1)#,
of length 10, which corresponds to the factorization found by ZL algorithm. £

u u|a

Figure 10.6. Efficient factorization of the source.
V5 is the shortest factor not occurring on its | eft.

The number of factors of the decomposition of the source text reduces if we consider a
decomposition of the text similar to the f-factorization of Section 8.2. The factorization of sis a
sequence of words (fy, fo, ..., f) such that s=f1f5...fy,, and that is iteratively defined by (see
Figure 10.6):

fj isthe shortest prefix of fifj+1...fm which does not occurs beforein s.

Example
The factorization of s = aababbabbabb# is
(a, ab, abb, abbabb#)
which accounts to encode sinto
c=a(0, )b (1, 2)b (3, 6)#,
word of length 7 only, compared with the previous factorization. +

Theorem 10.7

The f-factorization of a string s can be computed in linear time.
Proof
Use the directed acyclic word graph DAWG(s), or the suffix tree T(s). T

The number of factors arising in the f-factorization of a text measures, in a certain sense,
the complexity of the text. The complexity of sequencesis related to the notion of entropy of a
set of strings as stated below. Assume that the possible set of texts of length n (on the aphabet
A) is of size |AI™ (for al length n). Then h (<1) is caled the entropy of the set of texts. For
instance, if the probability of appearance of aletter in a text does not depend on its position,
then histhe entropy H(A) considered in Section 10.2.
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Theorem 10.8
The number m of elements of the f-factorization of long enough texts is upper bounded
by hn/logn, for amost all texts.

We end this section by reporting some experiments on compression agorithms. Table
10.1 gives the results. Rows are indexed by algorithms, and columns by types of text files.
"Uniform" is a text on a 20-letter alphabet generated with a uniform distribution of letters.
"Repeated aphabet” is a repetition of the word abc...zABC...Z. Compression of the five files
have been done with Huffman method, Ziv-Lempel agorithm (more precisely, COMPRESS
command of UNIX), and the compression agorithm, cdled FACT, based on the f-
factorization. Huffman method is the most efficient only for the file "Uniform”, which is not
surprising. For other files, the results for COMPRESS and FACT are similar.

Source Frenchtext C programLisp program Uniform Repeated alphabet

Initid length 62816 684497 75925 70000 530000

Huffman 53.27 % 62.10 % 63.66 % 55.58 % 72.65%
COMPRESS 41.46 % 34.16 % 40.52 % 63.60 % 2.13%
FACT 47.43 % 31.86 % 35.49 % 73.74 % 0.09 %

Table 10.1. Sizes of some compressed files
(best scoresin bold).

10.5.* Parallel Huffman coding

The sequential agorithm for Huffman coding is quite simple, but unfortunately it looks
inherently sequential. Its parallel counterpart is much more complicated, and requires a new
approach. The global structure of Huffman trees must be explored deeper. In this section, we
give a polylogarithmic time paralel algorithm to compute a Huffman code. The number of
processors is M(n), where M(n) is the number of processors needed for a (min, +)
multiplication of two n by n rea matrices in logarithmic paralel time. We assume, for
simplicity, that the alphabet is binary.

A binary tree T is said to be left-justified iff it satisfies the following properties.

(1) — the depths of the leaves are in non-increasing order from left to right,

(2) —if anode v has only one son, then it is aleft son,

(3) — let u be a left brother of v, and assume that the height of the subtree rooted a v is &
least |. Then the tree rooted at u is full at level |, which means that u has 2| descendants a
distancel.
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For the present problem, the most important is the following property of left-adjusted
trees.

Basic property:
Let T be aleft-justified binary tree. Then, it has a structure illustrated in Figure 10.7. All
hanging subtrees have height at most logn.

compute
cost-low

Figure 10.7. A left-justified Huffman tree. The hanging subtrees are of logarithmic height.

Lemma 10.9
Assume that the weights p1, p2, ..., pn ae pairwise distinct and in increasing order. Then,

thereis Huffman tree for (p1, p2, ..., pn) Which isleft-justified.
Proof
Wefirst show the following claim:
For each tree T we can find a tree T' satisfying (1), (2), (3), whose leaves are a
permutation of leaves of T, and such that the depths of corresponding leavesin thetrees T
and T' are the same.
This claim can be proved by induction with respect to the height h of the tree T. Let T1 be
derived from T by the following transformation : cut al leaves of T a maximal leve; the
fathers of these leaves become new leaves, called specia leavesin T1. Thetree T1 has height h-
1. It can be transformed into a tree T1' satisfying (1), by applying the inductive assumption.
Theleaves of height h-1 of T1' form a segment of consecutive leaves from left to right. They
contain al specia leaves. We can permute the leaves a height h-1 in such away that special
leaves are at the left. Then, we insert back the deleted leaves as sons of their origina fathers
(special leavesin T1 and T1'). The resulting tree T' satisfies the claim.
Let us consider an Huffman tree T. It can be transformed into a form satisfying conditions (1)
to (3), with the weight of the tree left unchanged. Hence, after the transformation, the tree is
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also of minimal weight. Therefore, we can consider that our tree T is optimal and is left-
justified. It is enough to prove that leaves are in increasing order of their weights pj, from left to
right. But thisis straightforward since the deepest leaf has the smallest weight. Hence, the tree
T satisfies al requirements. This completes the proof. £

Theorem 10.10

The weight of a Huffman tree can be computed in O(log2n) time with n3 processors. The

corresponding tree can be constructed within the same complexity bounds.
Proof
Let weight[i, j] = pj+1+pi+2+...+pj. Let cost[i, j] be the weight of a Huffman tree for (pj+1,
Pi+2, ..., Pj), ad whose leaves are keys Kj+1, Kj+2, ..., Kj. Then, for i <j-1, we have:

(*) costi, j] = min{cost[i, K]+cost[k, j]+weight[i, j] : i <k <]j}.

Let us use the structure of T shown in Figure 10.7. All hanging subtrees are shallow, they are
of height at most logn. So, we first compute the weights of such shallow subtrees.
Let cost-low][i, j] be the weight of the Huffman tree of logarithmic height, whose leaves are
keys Ki+1, Kj+2, ..., K;.
The table cost-low can be easily computed in paralel by applying (*). We initidize cost-low[i,
i+1] to pj, and cost-low]i, j] to «, for al other entries. Then, we repeat logn times the same
parale-do statement:

for eachi,j,i <j-ldoin paralle

cost-lowfi, j] := min{ cost-low[i, K]+cost-lowfk, j] : i <k <j} + weight]i, j].

We need n processors for each operation "min" concerning afixed pair (i, j). Since there are n?
pairs(i, j), globally we use a cubic number of processors to compute cost-low's.
Now, we have to find the weight of an optima decomposition of the whole tree T into a
leftmost branch, and hanging subtrees. The consecutive points of this branch correspond to
points (1, i). Consider the edge from (1, i) to (1, j), and identify it with the edge (i, j). The
contribution of this edge to the total weight isillustrated in Figure 10.8.

Figure 10.8. edge-codt[i, j] = cost-low(i, j] + weight[1, j].

We assign to the edge (i, j) the cost given by the formula:
edge-cost(i, j) = cost-lowfi, j] + weight[1, j].
It is easy to deduce the following fact:
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the total weight of T isthe sum of costs of edges corresponding to the leftmost branch.

Once we have computed all cost-low's we can assign the weights to the edges correspondingly
to the formula, and we have an acyclic directed graph with weighted edges. The cost of the
Huffman tree is reduced to the computation of the minimal cost from 1 to n in this graph. This
can be done by logn squarings of the weight matrix of the graph. Each squaring corresponds to
a(min, +) multiplication of nxn matrices, so, can be done in logn time with n3 processors.
Hence log2n time is enough for the whole process. This completes the proof of the first part of
the theorem.

Given costs, the Huffman tree can be constructed within the same complexity bounds. We
refer the reader to [AKLMT 89]. This completes the proof of the whole theorem.

Figure 10.9. The quadrangle inequality: (cost of plain lines) < (cost of dashed lines).

In fact the matrices which occur in the algorithm have a specia property caled the
guadrangle inequality. This property allows the number of processors to be reduced to a
guadratic number.

A matrix C has the quadrangle inequality iff for eachi <j <k < we have:

Cli,Kl +C[j, 1] =C[i, 1] +C[j, K.
Let us consider matrices that are strictly upper triangular (elements below the main diagonal,
and on the main diagona are null). Such matrices correspond to weights of edges in acyclic
directed graphs. Denote by © the (min, +) multiplication of matrices:
A© B=Ciff C[i, j] = min{ Ali, K|+B[k, j] : i <k<j}.
The proof of the following fact is|eft to the reader.

Lemma 10.11
If the matrices A and B satisfy the quadrangle inequdity then A © B aso satisfies this
property.

For matrices occurring in the Huffman tree agorithm, the (min, +) multiplication is
easier in paradle, and the number of processors is reduced by a linear factor, due to the
following lemma
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Lemma 10.12
If the matrices A and B satisfy the quadrangle inequality then A © B can be computed in
O(log2n) time with O(n2) processors.
Proof
Let usfix j, and denote by CUT]i] the smallest integer k for which the value of A[i, K]+B[k, |] is
minimal. The computation of A © B reduces to the computation of vectors CUT for eachj. It is
enough to show that, for j fixed, this vector can be computed in O(log2n) time with n

Processors.
mid \ CUT(i1)

Figure 10.10. Computing cuts by a divide-and-conquer strategy.

The structure of the algorithm is the following:
let imig the middle of interve [1, 2, ...,n]; compute CUT[imig] in O(logn) time with n
processors assuming that the value of CUT isinthewholeinterval [1, 2, ...,n].
Afterwardsit is easy to see, due to the quadrangle inequality, that
CUTIi] = CUT[imiqg] for al i < imig,
CUTIi] = CUTimiqg] for al i = imig.
Using this information we compute CUT]i] for dl i =< imig, knowing that its value is above
CUT[imig]. Simultaneously we compute CUT]i] for dl i > imjg, knowing that its value is not
above CUT[imig]. Let mbethe size of the interval in which the value of CUT]i] is expected to
be (for i in the interval of size n). We have the following equation for the number P(n, m) of
processors:
P(n, m) = max(m, P(n, mp)+P(n, np)), where mg+my = m.
Obviously P(n, n) = O(n). The depth of the recursion is logarithmic. Each evauation of a
minimum takes also logarithmic time. Hence, we get the required totd time. For a fixed j,
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P(n, n) processors are enough. Altogether, for dl j, we need only a quadratic number of
processors. This completes the proof. +

The lemma implies that the paralld Huffman coding problem can indeed be solved in
polylogarithmic time with only a quadratic number of processors. This is still not optimal,
since the sequentia agorithm makes only O(n.logn) operations. We refer the reader to
[AKLMT 89] for an optimal algorithm.
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11. Approximate pattern matching

In practical pattern matching applications, the exact matching is not always pertinent. It is
often more important to find objects which match a given pattern in a reasonably approximate
way. In this chapter, approximation is measured mainly by the so-called edit distance: the
minimal number of local edit operations to transform one object into another. Such operations
are well suited for strings, but they are less natura for two-dimensional patterns or for trees.
The analogue for DNA sequences is caled the alignment problem. Algorithms are mainly
based on the agorithmic method called dynamic programming. We present also problems
strongly related to the notion of edit distance, namely, the computation of longest common
subsequences, string-matching allowing errors, and string-matching with don't care symbols.
At the end of the chapter, we give the scheme of an algorithm to compute efficiently the edit
distancein paralldl.

11.1. Edit distance — serial computation

An immediate question arising in applications is to be able to test the equality of two
strings allowing some errors. The errors correspond to differences between the two words. We
consider in this section three types of differences between two strings x and y:

change — symbols at corresponding positions are distinct,

insertion — a symbol of y ismissing in x a corresponding position,

deletion — a symbol of xismissing iny at corresponding position.

It israther natural to ask for the minimum number of differences between x and y. We trandate
it as the smallest possible number of operations (change, deletion, insertion) to transform x into
y. Thisis called the edit distance between x and y, and denoted by edit(x, y). It isclear that it is a
distance between words, in the mathematical sense. This means that the following properties
are satisfied:

—edit(x,y) =0iff x=vy,

— edit(x, y) = edit(y, X) (symmetry),

— edit(x, y) < edit(x, 2) + edit(z, y) (triangle inequality).
The symmetry of edit comes from the duality between deletion and insertion: a deletion of the
letter a of x in order to get y corresponds to an insertion of ainy to get x.
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ACCATGAA- - - ACTTCTTATCCTCACCTCGCCTCGTGECTG

ACCATGAGTGCACTTCTGATCCTAGCCCTT- - - GTGEGAG

Figure 11.1. Alignment of two DNA sequences showing
changes, insertions (- in top line), and deletions (- in bottom line).

Below is an example of transformation of x = wojtk into y = wjeek.
woj t k
! del eti on
i change
! I nsertion

w | eek
This shows that edit(wojtk, wjeek) < 3, because it uses three operations. In fact, this is the
minimum number of edit operations to transform wojtk into wjeek.

From now on, we consider that words x and y are fixed. The length of x is m, and the
length of y is n, and we assume that n = m. We define the table EDIT by
EDITi, j] = edit(x[1...i], y[1...]]),
withO =i <=m, 0=<j =< n. The boundary values are defined asfollows (forO<i<m,0=<j < n):
EDITIO, j] =j, EDITIi, O] =1.
There isasimple formulato compute other elements

(*) EDIT[i, j] = min(EDIT[i-1, j]+1, EDITIi, j-1]+1, EDITI[i-1, j-1]+a(Xi], V[j1)).
where d(a, b) =0if a=b, and d(a, b) = 1 otherwise. The formula reflects the three operations,
deletion, insertion, change, in that order.

Thereisagraph theoretical formulation of the editing problem. We can consider the grid
graph, denoted by G, composed of nodes (i, j) (for O<i<m, 0 < j < n). The node (i-1, j-1) is
connected to the three nodes (i-1, j), (i, j-1), (i, j) when they are defined (i.e. wheni < m, or
] = n). Each edge of the grid graph has a weight according to the recurrence (*). The edges
from (i-1, j-1) to (i-1, j) and (i, j-1) have weight 1, as they correspond to insertion or deletion of
asingle symbol. The edge from (i-1, j-1) to (i, j) hasweight d(X[i], ¥{j]). Figure 11.2 shows an
example of grid graph for words cbabac and abcabbbaa. The edit distance between words x
and y equals the length of a shortest path in this graph from the source (0O, 0) (Ieft upper corner)
to the sink (m, n) (right bottom corner).
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y

>
SOUC® 3 b c a bbb a a
c = ¢ delete letter of x
b \ change letter of x
X a = by letter of y
b \: —>  insert letter of y into x
a = \_
Y N o change
c

sink

Figure 11.2. The path corresponds to the sequence of edit operations:
insert(a), insert(b), delete(b), insert(b), insert(b), change(c, a).

function edit(x, y) { conputation of edit distance }
{Ix] =m |yl =n, EDTis a matrix of integers }

begi n

for i :=0tomdo EDT[i, O] :=1;
for j :=1tondo EDT[O, j] :=17];
for i :=1to mdo

for j :=1ton do

EDIT[i, j] = mn(EDT[i-1, j]+1, EDIT[i, j-1]+1,
EDITLi-1, j-1] + o(x[i], y[il));
return EDI T[m n]
end.

The agorithm above computes the edit distance of stringsx and y. It stores and computes
all values of the matrix EDIT, although the only one entry EDIT[m, n] is required. This serves
to save on time, and thisfeatureis called the dynamic programming method. Another possible
algorithm to compute edit(x, y) could be to use the classical Dijkstra's algorithm for shortest
pathsin the grid graph.

Theorem 11.1

Edit distance can be computed in O(mn) time using O(m) additional memory.
Pr oof
The time complexity of the algorithm above is obvious. The space complexity follows from the
fact that we have not to store the whole table. The current and the previous columns (or lines)
are sufficient to carry out computations.
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Remark

We can assign specific costs to edit operations, depending on the type of operations, and on the
type of symbols involved. Such a generdized edit distance can still be computed using a
formula analogousto (*).

Remark

As noted in the proof of the previous theorem, the whole matrix EDIT does not need to be
stored (only two rows are necessary a a given step) in order to compute only edit(x, Y).
However, we can keep it in memory if we want to compute a shortest sequence of edit
operations transforming x into y. This is essentidly the same process as reconstructing a
shortest path from the table of sizes of all-pairs shortest paths.

11.2. Longest common subsequence problem

In this section, we consider a problem that is aparticular case of the edit distance problem
of previous section. This is the question of computing longest common subsequences. We
denote by Ics(x, y) the maximal length of subsequences commonto x and y. For fixed x and vy,
we denote by LCH]i, j] the length of alongest common subsequence of x[1...i] and y[1...j].

source a b c¢c a b b a
[ o=

B
\

(@]

™~
\

Figure 11.3. The size of the longest subsequence is the maximal number of shadowed boxes
on amonotonically decreasing path from source to sink. Compare to Figure 11.4.

O 9 T 9 T

sink

There is a strong relation between the longest common subsequence problem and a
particular edit distance computation. Let editgi(x, y) be the minima number of operations delete
and insert to transform x into y. This corresponds to a restricted edit distance where changes are
not allowed. A change in the edit distance of Section 11.1 can be replaced by a pair of
operation, deletion and insertion. The following lemma shows that the computation of lcs(x, y)
is equivalent to the evaluation of editgj(x, y). The statement is not true in general for al edit
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operations, or for edit operations having distinct costs. However, the restricted edit distance
editgi remainsto give weight 2 to changes, and weight 1 to deletions and insertions. Recall that
x and y have respective length mand n, and let EDITgj[i, j] be editgi(X[1...i], y[1...]]).

Lemma11.2

2lcs(x, y) =m+ n - editgi(x, y), and,

forO<si=mandO=<j=<n,2LCYi,]] =i+ j-EDITq[i,j].
Proof
The equality can be easily proved by induction on i and j. Thisis also visible on the graphical
representation in Figure 11.4. Consider a path from the source to the sink in which diagona
edges are only alowed when the corresponding symbols are equa. The number of diagonal
edges in the path is the length of a subsequence common to x and y. Horizontal and vertica
edges correspond to a sequence of edit operations (delete, insert) to transform x into y. If we
assign cost 2 to diagonal edges, the length of the path is exactly the sum of lengths of words,
m+n. Theresult follows. £

source.a b ¢c a b b a
c

0o 9 T 2

sink
Figure 11.4. Assigning cost 2 to diagonal edges, the length of the path is m+n.
Diagonal edges correspond to equal |etters, others to edit operations.

As a consegquence of Lemma 11.2, computing lcs(X, y) takes the same time as computing
the edit distance of the strings. A longest common subsequence can even be found with linear
extra space (see bibliographic references).

Theorem 11.3
A longest common subsequence of x and y can be computed in O(mn) time using O(mn)
additional memory.
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Proof

Assume that the table EDITg; is computed for zero-one costs of edges. Table LCS can be
recomputed from Lemma 11.2. A longest common subsequence can be constructed from the
table LCS

Let r be the number of shadowed boxes in Figure 11.3. More formally, it is the number
of pairs (i, j) such that x[i] = y[j]. If r is small (which often happens in practice) compared to
mn, then there is an agorithm to compute longest common subsequence faster than the
previous agorithm.

The agorithm is given below. It processes the word x sequentially from left to right.
Consider the situation when X[1...i-1] has just been processed. The agorithm maintains a
partition of positionson thewordy into intervalslg, I1, ..., lk, .... They are defined by

Ik={j;lcs(x[1...i-1], y[1...]]) = k}.
In other words, positions in a class Ik correspond to prefixes of y having the same maximal
length of common subsequence with x[1...i-1].

Consider, for instance, y = abcabbaba and x = cb.... Figure 11.5 (top) shows the
partition {lo, 11, 12} of positions ony. For the next symbol of x, letter a, the figure (bottom)
displays the modified partition {lg, 11, 12, I3}. The computation remains to shift to the right,
like bowls on awire, positions corresponding to occurrences of ainsidey.

The agorithm Ics below implements this strategy. 1t makes use of operations on intervals
of positions: CLASS, SPLIT, and UNION. They are defined as follows. For a position p on'y,
CLASYp) istheindex k of theinterval I, to which it belongs. When p is in the interva [f, f+1,
...,0],and p = f, then SPLIT(lk, p) is the pair of intervals ([f, f+1, ..., p-1], [p, p+1, ..., Q]).
Finally, UNION is the union of two intervas; in the algorithm, only unions of digoint
consecutive intervals are performed.
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Figure 11.5. Hunt-Szymanski strategy: Like an abacus!
Word y = abcabbaba. Partitions of positions just before processing
letter a of x = cba (top), and just after (bottom).

function lcs(x, y) : integer; { Hunt-Szymanski algorithm}
{ m=1x] and n = |y| }
begi n
lo:={0,1,.,n}; for kK:=1tondolk:=
for i :=1to mdo
for each p position of x[i] inside y in decreasing order do
begi n

k := CLASS(p);

if k = CLASS(p-1) then begin
(lk, X) :=SPLIT(lk, p);
k1 := UNFONCX, | k+1);

end;

end;
return CLASS(n);
end;
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Theorem 11.4
Algorithm lcs computes the length of alongest common subsequence of words of length
mand n (m < n) in time O((n+r)logn) time, wherer = |{(i, j) ; X[i] = V[j1}|-
Proof
The correctness of the algorithm isleft as an exercise.
The time complexity of the algorithm strongly relies on an efficient implementation of intervals
IK's. With an implementation with B-trees, it can be shown that each operation CLASS, SPLIT,
and UNION takes O(logn) time. Preprocessing lists of occurrences of letters of the word y
takes O(nlogn) time. The rest of the algorithm takes then O(rlogn) time. The result follows.

According to Theorem 11.4, if r is small, the computation of Ics by the last algorithm
takes O(nlogn) time, which is faster than with the dynamic programming algorithm. But, r can
be of order mn (in the trivia case where x = a™, y = an, for instance), and then the time
complexity becomes O(mnlogn), which is larger than with the dynamic programming
algorithm.

The problem of computing Ics's can be reduced to the computation of longest increasing
subsequence of agiven string of elements belonging to a linearly ordered set. Let us write the
coordinates of shadowed boxes (asin Figure 11.3) from the first to the last row, and from left
to right within rows. Doing so, we get a string w. No matrix table is needed to build w. The
words x and y themselves suffice. For example, for the words of Figure 11.3 we get the
sequence w = ((1,3), (2,2), (2,5), (2,6), (3,1), (3.4), (3,7), (4,2), (4,5), (4,6), (5), (54, (57),
(6,3)).

Define the following linear order on pairs of positions

(,) <<k Diff (i=k) & (j>1) or ((i =k) & (j<1)).
Then the longest increasing (according to <<) subsequence of the string w gives the longest
common subsequence of the words x and y. There is an eegant agorithm to compute such
increasing subsequences running in time O(rlogr). This gives an dternative to the above
algorithm.

11.3. String-matching with errors

String-matching with errors differs only dightly from the edit distance problem. Here,
we are given pattern pat and text text, and we want to compute min(edit(pat, y) : y € Fac(text)).
Simultaneously, we want to find a factor y of text redizing the minimum, and the position of
one of its occurrences in text. We consider the table SE (that stands for String-matching with
Errors), of the same type astable EDIT:

i, j] = min(edit(pat[1...1], y) : y € Fac(text[1...]])).
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The computation of table SE can be done with dynamic programming. It is very similar to the
computation of table EDIT (Section 11.1).

Theorem 11.5

The problem of string-matching with errors can be solved in O(mn) time.
Proof
Surprisingly the algorithm is ailmost the same as that for computing edit distances. The only
differenceisthat weinitialize SE[O, i] to O, instead of to i for EDIT. This is because the empty
prefix of pat matches an empty factor of text (no error). The formula (*) works aso for SE.
Then, SE[m, n] is the distance between pat and one of its best match y in the text. To find an
occurrence of y and its position in text, we can use the same graph-theoretic approach as for the
computation of longest common subsequences (Section 11.2). A suitable path should be
recovered using the computed table SE. This completes the proof. f

One of the most interesting problems related to string-matching with errors concerns the
case when the allowed number of errors is bound by a constant k. The number k is usualy
understood as a small fixed constant. We show that the problem can be solved in O(n) time, or
more exactly in O(kn) timeif kisnot fixed. For a fixed value of the parameter k, this gives an
algorithm having an optimal asymptotic time complexity. Recal that the string edit table SE is
computed according to the recurrence:

(*)  SEli, j] = min(SE[i-1, j]+1, SEfi, j-1]+1, SE[ij]+a(di], YIiD).
for wordsx and y.

Suppose that we have afixed bound k on the number of errors. We have to compute only
those entries of the table SE which contain values not exceeding k. The basic difficulty, in order
to reduce the time complexity of the algorithm, isthat the size of the table SE is O(mn), but we
require that the complexity is O(kn). Only O(kn) entries of the table must be considered. The
basic agorithmictrick is to consider only so-called d-nodes, which are entries of the table SE
satisfying specia conditions. The d-nodes are defined in such away that we have altogether, for
d=0,1, ..., k O(kn) such nodes.

We consider diagonals of the table SE. Each diagonal is oriented top-down, |eft-to-right.
We define a d-node as the last pair (i, j) on a given diagonal with SEJi, j] = d. Note that it is
possible that a diagonal has no d-node. The approximate string-matching problem reduces to
the computation of d-nodes. And it is clear that there is an occurrence of the pattern with d
errorsending at position j intext iff (m, j) isad-node.

Computation of d-nodes is done in the order d = 0,1, ..., k. Computation of 0-nodes is
equivalent to string-matching without errors. Assume that we have already computed the (d-1)-
nodes. We show how to compute d-nodes. Two auxiliary concepts are necessary: d-specia
nodes, and maximal subpaths of zero-weight on a given diagonal.
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diagonal p p ptl p-1 p

© d-specia nodes @ (d-1)-nodes

Figure 11.6. The computation of d-special nodes:
nodes reachable by one edge of weight 1 from a (d-1)-node.

A d-special node is a node reachable from a (d-1)-node by a single edge of weight one.
The computation of d-special nodesisillustrated in Figure 11.6.

For anode (i, j), define the node NEXT(i, j) = (i+t, j+t) as alowest node on the same
diagonal as (i, j) reachable from (i, j) by a subpath of zero weight. The subpath can be of zero
length, and, in this case, NEXT(i, j) = (i, j)-

d-specia node

maximal subpath
of zero weight

d-node

diagona p

Figure 11.7. The computation of d-nodes from d-special nodes.
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Once d-specia nodes are computed, the d-nodes can be found easily, as suggested in
Figure 11.7. The structure of the whole algorithm is given below.

Al gorithm Approximate_string matching with at nost k errors;
begi n
conpute 0-nodes { exact string-nmatching }
for d =1 to k do begin
conput e d-special nodes; { see Figure 11.6 }
{ conputation of d-nodes }
S = {NEXT(i,j) : (i,]j) is a d-special node};
for each diagonal p do
sel ect, on diagonal p, |owest node which is in the set S
sel ected nodes formthe set of d-nodes
end,
end.

Theorem 11.6
Assume that the alphabet is of a constant size. Approximate string-matching with k errors
can be done in O(kn) time.
Proof
It is enough to prove that we can run O(kn) calls of the function NEXT in O(kn) time. We show
that, after alinear-time preprocessing, each value NEXT(i, j) can be computed in constant time.
The equality NEXT(i, j) = (i+t, j+t) means that t is the Size of the longest common prefix of
pat[i...m] and text[j...n]. Assume that we have computed the common suffix tree for pat and
text. The computation of the longest common prefix of two suffixes is equivaent to the
computation of their lowest common ancestor (LCA) in the tree. There is an algorithm
(mentioned in Section 5.7) which preprocesses any tree in linear time in order to allow further
LCA queriesin constant time. This completes the proof.

Remark
It can be shown that the same algorithm, implemented in the PRAM model, gives an efficient
paralle agorithm for the approximate string-matching problem.

11.4. String-matching with don't care symbols

In this section, we assume that pattern pat and text text can contain occurrences of the
symbol g, called the don't care symbol. Several different don't care symbols can be considered
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instead of only one, but the assumption is that they are dl undistinguishable from the point of
view of string-matching. These symbols match any other symbol of the alphabet. We define an
associated notion of matching on words as follows. We say that two symbols a, b match if
they are equal, or if one of them isadon't care symbol. We write a= b in this case. We say that
two strings u and v (of same length) match if u[i] = Vi] for any position i. String-matching
with don't care symbols is the problem of finding a factor of text that matches the pattern pat
according to the present relation ~.

a a a9 b abb Y a ab 9
a g ab b 9 Y b b a a a b a

Figure 11.8. Matching words with the don't care symbol @.

The string-matching with don't care symbols does not use any of the techniques
developed for other string-matching questions. Thisis because the relation = is not trangitive (a
~ @ and @ = b does not imply a = b). Moreover, if symbol comparisons (involving only the
relation =) are the only access to input texts, then there is a quadratic lower bound for the
problem, which additionaly proves that the problem is quite different from other string-
matching questions. The algorithm presented later is an interesting example of a reduction of a
textual problem to a problem in arithmetics.

Theorem 11.7
If symbol comparisons are the only access to input texts, then O(n2) such comparisons
are necessary to solve the string-matching with don't care symbols.
Pr oof
Consider a pattern of length m, and a text of length n = 2m, both consisting entirely of don't
care symbols @. Occurrences of the pattern start at all positions 0...m. If the comparison "pat[j]
~ text[i]", for 1 =) = mand m<i < n, isnot done, then we can replace pat[j] and text[i] by two
distinct symbols a, b (that are not don't care symbols). Then the output remains unchanged, but
one of the occurrences is disqualified. Hence, the algorithm is not correct. This proves that dl
comparisons "pat[j] = text[i]", for 1 =j = mand m<i < n, must be done. This gives m(m+1)/2
= O(n?) comparisons. This completes the proof. £

Contrary to what is done elsewhere, we temporarily assume that positions in pat and text
are numbered from zero (and not from one). We start with an agorithm which "multiplies’
two words in a similar manner as two binary numbers are multiplied, but ignoring the carry.
We define the product operation ¢ as the composition of = and the logica "and" in the
following sense. If X, y are two strings, then z= x « y is defined by
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K] = AND(X[i] = V[j] : i+] =K).

In other words, it is the logica "and" of dl vaues X[i] = y[j] taken over dl i, j such that both

i+ =kand X[i], y[j] are defined. We can write symbolically: « = (=, and).

Let p to be the reverse of pattern pat, and consider z = p « text. Let us examine the vaue
of ZK]. We have Zk] = true iff (p[m+1] = text[k-m+1] and p[m-2] = text[k-n+2] and ... and
p[0] = text[K]). So, "ZK] = true" exactly means that there is an occurrence of pat ending &
position k in text. Hence, the string-matching with don't care symbols reduces to the
computation of productse.

Let us define an operation on logical vectors similar to e. If X, y are two logica vectors,
then z=x () y is defined by

K] = OR(X[i] and ¥{j] : i+] = K).
For aword x and a symbol a, denote by logical(a, X) the logical vector whose i-th component is
true iff x[i] = a. Define also
LOGICAL,, n(%, y) = logical(a, x) ¢ logical (b, y).
It is now easy to see the following fact:
For two words X, y, the vector x ¢ y equals the negation of logica OR of dl vectors
LOGICAL,, b(X, y) over al distinct symbols a, b which are not don't care symbols.

A consequence of the above fact is that, for a fixed-size aphabet, the complexity of
evaluating the product « is of the same order as that of computing the operation (.

Now, we show that the computation of the operation ¢) can be reduced to the computation
of the ordinary product * of two integers. Let X, y be two logical vectors of size n. Let k = logn.
Replace logical values true and false by ones and zeros, respectively. Next, insert between each
two consecutive digits an additional group of k zeros. We obtain two numbers X', y' (in binary
representation). Let Z be the integer, product of these numbers, Z = x * y. The vector z= x{ y
can be recovered from Z as follows. Take the first digit (starting at position 0), and then each
(k+1)-th digit of Z; convert ones and zeros into true and false, respectively. In this way, we
have proved the following statement.

Theorem 11.8
The string-matching problem with don't care symbols can be solved in IM(nlogn) time,
where IM(r) denotes the complexity of multiplying two integers of sizer.

The vaue IM(r) depends heavily on the model of computations considered. If bit
operations are counted, then the best known solution for the problem is given by the
Schonhage-Strassen multiplication, which works in time only dightly larger than O(rlogr).
Even with the serid model of computation considered throughout the book, uniform RAM
model (with logarithmic-sized integers), then, the best known complexity is at least O(rlogr).

Efficient Algorithms on Texts 271 M. Crochemore & W. Rytter



Chapter 11 272 21/7/97
In fact, no linear-time algorithm for the problem is known. This gives an O(nlog2n)-time
agorithm for the string-matching problem with don't care symbols.

String-matching with don't care symbols has a methodological interest because of its
relation to arithmetics. It should be aso interesting to find relations between some other typica
textual problemsto arithmetics.

11.5*. Edit distance — efficient parallel computation

The paralel computation of the edit distance can be ruled out as a shortest path problem
for the corresponding grid graph G (see Section 11.1). Assume for simplicity that words x and
y are of the same length n. Then, G has (n+1)2 nodes. Let A be the matrix of weights associated
to edges of G. We can use (min, +) matrix multiplications to get the required value of the edit
distance. Assume that the weight from the sink node to itself is zero. Then,

edit(x, y) = AN[O, n].
The matrix A" can be computed by successive squarings (or an adaptation of it, if n is not a
power of 2):
repeat logn times A := A2,

Obviously, k3 processors are enough to multiply two kxk matrices in O(logk) time on a CREW
PRAM. In our case k = (n+1)2, so, this proves that né processors suffice to compute the edit
distance. The time of computation is O(log2n). However, there is a more efficient algorithm,
due to the specid structure of the grid graph G. The grid graph can be decomposed into four
grid graphs of the same type, see Figure 11.9. The partition of G leads to a kind of paraled
divide-and-conguer computation.

\KZ \y\

C D

sink

sink

Figure 11.9. Decomposition of the shortest path problem into subproblems.
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Theorem 11.9
The edit distance of two words of length n can be computed in log3n time with n2
processors.

Proof

The edit distance problem reduces to the computation of a shortest path from the source (left
upper corner) to the sink (right lower corner) on the weighted grid graph G. We compute
(recursively) the matrix A of all costs of paths, from positions x on the left or top boundary to
any position y on the right or bottom boundary of G.

Let us partition the grid into four identical subgrids, asin Figure 11.9. If we know the matrices
of costs between boundary points for al subgrids, then al costs of paths between boundary
positions of the whole grid can be computed with O(M(n)) processors in O(log2n) time, by a
constant number of matrix multiplications. Here M(n) denotes the number of processors
needed to multiply, in log2n time, two matrices satisfying the quadrangle inequality. In chapter
8, we have seen that M(n) = O(n2). For n/2xn/2 subgrids we need M(n/2) processors a one
level of recursion. Altogether M(n) processors suffice, since we have the inequality: 4M(n/2) <
M(n) (because M(n) = ¢ n2). This completes the proof of the theorem. £

Bibliographic notes

The edit distance computation seems to have been first published by Wagner and Fischer
[WF 74]. Various applications of sequence comparisons are presented in a book edited by
Sankoff and Kruska [SK 83]. Algorithms of Sections 11.1 and 11.2 are widely used for
molecular sequence comparisons, for which alarge number of variants have been developed
(see for instance [GG 89]). Computation of a longest common subsequence (not only its
length) in linear space is from Hirschberg [Hi 75]. The last algorithm of Section 11.2 is from
Hunt and Szymanski [HS 77]. It is the base of the "diff" command of Unix system. An
algorithm for the longest increasing subsequence can be found in [Ma89].

There are numerous substantial contributions to the problem, among them are those by:
Hirschberg [Hi 77], Nakatsu, Kambayashi and Ygima [NKY 82], Hsu and Du [HD 84],
Ukkonen [Uk 85b], Apostolico [Ap 86] and [Ap 87], Myers [My 86], Apostolico and Guerra
[AG 87], Landau and Vishkin [LV 89], Apostolico, Browne and Guerra [ABG 92], Ukkonen
and Wood [UW 93].

A subquadratic solution (in O(n?/logn) time) to the computation of edit distances has
been given by Masek and Paterson [MP 80] for fixed-size alphabets.

The first efficient string-matching with errors is by Landau and Vishkin [LV 86b]. A
parale agorithmisgivenin [GG 87b].

The computation of lower common ancestors (LCA) is discussed by Schieber and
Vishkinin [SV 88] (see the bibliographic notes at the end of Chapter 5).
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The best asymptotic time complexity of the string-matching with don't care symbols is
achieved by the algorithm of Fischer and Paterson [FP 74].

Practical approximate string-matching is discussed by Baeza-Y ates and Gonnet [BG 92],
and by Wu and Manber [WM 92]. The solutions are close to each others. the second algorithm
has been implemented under UNIX as command "agrep".

The pardlde agorithm computing the edit distance (Section 11.5) is by Apostolico,
Atallah, Larmore, and McFaddin [AALF 88]. It is also observed independently in [Ry 88] that
the reduction of the edit distance problem to the shortest path problem for grid graphs leads to
the use of paralel matrix multiplication. For parale approximate string-matching the reader
canasoreferto[LV 89].
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12. Two-dimensional pattern matching

The chapter is devoted to pattern matching in two-dimensional structures. These objects
can be considered as images represented by matrices of pixels (bit-map images). Questions
related to pattern matching in strings extend naturally to similar questions on images. However,
not all algorithms have easy extensionsin this sense. The two-dimensional pattern matching is
interesting due to its relation to image processing. The efficiency of agorithms is even more
important in the two-dimensional case because the size of the problem, number of pixels of
images, isvery largein practical situations.

We mainly consider rectangular images. The pattern matching problem is to locate an
mxm' pattern array PAT inside an nxn' (text) array T. The position of an occurrence of PAT in
Tisapair (i, j), such that PAT = T[i+1...i+m, j+1...j+m] (see Figure 12.1).

We give two different solutions to two-dimensional pattern matching. The first reduces
the problem to multi-pattern matching. The second is based on two-dimensional periodicities
and the notion of duels. We then consider non-rectangular pattern in relation to approximate
matching. The method of sampling is presented for two-dimensional patterns and reveals to be
very powerful for aimost al patterns. Findly, in the last section, we apply the naming technique
to several problems concerning regularities in images.

R ——
i |
1
1
PAT i m
<>
m

Figure 12.1. PAT occurs at position (i, j) in T.

12.1. Multi-pattern approach: Baker and Bird algorithms

The first solution to 2-D pattern matching is to trandate the problem into a string-
matching problem. The pattern is viewed as a set of strings, its columns. To locate columns of
the pattern inside columns of the text array remains to search for severa patterns. Moreover,
the occurrences of patterns must be found in a particular configuration inside rows: al columns
of the pattern are to be found in the order specified by the pattern, and ending al on a same row
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of thetext array. In this section, we use the Aho-Corasick approach (Section 7.1) to solve the
multi-pattern matching.

text array pattern array
occurrence
123121
123121

Figure 12.2. Two-dimensional pattern matching: searching for columns of the pattern.

The strategy to search for PAT in thetext array T is the following. Let IT be the set of 4l
(distinct) columns of PAT (treated as words). We first build the string-matching automaton G
= SMA(IT) with terminal states (see Section 7.1). Each terminal state corresponds to a pattern of
I1. So, columns of the pattern are identified with states of the SMA automaton. There can be
less than m terminal states because of possible equalities between columns. Then, the
automaton is applied to each column of T. We generate an array T' of the same size as T, and
whose entries are states of G. The pattern PAT itself is replaced by a string pat over the set of
states. the i-th symbol of pat is the state identified with thei-th column of PAT. The rest of the
procedure consists in locating pat inside the lines of T'. The strategy is illustrated by Figures
12.3, 12.4 and 12.5. Thisyields the next result.

Theorem 12.1
The two-dimensiona pattern matching can be done in O(Nlog|A|) time, where N =n*n' is
the size of the text array, and A is the a phabet.
Proof
The time to build the automaton SMA(IT) is O(Mlog|A]) where M = m*m' is the size of the
pattern PAT. The congtruction of the array of column numbers T' takes O(Nlog|A|) time. The
final search phase, string-matching inside lines of T' takes O(N) time. Thus, the result holds
assuming that M < N. £
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a a a
b b a
aapb

J \

Figure 12.3. A pattern array, and the SMA automaton of its columns.
Columns 1 and 2 are identified with state 4, column 3 with state 5.

abababob 1 010100
aaaabbob 3131200
b bbaaahb 5253410
aaabbaa 4 4 452 31
b baaabob 2234452
aabaaaa 4 45 3 3 4 4

Figure 12.4. A text array, and its associated array of states
(according to the SMA automaton of Figure 12.3).

1 010100 abababob
3131200 ala a alb b b
5253410 bl{b bfala a|b
414 4 5|12 3 1 ala al|b|b ala
2 2 3|4 4 5|2 b b ala a bl|b
4 4 5(3 3 4 4 a a bla a a a

Figure 12.5. Occurrences of "445" in the array of states give
occurrences of the pattern array in the origina text array of Figure 12.4
Pattern "445" corresponds to the pattern array of Figure 12.3 (left).

The above agorithm seemsto be inherently dependent on the alphabet. Thisis because of
the automaton approach. The problem of existence of a linear time algorithm with a time
complexity independent of the size of the alphabet (for two-dimensional pattern matching) is
interesting and important from the practica point of view. We show a partial solution in the
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next section (alphabet-independent searching phase, but aphabet-dependent preprocessing
phase).

12.2. Periodicity approach: Amir-Benson-Farach algorithm

The agorithm of the present section is based on the idea of duels. The string-matching
algorithm by duels presented in Chapter 3 for "one-dimensiona” strings extends to the two-
dimensional case. The advantage of the approach is to produce a two-dimensiona pattern
matching agorithm whose search phase takes linear time, independently of the aphabet. The
two-dimensional settings for duels, witnesses and consistency relation are necessary to adapt
the string-matching algorithm by duels.

A period of the mxm' pattern array PAT isanon-null vector p = (r, S) such that -m < r <
m, 0 = s<m, and PAT[i, j] = PAT[r+i, s+j] whenever both sides of the equality are defined.
Note that the second component of a period is assumed to be a non-negative integer, which
remains to consider that vector periods are aways oriented from left to right. There are two
categories of the periods, see Figures 12.7 and 12.8, according to whether r is negative or not.

If there are close occurrences of the pattern in the text array, then there is an overlap of the
pattern over itself, that is, aperiodicity. If x and y are close positions of two occurrences PAT in
thearray T, assuming that y isto theright of X, the vector y-x is a period of the pattern.

—
—

O R (U

Figure 12.6. Orderings on positions: X <p y (left), X' <t y' (right).

Positions in arrays are numbered top-down (rows) and left-to-right (columns). We define
two partial orderings <y (for bottom) and <; (for top) on positionsin the array T:
(,D)=pk Diffi=kandj <,
(,D=stkk Diffiskandj=<I.
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The relation x <p y means that position x is to the left and at the bottom of y. The relation x <t y
means that position x isto the left and at the top of y. For instance, we have (i, j) <p (k I) and
@i',J) =t (K, I') in Figure 12.6.

(i,)
vector (r, 9)
aperiod of pattern

(i+r,j+s

Figure 12.7. When (i, j) <t (k, ). If two occurrences of PAT overlap, PAT has a period
(r,s) =(k, D-(i, j). Otherwise, aduel between (i, j) and (k, |) can be applied.

vector (r, S)
aperiod of
second type

(i+r,j+9)

(i)

Figure 12.8. The second category of period, when (i, J) <p (k, I).
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Making duels during the searching phase of the pattern matching algorithm suppose that
we have an andogue to the witness table considered for strings. For arrays, the two-
dimensional witnesstable WIT is defined as follows:
WIT][r, s| = any position (p, q) such that PAT[p, q] = PAT[r+p, st(q],
WIT]r, s] =0, if thereisno such (p, 9).
The definition is illustrated in Figures 12.9 and 12.10 for the two categories of vector (r, S)
(depending on whether r = 0 holds or not).

Figure 12.9. Thefirst category of witnesses.
The vector (r, s) isnot aperiod, (p, q) = WIT[r, s], and PAT[p, q] = PAT[r+p, stq].

(r,s)

\ witness

|
1
|
| (r+p, 5+0)
:
1
|

Figure 12.10. The second category of witnesses.
The vector (r, s) isnot aperiod, (p, q) = WIT[r, 5], and PAT[p, q] = PAT[r+p, stq].
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A duel isonly performed on close positions according to the following notion. A position
(k, 1) issaid to be in the range of the position (i, j) (according to the size of PAT) iff |k-ij < m
and |l-j| < m'. In addition, two positions x and y such that y is to the right of X, are said to be
consistent iff yisnot intherange of x, or if WIT[y-x] = 0, which means that y-x is a period of
PAT.

Let usrecal the notion of duel. If the positions x and y are not consistent, the pattern PAT
cannot appear both at x and at y in the array T. In constant time, we can remove one of them as
acandidate for a position of an occurrence of the pattern. Such an operation, called a duel, can
be described as follows. Assume that positions x and y are not consistent, with y to the right of
X. Let z= WIT[y-X]. Let a = PAT[Z], and b = PAT[y-x+2]. By definition of the witness table
WIT, symbols a and b are distinct. Let ¢ be the symbol T[y+2]. This symbol cannot be both
equal to aand b, so at least one of the positions x, y is not a matching position for PAT. If b =
¢, the pattern cannot occur at position x. If a = ¢, the same holds for y. So, comparing ¢ with a
and b permits to eliminate (at least) one of the position. Note that in some situations both
positions could be eiminated, but, for simplicity of the algorithm, exactly one position is
always removed a a time. This is a mere duplication of the strategy developed for "one-
dimensiona” string-matching. Let duel be defined by

duel(x, y) = (if b=cthen x elsey).
The value duel(x, y) is the position which "survives' after the duel, the other position is
eliminated.

We now describe the two-dimensiona pattern matching algorithm based on duels. We
assume the witness table of the pattern PAT is computed. Its precomputation is sketched a the
end of the section. The first step of the searching phase reduces the problem to a two-
dimensional pattern matching for unary patterns, as if al entries of PAT were the unique
symbol a.

We want to eliminate from the text array T a set of candidate positionsin such away that
all remaining positions are pairwise consistent. Removed positions cannot be matching position
of the pattern. Then, to each position x on the text array we associate the value 1 iff, after duels,
it corresponds to the symbol compatible with occurrences of the pattern placed a any position
in the range of x. Otherwise we associate 0 to position x. Doing so, we are left with a new text
array consisting only of zeros and ones. Finaly, we look for occurrences of an mxm' array
containing only 1's. So, the algorithm is essentially the same as in the one-dimensiona case.
But here, the relation between positionsis a bit more complicated. Thisis why relations <, and
<t have been introduced.

The following property of consistent positions is crucia for the correctness of the
algorithm.
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Consistency property (transitivity):
let X<ty <tz orX<py<pz

If X, y are consistent, and y, z are consistent, then x, z are also consistent.

According to relations <p and <t, consistency refines to bottom consistency and top
consistency. A set of positionsis bottom consistent iff for any two positions x, y of the set, such
that X <p Y, the positions are consistent. Bottom consistent positions are defined similarly. It is
clear that two elements are consistent iff they are top and bottom consistent. The same refers to
sets of (pairwise) consistent positions.

Let R be asubrectangle of thetext array T. The set S of positions in R is said to be good
with respect to R if both positions in S are pairwise consistent, and there is no matching
position inside R-S.

Let k be a column of the text array T. In the searching algorithm, we maintain the
following invariant. A good set of consistent positions in the columns k, k+1, ..., n' is known.
First, we construct good sets of consistent positions in each column separately. This gives the
invariant for k = n'. Then we satisfy theinvariant for k =n'-1, n'-2, ..., 1. At the end we have a
good set of consistent positions for the whole text array.

_consi stent e ements
in current column

O
O O

order of O O O O .
processing leftmost
elementsin O O O elements
current column in rows

O O O

O O 0O O

O O

\J
O O 0O

Figure 12.11. The situation when processing the next column.
The current column contains positions mutually consistent inside this column.
Then, positions inconsistent with other columns are removed.

When processing the k-th column, we run through consistent positions of this column in
atop-down fashion. We maintain the following invariant:
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inv(x, z k):
z is the leftmost consistent position in its own row; let R be the rectangle composed of
rows above z, and columns k, ..., n'; the set Sof al remaining positionsin R is a good
setinR.

Let x1, x2 be two consecutive (in the top-down order) consistent positions in the k-th
column. Figure 12.12 illustrates how the process goes from inv(x1, z1, k) to inv(x2, 22, k).

The set of consistent positions in columns k+1, ..., n' is maintained as a set of stacks.
These stacks correspond to the rows. The positions in a given row, from left to right, are on
their stack from top to bottom: the leftmost position in i-th row (in columns k+1, ..., n') is a
the top of the i-th stack. The duels of x1 against elements of the i-th row are done using the
same stack procedure as in the string-matching algorithm by duels (see Chapter 3).

elements consistent elements consistent
columnk  withx1 columnk Withx2 |
I
Y 2 I i2
Oxt 1
Y
O x2 j2 0O x2 j2

Figure 12.12. From inv(x1, z1, k) to inv(x2, 22, k).

Assume that z1 is in the i1-th row, and x1 is the j1-th row. Only positions in columns
k+1, ..., n" are considered (the duels are done between them and x1). We process rows in the
orderil, il+1, ...; each row is processed from left to right, starting with the leftmost element.
During the processing, we make duels between x1 and considered positions.

Assume that we start a given phase with position x1 in the k-th column, and with position
Zlintheil row (see Figure 12.12). The rows are processed top down and left-to-right, starting
with z1, and ending before or a the row containing x1. Initidlly z = z1. Then, assume that we
consider a candidate z in acolumn to the right of x1. The basic operation is the duel between x1
and z. Three cases are possible:

Efficient Algorithms on Texts 300 — 283 M. Crochemore & W. Rytter



Chapter 12 300 — 284 22/7/97
(1) — both x1 and z survive (they are consistent); the crucial point isthat we know at this
moment (due to trangitivity of consistency) that all candidates to the right of z and in the same

row as z are consistent with x1; we do not have to process them; we just go to the next row,
starting with the leftmost candidate z (to the right of k-th column) in this row;

(2) — zis"killed" by x1 in the duel; we process the next candidate z in the same row as
last z if there is no such candidate we just go to the next row;

(3) — x1 is"killed" and z survives; then, the processing of x1 is finished; x1 is removed
asa candidate, z1 = z, and we dtart the next phase with the next candidate x2 below x1 in the
same column as x1; if there is no such candidate, then the processing of the whole column is
finished; take x1 as the topmost candidate in the (k-1) column, and start processing column k-1.

Doing so, we obtain a set of consistent positions in the sense of the ordering <. If X, y are
inthisorder, and arein the set, then they are consistent. After that, we process again the whole
text array, but in abottom-up manner, performing essentialy the same algorithm as described
above for the top-down ordering. The rows are again processed from left to right. The
remaining set of positionsis guaranteed to be bottom consistent. Thus, the final set Sis a good
consistent set.

The problem is reduced to "unary” pattern matching, in which the pattern consists only of
one symbol, as follows. For each position x in the text array, find any position'y in Ssuch that x
isinthe range of y. Place the pattern at position y on the text array, and check if the symbol at x
matches the corresponding symbol of the pattern. If "yes", associate "1" to position x. If "no",
or if thereis no such position y, associate "0" to x. In this way, we obtain a new array of zeros
and ones. It just remains to search for a rectangular shape of size mxm' containing only 1's
inside the new array. This is straightforward, and is left to the reader. The above discussion
gives aproof of the next statement.

Theorem 12.2
If the witness table for the pattern array is computed, the search phase for the two-
dimensional pattern matching can be donein linear time, independently of the size of the
al phabet.

The computation of the witness table given below makes use of a suffix tree. It takes a
time which depends on the size of the alphabet, though it is linear with respect to the length of
the pattern. This is due to the construction of suffix trees. In the computation of the witness
table the basic operation isto check the equality of two subrows of the pattern. This is done on
the suffix tree for the set of rows of the pattern, and by preprocessing the tree for LCA queries.
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Theorem 12.3
The witness table for an mxm' two-dimensional pattern can be computed in O(mm'log|A])
time, where A is the a phabet.
Proof
L et us examine the situation, when the witness for the position (r, s) of PAT isto be computed.
Let k = m-s+1. Assume that elements of the first, and of the s-th columns are names of the
rows of sizek starting at position of these columns to the right. Denote the resulting columns
by C1(K) and C4K (see Figure 12.13).

length k
< > c

¥
r (r,9) mim

Figure 12.13.

Let ST be the suffix tree of al rows of the pattern. It takes O(mm’log(JA[)) time to build it.
Preprocess the tree to be able to answer LCA queries in constant time (see Section 5.7).
Consider aso the table PREF as defined in Chapter 3.

Claim

The table PREF of the column C4K) with respect to C1(K) can be computed in O(m) time, once
the tree ST is given.

Proof (of the claim)

the computation of this table essentialy reduces to the computation of the table of border
lengths, see Chapter 3. We don’'t need actually the names of entries of the columns Cg(K) and
C1(®), these names represent subrows of length k. It is enough to make comparisons in
constant time, hence, it is enough to be able to check quickly the equality between two subrows
of the same size k. This can be done by LCA queries about the rows of the pattern array.
Assume first that (r, s) is a period of the pattern. Then PREF[r] = m-r. Otherwise, PREF(r]
gives the index of the row where the witness position is. To find the witness position it is
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enough to find the longest common prefix of two subrows of length k. this can be done again
by the use of ST and LCA queries. This complete the proof. +

12.3. Matching with don’t care symbols, and non-rectangular patterns

Assume that the two-dimensional pattern contains a certain number of holes. Holes can
be regarded asfilled with a specid symbol that matches any other symbol. It is the don't care
symbol & considered in Chapter 11 for approximate string-matching. If the pattern is not
rectangular, we can also complete it , adding enough don't care symbols so that it fits into an
mxm' rectangle. Doing so, both questions become similar.

2m
the pattern
C 1 ]
| I I | | |
2m [ | | I I | m
<M 5

Figure 12.14. Searching a non-rectangular mxm'’ pattern inside pieces of shape 2mx2m'.

Theorem 12.4
Two-dimensional pattern-matching with don’'t care symbols, and pattern-matching of
non-rectangular patterns can be done in O(Nlog2m) time (with an mxm' pattern, m = m,
and an nxn' text array, N = nn').
Proof
We linearize the problem. Let PAT be a non-rectangular pattern which fits into an mxm'
rectangle, with m = m'. We consider windows of shape 2mx2m’' on the text array. We first
solve the problem as if n = 2m. We define Lin(PAT) as a one-dimensional version of PAT. Itis
astring with don't care symbols of size O(m) constructed as follows:
— place PAT inside a2mx2m’ shape S. All positions not occupied by PAT are filled with the
don't care symbol JJ; then, concatenate the rows of S starting from the topmost row; in the
string obtained in this way, remove the largest prefix, and the largest suffix containing only
don't care symbols. The resulting string is Lin(PAT).
The basic property of the transformation Lin is:
Lin(PAT) isindependent of the position where PAT is placed inside the shape S
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Let T be an 2mx2m' text array. Let Lin'(T) be the string obtained by concatenating dl rows of
T, starting from the topmost row.

Then, searching PAT in T is equivalent to search Lin(PAT) inside Lin'(T). This can be done by
methods for string-matching with don't care symbols (Section 11.4). It is proved there how to
do it in time O(nlog2n), which becomes here O(m?log2m).

A text array of size greater than 2mx2m' can be decomposed into such (overlapping) subarrays
on which the above procedure is applied. The tota time becomes then O(Nlog2m). This
completes the proof.

12.4. M atching with mismatches

The definition of a distance between two arrays is more complicated than for (one-
dimensional) strings. Insertions or deletions of a symbol can result in an increase or decrease of
the length of one row (column). Therefore, for simplicity, we concentrate here on the
approximate pattern matching with only one edit operation: replacement of one symbol by
another. This corresponds to unit-cost mismatches.

For two strings X, y denote by MISM(X, v, i) the set of first (left-to-right) mismatch
positions, up to k, between the substring y[i...i+[x]-1] and x. We are not interested in more than
k mismatches.

Lemma12.5
Assume we are given two strings x and y, and their suffix trees with the LCA
preprocessing. Then, the computation of MISM(X, Y, 1) can be donein time O(k) for each
positioni in thetexty.
Proof
First we find the longest common prefix of y[i...n] and x. Thisis done by an LCA query for the
leaves corresponding to y and x in the joint suffix tree for these both texts. In this way, we
obtain the first mismatch position i1. Then, we look for the longest common prefix of X[is-
i+1...m] and y[i1...n]. Thisis done again by asking a suitable LCA query about leaves related
to x[i1-i+1...m] and y[i1...n]. We obtain the next mismatch position (if it exists). We continue
in thisway until k mismatch positions are found, or (in the case there are less than k mismatch
positions) al mismatch positions are found. The time is proportiona to the number of LCA
queries, that is O(k). This completes the proof. f

Theorem 12.6
Assume the alphabet is of aconstant size. The problem of pattern matching with a fixed
number k of mismatches inside an nxn text array T can be solved in time O(kn?).

Proof

Efficient Algorithms on Texts 300 — 287 M. Crochemore & W. Rytter



Chapter 12 300 — 288 22/7/97
Let PAT be the mxm pattern, where m < n. The algorithm starts as in the exact two-
dimensional pattern matching, by a multi-pattern string-matching. The Aho-Corasick
automaton for all columns of the pattern is built. Then, the automaton is applied to al columns
of Tto get astatearray T'. The pattern array isreplaced by a string of states PAT'.

bad columns looking for bad columns

AN i

approximate matching
for bad columns

Figure 12.15. Approximate matching. Thereis at most k bad columns. If there is match with at
most k mismatches, then the total number of mismatchesin all bad columns cannot exceed k.

Figure 12.15 illustrates how we check the approximate match at position (r, s) with at most k
mismatches. Let y be the r-th row of T'. We compute MISM(PAT", vy, S). This produces dl
columns which contain at least one mismatch with the pattern PAT placed at (r, s). Let us cal
these columns the bad columns. We compute the total number of mismatch positions in bad
columns with respect to the corresponding columns of the pattern (assuming it is placed &
position (r, s)). We are only interested in & most k mismatches in total. All mismatches are
found by using the function MISM. The total complexity is proportional to the number of dl
LCA queries done in the algorithm. We make a most k such queries. Hence, for a fixed
position (r, s) the complexity, after the preprocessing, is O(k). Since there is a quadratic
number of position, the total time complexity is as required. This completes the proof.

12.5. Multi-pattern matching

In this section we consider a set of k square pattern arrays Xi, X, ..., Xk. For agiven nxn
text array T we want to check if any of these patterns occurs in T. This is the multi-pattern
matching in two dimensions. Assume, for smplicity, that the size of the aphabet is constant.
The strategy developed for the Karp-Miller-Rosenberg algorithm (Chapter 8) yields a solution
to the general multi-pattern problem which works in O(n2logn) time. We omit the obvious
proof.
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Fact

The two-dimensional multi-pattern matching can be solved in O(nZlogn) time using the
KMR agorithm.

Indeed, the above result can be improved to O(n2logk) time, where k is the number of
patterns. Of course, k can be of the same order as n, and this does not provide a substantial
improvement. But we are also interested in dternative algorithms and some interesting new
ideas behind them which enrich the algorithmics of two-dimensional matching.

The natura aternative algorithm considered here is based on an extension of the Aho-
Corasick string-matching automaton to the two-dimensional case. By the way, this also shows
the important extension of the notion of border, suffix, and prefix to two-dimensiona arrays.
This also provides another pattern matching algorithm for one pattern: it shows that searching
the pattern along a fixed diagonal of the text array is reducible to the one-dimensional string-
matching. Again, LCA preprocessing is crucid for the two-dimensional pattern matching
algorithm of the section.

First consider the simple case when dl the patterns are of the same shape. Assume that
they are mxm arrays. The method of section 12.1 generalizes easily to this situation. This gives
alinear time algorithm when al patterns of the same size.

Theorem 12.7
The two-dimensional multi-pattern matching can be solved in time O(N) when the
alphabet is fixed and dl patterns are of the same size (where N is the total size of the
problem).
Proof
The algorithm works as follows. The Aho-Corasick machine is constructed for al columns of
al patterns. Then, each pattern array is transformed into a string of states. We obtain a set of
strings X1, X2, ..., Xk. The text array T is replaced by the state array T in the same way as in
Section 12.1. Any multi-pattern string-matching algorithm then gives a solution. This gives a
linear time algorithm for this special case (fixed alphabet). +

Next, we consider the genera case, when the patterns are square arrays of possibly
different sizes. Again, the agorithm is an extenson of the Aho-Corasick multi-pattern
matching.

A prefix (resp. suffix) of asquare array is asguare subarray containing the left top corner
(resp. right bottom corner) of the array. We construct the two-dimensional version of the Aho-
Corasick multi-pattern automaton M as follows. Each pattern is considered as a string: its i-th
letter is the i-th segment of the array. The i-th segment is composed of the upper part of the i-th
column, and the left part of the i-th row, beginning both at the i-th position on the diagona (see
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Figure 12.16). The states of M are prefixes of al the pattern arrays. The set of dtates is
organized in a tree whose nodes correspond to the two-dimensional prefixes of the patterns.

N

[ N
<

Figure 12.16. Thei-th segment of a pattern array.

The edges outgoing a node at the depth i-1 are labeled by the names of the i-th segments
of the patterns. We can give consistent names to i-th segments of al patterns in O(klogk) time
for agiveni, sincethere are at most k such segments, one for each pattern. The equality of two
segments can be checked in constant time by an LCPref query (a longest common prefix
query) after a suitable preprocessing of the tree whose edge labels are names of segments.

After that, the failure table Bord on the tree is built as in Section 7.1. The notion
corresponds to borders of square arrays as illustrated in Figure 12.17. They are largest proper
subarrays which are both prefix and suffix of the given array.

border of X

\

subarray X apattern
array

Figure 12.17. A border of asubarray X of a pattern.

We say that a segment 1l isapart of a segment x2 iff the column part of w1 is a prefix
of the column part of 72 and asimilar relation holds between rows of the segments. Define the
following relation == between two segments. Let ntl, ©n2 be i-th and j-th segments,
respectively, withi < j. Then, we write tl == n2 iff ether, both i = j holds and the names of
the segments are the same, or, tl isapart of 2. The table Bord for the two-dimensional case
isdefined as for strings, except that relation == is considered instead of equality.
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Theorem 12.8
Assume that the alphabet is fixed. Then the two-dimensional multi-pattern matching can
be solved in time O(Nlogk) time, where k is the number of patterns.
Proof
The two-dimensional pattern matching is essentialy reduced to one-dimensional multi-pattern
matching. The equality = of symbolsis replaced by the relation ==, and the corresponding table
Bord works similarly. ¥

thei-th
diagond

Figure 12.18. Checking occurrence of a pattern at position (r, ) in the text array.

12.6. Matching by sampling

The concept of deterministic sample introduced in Chapter 3 for one-dimensional patterns
is very powerful. Its wide applicability appears, for instance, in the domain of paralle
computations, leading to a constant-time parale string-matching. The aim of this section is to
extend and use the concept of deterministic sample to the two-dimensional case. Almost each
non-periodic pattern has a deterministic sample whose properties are anal ogue to those for one-
dimensional patterns. The use of 2D-sampling (for short) gives solutions both to sequential
computation requiring only small extra space, and to constant-time paralel computation for the
two-dimensional pattern matching problem.

A deterministic sample S for PAT is a set of positions in the pattern PAT satisfying
certain conditions. The sample Soccurs at position x = (i, j) in the text array iff PAT[y] =T[x+Y]
for eachyin S(Figure 12.19).
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occurrence of
sample

/

J the sample

’/ only match for these

%{(7 %@ positions is checked

potentia occurrence
of the pattern

Figure 12.19. A deterministic sample S

The centrd idea related to samples is the field of fire of the sample S Finding an
occurrence of the sample in the text assures us that there is an my2xnv2 square in the text, called
thefield of fire of the occurrence of S where thereis only one possible matching position of the
pattern. This possible matching position is z = (k, |) relatively to the origin of the field of fire
(see Figure 12.20). Let x be a podition of S in the text array. Denote by fofire(x, S the
corresponding field of fire: it is the m/2xm/2 subsquare of the text array a position x-z. The
field of fire should satisfy the following condition.

Field of fire condition:
whenever the sample Soccurs at position x in the text array, then there is no occurrence of
the pattern inside the areafofire(x, S of the text array, except maybe at position x.

The size of a sgquare S, denoted by |, is defined here as the length of its side. The
deterministic sample Smust be small, but effective in "killing" other positions. It must satisfy
the following conditions:

*) IS < O(logm),

(**) [fofire(x, S| = m/4.
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occurrence of the
sample at point x |

-/ k
k/ "

.

text array

~fofire(x, 9

Figure 12.20. The field of fire of the sample S

We consider only very particular sasmples. They are special segments. horizontal factor of
length 4logm at position (MY2, m/2) in the pattern. In other words, it is the factor of length
4logm starting at position nV2+1 in the m/2+1 row of the pattern (see Figure 12.21). Moreover,
we say that the pattern PAT is good if its specia segment occurs only once in PAT. Note that
any segment lying "far enough” from the boundaries of the array would work as well.

\
specia segment

Figure 12.21. The special segment of PAT, and itsfield of fire.

Theorem 12.9
Assume that the aphabet contains at least two symbols. Then
— amost all patterns are good,
— for amost al patterns there is a logarithmic-size sample whose field of fire is an
m/2xnv2 sguare,
— both, the sample can be found, and the goodness of the pattern can be checked either
in constant extra space and linear serial time, or in constant parald time with O(m?)
Processors.
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Proof

Thefirst point follows by simple calculations.

If the pattern is good the special segment isthe sample. It isof logarithmic size. Its field of fire
isthe left upper m/2xnV2 quadrant of the pattern. If the sample occurs a position x in the text
array, then no occurrence of the pattern in the text has position x+(k, ) for 0O < k= m/2, 0 =< | <
m/2, and (k, 1) = (0, 0), because then there would be two occurrences of the special segment in
the pattern.

The last point follows from the fact that all occurrences of the special segment can be found
within claimed complexities using algorithms for string-matching of Chapters 13 and 14.

This completes the sketch of the proof. f

Theorem 12.10
Assume that the alphabet contains at |east two symbols. Then
— the two-dimensional pattern matching can be solved in constant extra space and linear
seria time, for almost al patterns,
— the two-dimensional pattern matching can be solved in constant parale time with
O(n?) processors, for almost all patterns.
Sketch of the proof
Only good patterns are considered, so results hold only for them.
The whole text array is partitioned into m/2xm/2 windows. In each window, we search for
occurrences of the specia segment with a seriad agorithm working with the claimed
complexities. For each occurrence of the segment (sample) we check naively if it corresponds
to an occurrence of the whole pattern. This is done for dl windows independently, window
after window.
The proof of the second point is analogue to the above argument. But now, al windows are
processed simultaneously with a constant-time parallel string-matching algorithm.

12.7. An algorithm fast on the average

A natural question related to pattern matching is to design algorithms that are fast in
practice. Sincethe notion of "practice” is not formal, it is often considered algorithms that are
fast on the average. In this section, we construct an agorithm making O(Nlog(M)/M)
comparisons on the average for the two-dimensional pattern matching (the pattern is an mxm
array, thetextisannxn, N = n2, and M = m2). All symbols appear with the same probability
independently of each othersin arrays. If M is of the same order as N, the algorithm makes
only O(log N) comparisons on the average. The method described here is similar to the use of
gpecia segments in Section 12.6. We assume for simplicity that the aphabet has only two
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elements, and each of the two symbols of the text is chosen independently with the same
probability. Let r be equal to 4logm.

window
y
m /
¥
m
small O(logm)
subwindow

Figure 12.22. Searching the pattern starting in the window, first check the subwindow.

The algorithm is similar to the agorithm fast_on average presented a the end of
Chapter 4 as avariation of the Boyer-Moore a gorithm for string-matching.

Informal description of the algorithm

— Partition the text array into windows of shape mxm;

— the sub-window of awindow consists of the last r positions of the lowest row of the
window;

— first check if the text contained in the sub-window is afactor of any row of the pattern;
— if so, the search for an occurrence of the pattern having its left upper corner position in
the window is done by any linear time algorithm; the same procedure is applied to each
window.

The suffix of length r of the last row of the pattern behaves like a fingerprint. It has only
logarithmic size, by definition. But it is unlikely to appear in sub-windows. The test a line 3
above can be done with the help of a suffix tree or a suffix dawg. On fixed a phabets, this takes
O(r) time. There are N/M windows, and a simple caculation shows the following (see end of
Chapter 4).

Theorem 12.11
The two-dimensional pattern matching can be done with O(n2log(m)/m?) comparisons
on the average, for fixed alphabets, after preprocessing the pattern.

Efficient Algorithms on Texts 300 — 295 M. Crochemore & W. Rytter



Chapter 12 300 — 296 22/7/97
12.8. Finding regularitiesin paralle

We consider in this section three problems on arrays. These problems consist in finding a
largest subarray which:

(1) repeats (occurs at least twice), or

(2) isacommon subarray of two given arrays, or

(3) is symmetric.

The agorithmic solutions for these problems resemble the solutions for the corresponding one-
dimensional problems.

Denote by Candl(s) (resp. Cand2(s), Cand3(s)) a function whose vaue is any subarray
of size swhich satisfies the condition (1) (resp. condition (2), condition (3)). If there is no such
subarray then the value of the function is nil. The values of the function are candidates of size s.
The problemisto find a non-nil candidate with maximum size s. More generaly, we assume
that we have a function Cand(s) satisfying the following monotonicity property:

Cand(s+1) = nil => Cand(s) = nil.
Denote by Maxcand a candidate of maximal size,
Maxcand = { Cand(s) : sis maximum such that Cand(s) = nil}.
Assume also that Cand(0) is some special value.

Lemma12.12
If the value Cand(s) can be computed in T(n) parallel time with P(n) processors, then, the
value of Maxcand can be computed in O(T(n)logn) time with the same number of
Processors.
Pr oof
We can assumew. |. 0. g. that nisapower of two, and that Cand(n) = nil. A variant of binary
search can be applied. We look a Cand(n/2). If it is nil then we try Cand(n/4), otherwise we
look a Cand(n/2+n/4), and so on. In this way, after a logarithmic number of steps we get
Maxcand. This completes the proof. f

The agorithm of Chapter 9 related to the computation of the dictionary of basic factors
for strings has a natura counterpart for arrays. The naming technique applies as well. Thisis
because an array of size 2k is composed of four (fixed finite number) subarrays of size k.
Recall that abasic subarray has shape kxk with k a power of two. Each such subarray isgiven a
name (or a number) through NUMy.

Assume that the dictionary of basic subarraysis computed for the input array. Testing the
equality of two subarrays whose sizeis apower of two reduces to a mere comparison of their
associated names. If the size of subarraysis not a power of two we can also test their equdity
in constant time. For that purpose, we define identifiers for subarrays whose size s is not a
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power of two. Let k be the highest power of 2 less than s. The identifier of the sxs subarray a
position v1 is Ident(vl, s) = (NUMg(v1), NUMy(v2), NUM(v3), NUM(v4)), where position
v2, V3, and v4 are as in Figure 12.23. It is clear that, if the dictionary of basic subarrays is
computed, the equality of two subarraysis equivalent to the equality of their identifiers, and can
be checked in constant time. The key point isthat identifiers are of constant size.

vl WS k >
o o A A
v3 v4
AN ] K
S
k
Y
Y Y
< k >

Figure 12.23. Identifier of a subarray of sizes:
Ident(v1, s) = (NUM(VL), NUM(v2), NUM(V3), NUMy(v4))
where k is the highest power of 2 lessthan s.

Identifiers of subarrays can be used to search for subarrays. This gives a straightforward
paralle solution to the two-dimensiona pattern matching problem. The algorithm is ssimple but
not optimal. A parallel optimal solution is presented in Chapter 14.

Theorem 12.13
The two-dimensional pattern matching problem can be solved with n2 processors in
O(log2n) parallel time on the exclusive-write PRAM model, and in O(logn) paralld time
on the concurrent-write PRAM model.
Proof
Let PAT be the mxm pattern array, let T be the nxn text array. We create the dictionary of basic
factors common to PAT and T. The identifier ID of the pattern is computed. Then we search in
paralld for asubarray P' of T (of same size as PAT) whose identifier equals ID. The search
phase takes constant time, and the computation of the dictionary relies on agorithms of
Chapter 9. This completes the proof. f
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Observe that none of the linear time sequential algorithms for two-dimensional pattern
matching (Section 12.1) is easily paralldlizable. We now come to the problems of the present
section. We apply Lemma 12.12 successively to functions Candl, Cand2, and Cand3. The
complexities of algorithms for these three problems are analogue to the complexity of the
pattern matching algorithm of Theorem 12.13.

Theorem 12.14
The largest repeated subarray of an nxn array can be computed with n2 processors in
O(log2n) parallel time on the exclusive-write PRAM model, and in O(logn) paralld time
on the concurrent-write PRAM model.
Proof
Inview of Lemma12.12, it is enough to show how to compute Cand1(s) with n2 processors
in O(logn) time on the exclusive-write PRAM model, and in O(1) time on the concurrent-write
PRAM model.
Given identifiers of al subarrays, for each position x on the text array, it is an easy matter to
compute in O(logn) time two positions with the same identifier. We can sort pairs (Ident(x, ),
X) lexicographically. Any two such consecutive pairs with the same identifier part in the sorted
sequence give required positions. The model is the exclusive-write PRAM.
With concurrent writes we can use an auxiliary bulletin board table, and proceed similarly as in
the proof of Lemma 9.4. No initialization of the bulletin board is required, and this gives O(1)
time. This completes the proof. $

Theorem 12.15
The largest common subarray of two nxn arrays can be computed with n2 processors in
O(log2n) parallel time on the exclusive-write PRAM model, and in O(logn) parald time
on the concurrent-write PRAM model.
Proof
In this case we compute, at the beginning, the common dictionary for both text arrays S T. The
rest of the proof is essentially the same as the proof of Theorem 12.14. There are small
technical differences. We sort pairs (Ident(x, s), X) lexicographically. Now x's are positions in S
and T. We can partition the sorted sequence into segments consisting of pairs having the same
first component (identifier). In these segments it is now easy to look for two positions x, y such
that xisaposition in Sand y isaposition in T. This completes the proof. £
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Theorem 12.16

The largest symmetric subarray of an nxn array can be computed with n2 processors in
O(log2n) parallel time on the exclusive-write PRAM model, and in O(logn) parald time
on the concurrent-write PRAM model.

Proof

Let X be an nxn array. In view of Lemma 12.12, it is enough to compute Cand3(s) with n2
processors in O(logn) time on the exclusive-write PRAM model, and in O(1) time on the
concurrent-write PRAM model.

Let us compute the array T which results by reflecting each entry of X with respect to the center
of the array. Denote by Reflect(x, s) the position in T of the sxs subarray B, reflection of the
subarray A occurring at position x in X (see Figure 12.24). Now we can compute the common
dictionary of basic subarrays of arrays X and T. The subarray A of X is symmetric iff A= B,
which can be checked in constant time using s-identifiers at position (i, j) in X, and at position
Reflect((i, j), s) in T. The function Reflect is easily computable in constant time. Once we know
which sxs subarrays are symmetric we can easily choose one of them (if there is any) as the
value of Cand3(s). Hence, Cand3(s) can be computed within the required complexity bounds.
This completes the proof. £

center of the array (i',]") = Reflect(i, j, K)
/
(D
B
symmetry
with respect
to the center .
@i, 1) —>
A

Figure 12.24. The sxs subarray A issymmetric iff A= B iff Ident((i, j), s) = Ident((i’, }"), 9).

12.9. Simple geometry of 2-dimensional periodicities.

This section prepares some theoretica tools for the Galil-Park 2d-pattern matching
algorithm of Section 12.11. The proofs of several simple facts are omitted, they are left as
EXErcises.

Let PAT be a two-dimensional pattern of shape mxm, with its rows and columns
numbered by 1, 2, ..., m. The vectors of PAT are denoted by = and . We consider only two-
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dimensional vectors with integer components. Recall that a vector &t is a period of PAT iff
PAT[X] = PAT[x+x], whenever both sides are defined. If both sides are defined for at least one
point x, then mt is a non-trivial period. We also write that &t is a 1d-period to emphasize its 1-
dimensional status. The main difference between 1d-dimensional and 2d-dimensional pattern
matching lies in different structures of periods of patterns. In two dimensions, some periods
are inherently two-dimensional and are called 2d-periods.

A pair u = (m, ) of non-colinear vectorsis a2d-period of PAT iff t and B are non-trivial
periods, and each linear combination of m and B is a 1d-period of PAT. An equivaent
formulation is. PAT can be extended to an infinite plane in which = and § are periods. By a
linear combination we always mean a combination with integer coefficients, i.e. a vector

i.t+.p, wherei, j areintegers. Two (or more) vectors are said to be colinear iff they are in the
same direction, which does not necessarily mean in this case that one is an integer combination
of other (others). Let us denote by Lattice(u) the set of dl linear combinations of x, . The
elements of Lattice(u) are called the lattice points. So, the pair u is a 2d-period iff al elements
of Lattice(u), as vectors, are periods.

A vector it = (r, ¢) issaid to be small iff its componentsr, ¢ satisfy |r|, |c| < d.m, where d
= 1/16. A 2D-period is small iff its both components are small vectors. The pattern PAT is
called periodic (lattice-periodic or 2d-periodic) iff it has any small 1d-period (2d-period).

Remark. In one-dimensiona string-matching a linear combination of small 1d-periods is
always a period. But this is not generdly valid in two dimensions, even for non-negative
combinations of colinear vectors (aswell asfor non-colinear vectors, of course). If al elements
of the array PAT are the same | etter except for a small number of elements closed to one fixed
corner, then there is a great number of 1d-periods, but there is no non-trivial 2d-period. The
parts around the corners are responsible for irregularities.

The 2d-period u = (it, f), issaid to be normal iff 7t is a quad-I period and f is a quad-II
period.

Lemma 12.17 (Nor malizing lemma)
If the pattern has a small 2d-period then it has a small normal 2d-period.

A notion of divisibility for two 2d-periods ul, u2 isintroduced as follows:
u1 | u2 iff Lattice(u1) includes Lattice(u).

We introduce also the notion of a smallest 2d-period u = period(PAT). Itis a fixed small
2d-period of PAT that "divides' each other small 2d-period: in other words u | u' for each
small 2d-period w'. There are several ways to precise which w isto be chosen, but any of them
isgood. Assume PAT is 2d-periodic. We define period(PAT) as a small normal 2d-period (i,
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B), where &t is a quad-1 small period of a minimal length (in case of ties the most horizontal

vector is chosen), and § isaquad-11 small period of a minimal length (in case of ties the most

vertical vector is chosen). Lemma 12.17 guarantees that the definition makes sense. It can be
proved that any small 1-d period corresponds to a point in Lattice(PAT). This fact toghether

with Lemma 12.17 implies the following lemma.

Lemma 12.18 (2d-periodicity lemma)
() Assume ul, u2 are small 2d-periods of PAT. Then, there is a 2d-period u such that
wlulandp|u2.
(b) Assume PAT islattice-periodic and it isa small vector. Then wisa 1d-period of PAT
iff wisin Lattice(period(PAT)). Moreover, period(PAT) | u for all small 2d-periods u .

Observation. Assume we know which points of PAT are small sources (see below). Then,
period(PAT) can be computed in O(M) time independently of the alphabet, if it exists.

Lemma 12.19 (overlap lemma)
Assume the patterns PAT1 and PAT2 are 2d-periodic subsquares of the same rectangle,

period(PAT1) = ul, and period(PAT?2) = u2, where |ul|, |u2| <m/2 < m. If PAT1 and
PAT2 overlap on an m'xm' square, then ul = u2.

According to their periodicities, 2d-patterns are classified into four main categories.
—non-periodic : no small period at al,

—lattice-periodic (or 2d-periodic): at least one small 2d-period,

—radiant-periodic : at least two non-colinear small 1d-periods, but not |attice-periodic,
—line-periodic: al periodsin the same direction.

We have already defined quad-l periods and quad-Il periods. We recdl these definitions
and introduce similar categories for so-called sources. The pattern is divided into four m/2xmy/2
digoint squares, called quads, and named quad I, quad 11, quad 111, and quad 1V, according to
the anticlockwise ordering, and starting with the upper left corner. So quad | corresponds to
upper |eft square corner, and quad |1 corresponds to lower |eft square corner.

For technical reasonsit is convenient that these categories are digoint. So we assume that
horizontal vectors are not quad-11 vectors, and vertica vectors are not quad-1 vectors. In this
way, each 1d-period oriented from left to right is exactly of one type: aquad-1 period or a quad-
[l period.

Let Center(PAT) = PAT' be the central subarray of PAT which results after "peeling off"
the s boundary columns and rows (from top, down, right and left). The shape of such subarray
is (m-2s)x(m-2s). Below we state the key lemma used to avoid the radiant-periodic case in the
main algorithm. Its proof is omitted.
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Lemma 12.20 (Radiant-periodicity L emma)
Assume that PAT isradiant periodic. Then Centerog m(PAT) is not radiant-periodic.

A vector it can beidentified athe point T of PAT, extremity of t when its origin is a the
quad-I top left corner (point (0, 0)) or at the quad-11 corner (point (m, 0)) of the pattern. The
point & is cdled the quad-l beginning point, or the quad-1l beginning point respectively,
corresponding to . If it isa period and the quad-1 beginning point t is in PAT then xt is caled
a quad-1 period, and &t is caled a quad-1 source. Quad-Il periods and sources are defined
analogoudly. Using the terminology of sources, the periodicity type of pattern PAT can be
characterized (equivalently) asfollows:

—non-periodic : no small source;

— lattice-periodic or (2d-periodic): at least one quad-I source and one quad-11 source;

—radiant-periodic : not lattice-periodic and at least two non-colinear small sources;

—line-periodic: all sources on the sameline.

Let w = (it, B) be a 2d-vector. We say that two points x, y are u-equivalent iff x-y isin
Lattice(u). A u-path is a path consisting of edges that are vectors =&, -, p or -p. The
processing of certain difficult patternsis done by exploring some simple geometry of paths on
alattice generated by two vectorsmt, § belonging to the same quadrant. If we have two points X,
y containing distinct symbols and we have a (r, 8)-path from X, to y inside the pattern, then,
one of the edges of the path gives a witness of non-periodicity to one of vectors it or . Thisis
due to the fact that the initial and terminating positions do not match, so there should be a
mismatch “on the way” from x to y. The length of the path is the number of edgesit contains.

Observation. The basic difficulty with such approach is the length of the path. It can happen
that u isasmall 2D-period, but the length of a shortest u-path between two u-connected points
of an mxm square is quadratic. Consider, for instance, u = ((nV2, 1), (1, 0)), x = (m/2, 0), and
y=(m/2, ml).

Despite the above observation in some situations we can find useful short paths, as
shown in the next lemma. Let Cut_Cornersg(A) be the part of array A without top-right and

bottom-left corner squares of shape sxs.

Lemma 12.21 (Linear-path Lemma)
Assume m, 3 are quad-l vectors of size at most k. Let S be a subsquare of size kxk of a
larger square A, and let x be the point which is the bottom-left corner or top-right corner
of S Assume xisinside Cut_Cornerspk(A). Then, thereis alinear-length u-path inside A

fromxtoapointy = xin S Such a path can be computed in O(k) time.
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Proof

We can assume, without loss of generality that x is the quad-1l corner of S and that «t,  are
quad-1 vectors of size at most k. Moreover, we can assume that the array A is of shape 3kx3k,
and Sisthe square of size kxk at the top-left corner of A. Then, x isthe point of A a position (K,
0). Assume that 3 is more a horizontal vector than . We find a path and a point y by the
algorithm GREEDY below.

We prove that the algorithm GREEDY terminates successfully after a linear number of
iterations and generates the required path. Consider thelinesLg, L1, Lo, ..., where Ly is the line
parallel to t and containing the points x+hp. So, points x+if+x (j integer) belong to the line L;.
If some line Lj cuts the two horizontal borders of S, or its two vertical borders, then the

segment of the line that is insgde S is longer than wt. Thus, x+ip+jx belongs to S for some
(negative) integer j. If each line Lj cuts both an horizontal border of S and a vertica border of it
then let i be such that lines Lj and Lj+1 surround the diagonal segment of S then it can be
proved that, either there isa point x+if+jm in Sor apoint x+(i+1)+j'w in S Values of variable
y in the agorithm are points of a u-path inside A because if "y-m not in A", y+f isin A. It
remains to explain why the path has linear length, which at the same time proves that the
algorithm worksin O(Kk) time. Let t = (r, ¢) and = (r', ¢'). The point x+rB-r's is on the same
column as x, and can be the point y if it isin S It is clear that the w-path followed by the
algorithm is entirely (except maybe the last edge) inside the triangle (X, x+rf, x+rp-r'c). Thus,
the length of the u-path followed by the algorithm is no longer than r+r' which is O(k). £

al gori t hm GREEDY

begi n
y ‘=X
r epeat
if y- mis outside the area Atheny =y + f
elsey =y - m

until y is in S
end.
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LT
p

Figure 12.25. A short path from a given point x to some other point y of the square S

We introduce a specia type of duels called here long-duels. Assume we have small quad-
| vectorsm, 3, and apoint x a distance at least 2k from quad-11 and quad-IV corners. Assume
also that if y is any point such that y-x is a small quad-I1 vector, then PAT[X] = PAT[y]. The
procedure long_duel(z, B, X) "kills" one of the vectors xt, 8, and finds its witness. It works as
follows: a (xt, B)-path from a given point x to some point y in the pattern is found by the
algorithm of the Linear-path Lemma. The path consists of alinear number of edges. Endpoints
x and y contain distinct symbols. So one of the edges on the path gives a witness for xt or 3.
Doing so, one of the potential small periods or 3 is"eliminated” in linear time.
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Theorem 12.22 (Long-duel Theorem)
Assume we have aset X of small quad-1 vectors, where [X] = O(m), and we are given a
position x in Cut_Cornerspq.m(PAT). Assume also that if y isany point such that y-x is a

small quad-11 vector, then PAT[X] = PAT[y]. Then, we can find in linear time, using long
duels, witnesses for all small quad-1 vectors except maybe for a set of vectors on a same
lineL.

Pr oof

We run the following statement:

while X is non-enpty do begin
take any elenent f fromX;, add f to Y, and delete B from X;
while there are two non-colinear vectors =, f in Y do
execute long-duel (m, B, x) and delete the "l ooser” fromY;
end,

Wekeep in the set Y the elements of X that have not been eliminated so far. Initially Yis empty.
The invariant of theloop is: non-null witnesses for all elements not in the current sets X or Y are
computed, and all elements of Y are on the same line L. Altogether, the execution time is O(m?)
and a phabet independent. All remaining vectors (with non-null witnesses up to now) are, at the
end, on asame line L. This completes the proof. f

Let us cdl the algorithm of the Long-duel Theorem the long-duel algorithm. There is a
natural analogue of the theorem for quad-11 small vectors, and for quad-1, quad-111 corners.

Thecrucia point in the processing of a difficult type of patterns (corner patterns) is the
role played by the following suffix-testing problem: given m strings X1, ..., Xm of tota size
O(m?), compute the mxm table Suf-Test defined as follows:

uf-Test[i, j] = nil if thei-th string is a suffix of the j-th string,

uf-Test[i, j] = position of the rightmost mismatch otherwise.
The agorithm is given below as Algorithm Suffix-Testing. We sketch its rough structure to
show that it runsin linear-time independently of the alphabet. It is enough to compute for each
pair i, j, the length SUFi, j] of the longest common suffix of x; and X;.

The algorithm can be easily implemented to work in O(m?) time. The main point in the
evaluation of the time complexity isthat if aposition takes part in a positive comparison (when
two symbols match), then, this position is never inspected again. When we process a given k
and compute SUF[k, j] for j > k, then we look first for SUFTi, j], where i = MAX([j, k-1], and
then for SUF[i, K]. These data are available a this moment, due to invariant. The word x; is
scanned backwards starting from position SUFJi, j]. The pointers go only backwards. This
proves the next theorem.
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Al gorithm Suffix-Testing;

begi n
assune that strings xi, .., Xmare in increasing order of
their 1engths;

{ tnvariant(k): for all i, j, 1 =i =k, 1 =] =m
SUF[i, j] is conputed, and, for each j, 1 <] =m
we know MAX[j, k] =i, where i is the index i = k which

maxi m zes SUF[i, j]}
make i nvariant(1);
for k =2 to mdo
make invariant(k) using invariant(k-1);
end.

Theorem 12.23 (Suffix-testing Theor em)
The suffix-testing problem for m strings of total size O(m?) can be solved in O(m?2) time,
independently of the alphabet.

12.10.* Patternswith large monochromatic centers

The al phabet-independent linear-time computation of 2d-witness tables is quite technical,
hence the present and next sections may be considered as optional. In this section, we present
an aphabet-independent linear-time computation of witnesses for specia patterns whose
"large" centra part is"monochromatic”. The pattern PAT is called mono-central iff all symbols
lying in Centery are equa to the same letter a of the aphabet, and for k < 3/8m. Then, the
central subarray of PAT of size a least m/4xnv4 is monochromatic. A position containing a
letter different from letter a is caled a defect. Assume the existence of a least one defect
(otherwise the preprocessing is trivial). Opposite corners of PAT are the corners lying on the
same forward or backward diagona of PAT (quad-l and quad-lll, or quad-Il and quad-1V
corners). A mono-central pattern PAT is called corner if thereisa pair of opposite corners x, y
of PAT such that each defect can be reached by a most two small vectors from x or y. The
corner patterns are the hardest with respect to their witness computation, and this is because
they can be radiant-periodic. The non-corner patterns are simpler to deal with, due to the
following observation.

Observation
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If PAT isa periodic non-corner mono-central pattern, then PAT is non-periodic or line-
periodic (so, PAT is not radiant-periodic).

The applicability of the long-duel algorithm follows from the next lemma.

Lemma 12.24 (Subsquar e Lemma)
Let us assume that PAT is mono-central, and that there is a defect inside the area A =
Cut_cornersy(PAT). Then there is a defect position x inside A satisfying one of the
following conditions:
(1) xisaquad-1 or quad-111 corner of a kxk subsguare S containing no defect position
gtrictly inside S
(2) xisaquad-11 or quad-1V corner of a kxk subsguare S containing no defect position a
all, except x.

Proof

Take adefect point in A closest to the center of PAT.

Theorem 12.25 (Non-corner Theorem)
The witnesstable for all small vectors of a mono-central non-corner pattern PAT can be
computed in O(m?) time.
Proof
Consider the defect z closest to the center of PAT. Assume without loss of generdity that zisin
guadrant 1. The position z is the witness (of non-periodicity) for al small quad-Il vectors,
except maybe vertical vectors. The case of vertica and horizontal periodicities is very easy to
process, so, we assume that all witnesses for vertica and horizontal vectors are computed and
PAT is not verticaly nor horizontally periodic. The set of potential small quad-1 periods is
gparsified using vertical duels in columns. Afterwards, in quadrant | we have only a linear
number of candidates for small periods. Denote by X the set of these candidates. To compute
witnesses for quad-1 small vectors it is enough to find a point x satisfying the assumptions of
the Long-duel Theorem. Take the defect x implied by the Subsquare Lemma. If condition (1) of
this lemma holds, then x is itself the witness for dl quad-1 vectors which are not vertica nor
horizontal vectors. Otherwise, x is “good” to apply the long-duel Theorem. The case of
horizontally or vertically periodic pattern can be easily processed. This completes the proof. f

Theorem 12.26 (Corner Theorem)
Consider an mxm array PAT that is a mono-central corner pattern. Then, witnesses for dl
vectors of size at most V8 can be computed in O(m?) time.
Proof
Assume that opposite corners from the definition of corner patterns are quad-11 and quad-1V
corners. So, al defects are closed to quad-11 and quad-1V corners. These corners are separated
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by alarge area of non-defects. So, we can compute periods and witnesses with respect to each
corner separately. Hence, without loss of generality, we can assume that al defects are close to
the quad-11 corner, and, in particular, that thereis no defect that contains the same symbol a in
quadrants I, Il and 1V. Assume PAT contains a least one defect in quadrant I1. PAT has
obviously no small quad-11 periods, since the rightmost defect gives witnhesses against all quad-
Il vectors. We show how to compute witnesses for small quad-I vectors.
Let PAT1 be the following transformation of the pattern. Replace in each row all symbols by a,
except the rightmost non-a symbol of each row. Replace these rightmost non-a symbols by a
special symbol $. Let X be the set of positions containing the symbol $; cal them special
positions.
For x in X denote by string(x) the word in PAT consisting of the part of the row containing X
from the left side up to x (including X). Let it be avector of size at most V4. Then, it is easy to
see the following:

nisnot aperiod iff

(1) wisnot aperiod in PATL, or

(2) for two positions x, y in X we have y-x = &t and string(x) is not a suffix of string(y)

(then, awitness for mt is given by a mismatch between string(x) and string(y)).
The computation of al witnesses for vectors of size a most k in PAT1 is rather easy. Only
guad-I vectors are to be processed. Assume there is no small vertical period. Then, the set of
potential small quad-1 periodsis sparsified using duelsin columns. Afterwards alinear number
of candidates remain. Each of them is checked against dl (linear number) symbols a special
positionsin anaive way. The withesses arising from condition (2) are computed using directly
the Suffix-testing Algorithm. This completes the proof. +

We extend the definition of defects. Assume a mono-central pattern PAT has a lattice-
periodic central subarray C of size a least m/4. We say that x is a lattice-defect iff x does not
agree with (contains a symbol different from) any point y in C that is lattice-equivalent to x. Let
Mono(PAT) be the pattern in which al positions which are not lattice-defects are replaced by
the same special symbol. We omit the proof of the following simple lemma.

Lemma 12.27 (Mono Lemma)
If asmall vector m isin the lattice generated by the smallest period of C, then, mt is a
period of PAT iff &t isaperiod of Mono(PAT).

Efficient Algorithms on Texts 300 — 308 M. Crochemore & W. Rytter



Chapter 12 300 — 309 22/7/97
12.11.* A version of the Galil-Park algorithm

Recall that the periodicity type of a subarray depends on its size. When we say that the
witnesses for agiven array or subarray are computed we mean the witnesses, if there are any,
for al vectors small according to the size of the presently considered array.

Lemma 12.28 (Line Lemma)
Assume we have aset Sof pointsin afixed quadrant of PAT, such that all of them are on
the sameline L. Then, we can check which of them correspond to periods and compute
witnesses, wherever they are, in O(m?) time independently of the al phabet.
Pr oof
The proof reduces to the computation of witness tables for m one-dimensional strings of size
2meach. Let Lj bedl lines parale to L; take mpairs of lines (Lj, Kj), where K| is pardléd to L
and the distance between Kj and L; equals the distance between the point (0, 0) and L. Each line
istaken asastring of symbols. For each i, lines L and K are concatenated, and witnesses for

these strings are computed by a one-dimensional classical agorithm.

Assume Cisacentral subarray of shape sxs, where s = m. Denote Large Extend(C) =
D, where D isacentral subarray of shape 2sx2s. If ever 2s>m, we define Large Extend(C) =
PAT. Observe that asmall period with respect to Large Extend(C), in case Large_Extend(C) =
PAT, means a vector of size a& most 2d.s (d = 1/16, see Section 12.9). Large Extend(C) is
twice larger than C except maybe at the last iteration of the algorithm. The reason for such
irregularity isthat while making duels for small vectorsin D we use mismatches in C and we
should guarantee that D is enough large with respect to C and that vectors (taking part in a duel)
starting in C do not go outside the pattern PAT. Define also Small_Extend(C) as a centrd
subarray of shape 3/2sx3/2s.

Due to Lemma 12.20, if Large Extend(C) = PAT and if it is radiant-periodic then
Small_Extend(C) is not radiant periodic. This saves one case (radiant-periodic) in the algorithm:
Cisnever radiant-periodic.

Before each iteration in GP algorithm the witnesses and periods are dready known for a
central subarray C whose shape is sxs. The witnesses for a larger central subarray D are
computed, where D = Large Extend(C), or D = Small Extend(C) in the case
Large Extend(C) is radiant-periodic and Large Extend(C) = PAT. In the latter case, D is of
shape 3/2sx3/2s, and Lemma 12.20 guarantees that D is not radiant-periodic. Then C is set to
D and the next iteration starts.
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Al gorit hm GP; { modified Galil-Park algorithm; computes witnesses for all small vectors
}
begi n
C:=an initial constant-sized non radi ant-periodic central
subarray of PAT;
conpute the witness table of Cin Q1) tineg;
D := Large Extend(O;
while C = PAT do begin {main iteration, C has sxs shape}
if Cis non-periodic then begin
the witness table of Cis used to nake duel s between
candi dates for snmall periods in D
after duelling, only a constant nunber of candi dates
remai ns;
the witnesses for themare conputed in a naive way,
end else if Cis line-periodic then begin
consider the areas QlL, @ of candi dates of snall
(with respect to D) periods in respectively quad | and
quad I'l of D, divide each area into d.sxd.s subsquares;
in each smal |l er subsquare do begin
nmake duel s between candi dates using w tnesses from C,
only candi dates on the sane |ine survive,
apply the algorithmfromthe Line Lenms,
end,
end else {Cis lattice-periodic} begin
let uw = period(Q;
for each small candidate period m & Lattice(u) do
{use Lenma 1}
find a u-equivalent point y in Cin quad |I or quad I1I,
then the witness corresponding to y gives easily a
W tness for x;
for each small candidate period = €Lattice(u) do
conpute witness of m in Mno(PAT); {Mno Lenma}
{use al gorithns from Non-corner or Corner Theorens}
end;
if D= PAT and D is radiant-periodic then
D:= Smal |l _Extend(C
el se begin C:= D, D:= Large Extend(C end,
end; {nmain iteration}
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end.

Three digoint cases are considered in the agorithm depending on whether C is non-
periodic, lattice-periodic, or line-periodic. The first case (non-periodic) is very simple. At each
iteration we spend O(r2), wherer isthe size of the actual array D; this size grows at least by a
factor 3/2 at each iteration. Altogether, the time is linear with respect to the tota size of the
pattern, as the sum of a geometric progression.

When the witness table is eventualy computed, the Amir-Benson-Farach searching
phase of Section 12.2 can be applied. Altoghether we have proved the following result.

Theorem 12.29
There is a 2d-pattern matching agorithm whose time complexity is linear and
independent of the aphabet (including the preprocessing).

Bibliographic notes

The simple linear time (on fixed aphabets) two-dimensional pattern matching algorithm
of Section 12.1 has been found independently by Bird [Bi 77] and Baker [Ba 78].

The linear-time searching algorithm of Section 12.2 is from Amir, Benson, and Farach
[ABF 92]. It isquite surprising that thisis the first aphabet-independent linear-time algorithm,
because in the case of strings the first algorithm satisfying the same requirements is the
agorithm of Morrisand Pratt [MP 70]. The gap is more than twenty years! Furthermore, the
preprocessing phase of the algorithm in [ABF 92] is not a phabet-independent. Galil and Park
have recently designed a globa aphabet-independent linear-time algorithm for two-
dimensional pattern matching [GP 92b]. The question of periodicity of two-dimensiona
patternsis discussed in several papers, especidly in [AB 92], [GP 92], and [RR 93].

The agorithm to search for non-rectangular patterns is from Amir and Farach [AF 91].

The powerful concept of deterministic sample was introduced by Vishkin in [Vi 91] for
strings. The wide applicability of this concept was recently shown by Gdil [Ga 92] who
designed a constant parald time string-matching (with linear number of processors). The
sampling method of Section 12.6 is from Crochemore, Gasieniec, and Rytter [CGR 92].

The agorithm "fast on the average' is a ssimple application of a similar agorithm
described in Chapter 4. The idea comes from [KMP 77].

Almost optimal parald agorithms of Section 12.8 are from Crochemore and Rytter
[CR 91c].

A notion of suffix tree on arrays is discussed by Giancarlo in [Gi 93]. Arrays are
transformed into linear structures asin Section 12.5. The tree used in this section is essentialy
the suffix tree of Chapter 5.
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The basic source for the classification of 2-dimensional periodicities (Section 12.9) is the
article of Amir and Benson [AB92]. The rest of the chapter is an adaptation of the result of
Gdlil and Park in [GP 92b].
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13. Time-space optimal string-matching

In the chapter, we discuss the optimality of the string-matching problem according to
both time and space complexities.

String-matching algorithms of Chapter 3 make a heavy use of the failure function Bord.
This function gives the lengths of borders of pattern prefixes. This is equivaent to memorizing
al the periods of pattern prefixes. A more useful information to ded with shifts in KMP
algorithm would be the periods of words ua, for all prefixes u of pat and al possible |etters of
the alphabet A of the searched text. Indeed, this is redlized by the minimal deterministic
automaton recognizing the set of words ending with the pattern pat: the SMA automaton of
Chapter 7. But the memory space needed to implement the automaton, in a straightforward
way, is O(JAl.|pat]), quantity which depends on the size of the alphabet. This chapter presents
three different solutions to string-matching that all lead to algorithms running in linear time and
using smultaneously only bounded space in addition to the text and the pattern. These
algorithms are thus time-space optimal.

The first two presented solutions to time-space optimal string-matching are GS and CP
algorithms. These algorithms, caled factorized string-matching, may be considered as
intermediate between KMP and BM agorithms. Like them, they run in linear time (including
the preprocessing phase), but require only a bounded memory space compared to space linear
in the size of the pattern for KMP and BM. The generd scheme, common to GS and CP
algorithms, is given in the next section.

The last section presents another more recent solution to optimal string-matching. The
algorithm uses a left-to-right scan of the pattern, as KMP does. It is based on a memoryless
lazy computation of periods. The great theoretical interest in scanning the pattern from left to
right is that the algorithm naturally finds all "overhanging" occurrences of the pattern in the text.
And thisyields atime-space optimal agorithm to compute the periods of aword.

13.1. Preludeto factorized string-matching

CP and GS adgorithms have a common feature. Scans depend on afactorization uv of the
pattern pat. The scan for a position of the window is conceptually divided into two successive
phases. Thefirst phase (right scan) consists in matching v only against text. The letters of v are
scanned from left to right. When a mismatch is found during the first phase (right mismatch),
there is no second phase and the pattern is shifted to the right. Otherwise, if ho mismatch
happens during the first phase, that is, when an occurrence of v is found in text, the second
phase starts (left scan). The left part u of the pattern is matched against the text. The word u can
be scanned from right to left asin the Boyer and Moore approach, but the direction of this scan
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is not important. If a mismatch occurs at the second phase (left mismatch), the pattern is shifted
to the right according to arule different from the rule used in the case of right mismatch. After
a shift the same process repeats until an occurrence of pat is eventually found, or the end of text
isreached.

window on the text

text S

<« > | >
second scan, ! first scan
if necessary |
pat |. u v 2

Figure 13.1. Scheme for factorized string-matching.

An important property of GS and CP agorithms is that shifts they perform are
computablein constant time and constant space. The scheme for factorized string-matching is
shown below.

Al gorithmtinme-space-optimal -string-natching( text, pat);

{ n=|text|; m=|pat|; }
begi n
(u, v) := factorize(pat);
pos :=0; 1 :=|u;

whil e pos = n-m do begin
{ right scan }
while i < m and pat[ i+1l] = text[ postit+l] do i := i+l;
if i=m then begin
{ left scan }
i f text[postl, .., post|ul] = uthen return true;

end;
(pos, 1) := shift(pos, 1);
end;
return fal se;
end.

The preprocessing of the pattern consistsin splitting it into two parts u and v (pat = uv).
GS and CP agorithms greetly differ in the way they decompose the pattern, and also in the
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way they shift the pattern. We explain informally what are the main features of these
algorithms.

The decomposition of the pattern used in GS algorithm is called a perfect factorization. It
gives aposition inside the pattern from which a most one highly periodic factor starts (to the
right). For the shifts, the algorithm distinguishes between two cases according to whether a
highly periodic prefix of the right part of the factorization isfound or not in the text.

CP algorithm uses a decomposition of the pattern caled a critical factorization. This
factorization gives aposition inside the pattern where the local period coincides with the global
period of the pattern. The rule for shifts takes into account the period of the entire pattern, which
isagreat advantage from the point of view of practical time complexity.

The precise description of these algorithms is given in following sections. However, the
next lines summarize the rules applied by the algorithms to shift the pattern along the text.

Shift in GS:
shift(pos, i) = if V[{1...i-|u]] not highly periodic then (pos+(i-|u|)/3+1), |u])
else (postp, i-p), where p is the unique small period of prefixes of v.
Shift in CP:
shift(pos, i) = if i<mthen (pos+i-|u, |u[) else (post+p, max(|ul, i-p)),
where p is period(pat), the smallest period of the pattern.

The main conclusion of the present chapter is summarized in the next statement.

Theorem 13.1
The string-matching problem can be solved in O(|text|+|pat|) time using constant space in
addition to the pattern and the text. The constantsinvolved in ‘O' notation are independent
of the size of the alphabet.

13.2. GSalgorithm : search phase

This section is devoted only to the search phase of first time-space optimal string-
matching a gorithm of the chapter, GS algorithm. The preprocessing phase istreated in the next
section.

GS agorithm can be regarded as a space efficient implementation of KMP agorithm
(Chapter 3). Its space efficiency is based on properties of repeated factorsinside the pattern pat.
While CP agorithm deals with squares (repetitions) from their center, GS algorithm treats
repetitions (of higher order) from their left end. In the context of KMP algorithm, the idea to
save on spaceis to avoid storing al the periods of prefixes of the pattern. Only small periods
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are memorized, where "small” is relative to the length of the prefix. Approximations of other
periods are computed when needed during the search phase.

In this section we consider an integer k > 1. It is a parameter of the method we are
discussing, and typically we shall consider k = 3. Let x be a non-empty word. A primitive word
wis called ak-highly repeating prefix of x (a k-hrp of x, in short) if wK is a prefix of x. Recdll
that aword w is said to be primitive if it is not a (proper) power of another word. Primitive
words are non empty, so are k-hrp's.

Example
Consider the word abaababaabab. It has two 2-hrp's, namely aba and abaab. The periods of
its prefixes are shown in the next array.

a b a a b a b a a b a b
Prefix lengths : o 1 2 3 4 5 6 7 8 9 10 11 12
Periods: -1 2 2 3 3 3 5 5 5 5 5 5
Exponents : -1 1 15 13 17 2 14 16 18 2 22 24
Only 4 prefixes have an exponent greater than or equa to 2. The shortest of them, abaaba, is
the square of the first 2-hrp. The three other prefixes are "under the influence” of the second 2-
hrp abaab.

| - - pattern L
[ [ ] e ]

scope of Wy scope of W, scope of w,

Figure 13.2. Scopes of three highly repeating prefixes (wy, wo, W3).

When wis ak-hrp of x, period(w?2) = |w|. Thus, we can consider the longest prefix z of x
that has period |w|. We define the scope of w as the interval of integers [[w2], |Z]]. Note that, by
definition, any prefix of x whose length falls inside the scope of w has period |w|. Some shorter
prefixes may also have the same period, but we do not deal with them. Figure 13.2 shows the
structure of scopes of k-hrp's of a word x. It happens that scopes are digoint (see proof of
Lemma 13.3.

Example (continued)
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Inside the word abaababaabab, the scope of aba is[6, 6], and the scope of abaab is [10, 12].
t

Wefirst present asimple string-matching algorithm based on the notion of scopes of k-
hrp's. The algorithm isaversion of KMP algorithm. During a run of the algorithm, lengths of
shifts are computed with the help of scopes of k-hrp's. We assume that these intervals have
been computed previoudly.

Al gorithm Simple-Search;

{ An O(r)-space version of KMP, where r is the nunber }
{ of k-highly repeating prefixes of pat and

{ ([, Ry] / 7=1,..1r) is their sequence of scopes }
begi n

pos := 0; i :=0;
whil e pos = n-m do begin
while i < m and pat[ i+1] = text[ posti+l] do i := i+l
if i = mthen report match at position pos;
if i belongs to some [L; R;] then begin
pos := postLjl2; i := i-Lj/2;
end el se begin
pos := post|il k|+1; i := O;
end;
end,
end.

Inside algorithm Smple-Search, the test i belongs to some [Lj, R]" can be implemented

in a straightforward way so that it needs O(1) space, and that its time does not affect the
asymptotic time complexity of the whole algorithm.

Lemma 13.2
If the pattern pat hasr k-hrp's, algorithm Smple-Search runs in time O(Jtext|) using O(r)
space. It makes less than k.|text| symbol comparisons.
Pr oof
To evaluate the time performance of the algorithm it can be shown that the value of expression
k.posti is strictly increased after each symbol comparison.
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The correctness of algorithm Smple-Search isadirect consequence of the following lemma. It
essentialy gives alower bound on periods of prefixes whose length does not belong to any
scope of ahighly repeating prefix.

Lemma 13.3

Let ([Lj, R /j=1,...,r) be the sequence of scopes of &l k-hrp's of aword x. Then any

non-empty prefix u of x satisfies:

— period(u) = Lj/2if Ju| € [L},R] for somej,

— period(u) > |ul/k otherwise.
Proof
Wefirst prove that two different scopes [L1, Rq] and [Lo, Ry] are digoint. Let w1 and w2 be
their corresponding k-hrp's, and assume that, for instance, |w1| < [w2|. We show that Ry < L.
Let zbe the prefix of length Ry of x. If L, < Ry, the square wo? is a prefix of z. Therefore the
periodicity lemma applies to periods [wi| and | of wo2. It implies that ged(jwil, w2]) is a
period of this prefix. But, since |w1| < |w2|, gcd(jwi], w2]) < |w2|, and we get a contradiction
with the primitivity of wo.
Let u be a non-empty prefix of x. If Jul does not belong to any scope of k-highly repeating
prefix, then obvioudy period(u) > Ju|/k.
Assume that |u| belongs to some [Lj,R]. It isthen a prefix of some power wj€ (e = k > 1) of the
k-highly repeating prefix wj. The quantity |wj| = L;/2 is a period of u. Moreover, it is the
smallest period of u, because otherwise |u] would belong to another scope, a contradiction. Then
period(u) = Lj/2. %

The preprocessing phase required by algorithm Smple-Search is presented below. Its
correctnessis|eft to the reader. It isan adaptation of agorithm Smple-Search, and it works as
if the pattern is being searched for insideitsalf. It also runsin linear time.

Algorithms Smple-Search and Scopes require O(r) extra space to work. This space is
used to store the r scopes of k-hrp's of the pattern pat. A ssimple application of the periodicity
lemma shows that, for k = 3, any word x has no more than logk-1|x| k-hrp's. This relies on the
following fact : if u and v are two k-hrp's of x and |u| < |v|, then the even stronger inequality
holds: (k-1)Jul < M. For k = 2, the same kind of logarithmic bound aso holds (see next
examples). So, agorithms Smple-Search and Scopes together solve the string-matching
problem in linear time with logarithmic extra space.
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Al gorithm Scopes
{ Conpute the list of scopes of all k-hrp's of pat }
begi n
SCOPE : = enpty |ist;
pos :=1; 1 .= 0;
whil e posti < m do begin
whil e posti < m and pat[ i+l] = pat|[ post+i+l] do i := i+l;
if pos = (posti)/ k then add [ 2*pos, posti] to end of SCOPE;
if i belongs to some [L; Ry;] in SCOPE then begin
pos = postLjl 2; i 1= i-L5l2;
end el se begin

pos = post| il k|+1; i := 0;
end;
end;
return the |ist SCOPE,
end.
Example

Let k = 2, and consider the Fibonacci word Fibg displayed in Figure 13.3 (recall that the
sequence of Fibonacci wordsis defined by Fiby = b, Fib, = a, and Fib; = Fib;_Fib;_, for i >
2). Figure 13.3 shows the scopes of its 2-hrp's. It can be proved that the number of 2-hrp's of a
Fibonacci word F is ©(log|F|) (see next example). £

|||baabaababaababaabaababaabaab

abaababaabaababaababaabaababaabaab

[] [-] [-----] — ]
66 1011 16,1 26,32

Figure 13.3. Four scopes in a Fibonacci word.
Fibonacci words have alogarithmic number of 2-hrp's.

Example
We give words having the maximum number of square prefixes (indeed, maximum number
of 2-hrp's). They are the squares of words hj, i = 1, defined inductively by
h1 = a, hp = aab, h3 = aabaaba, and
hj = hj_1 hjo, fori > 3.
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For instance, hs? = aabaabaaabaabaaba.aabaabaaabaabaaba. Its square prefixes are hq?2,
ho?2, h32, h42, and hg? itself. In other terms, its 2-hrp's are hy, hy, hz, hs, and hs. Note that hs2
has the same length as the Fibonacci word Fibg (see previous example). But, this latter word
has only four 2-hrp's.

It can be proved that words shorter than hj2 start with less than i squares (of primitive words),
or, equivaently, with less than i 2-hrp's. Moreover, for dl i = 4, word hj is the unigue word
starting with i 2-hrp's. £

We are now ready to present GS algorithm. Let k = 3. The ideaisto scan the pattern from
a position where a most one k-hrp starts. Fortunately, such a position aways exists because
words satisfy a remarkable combinatorial property stated in the next theorem and proved in
Section 13.3.

Theorem (perfect factorization theorem)
Any non-empty word x can be factorized into uv such that
— |u| < 2.period(v), and
— v has at most one 3-hrp.

The example of pattern aaa...a shows that we cannot require that the right part v of the
factorization has no 3-hrp. A factorization uv of x that satisfies the conclusion of the theorem is
cdled a perfect factorization. After a preprocessing phase amed a computing a perfect
factorization, GS algorithm presented below follows the scheme introduced in Section 13.1,
and uses the algorithm Smple-Search.

AlgorithmGS; { informal description }
{ search for pat in text }
begi n

(u, v) := perfect factorization of pat;

find all occurrences of vin text Wwth Simple-Search;

for each position g of an occurrence of v in text do

if uends at g then report the match at position g | ul;

end.

The following theorem shows that GS agorithm is time-space optimal.
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Theorem 134

GS agorithm computes all positions of occurrences of pat inside text.

The agorithm runsin time O(|pat|+|text[), and uses a bounded memory space.

The number of letter comparisons made during the search phase isless than 5|text|.
Proof
The correctness mainly comes from that of algorithm Smple-Search.
We assume that the first statement of GS algorithm runs in time O(|pat|). This assumption is
satisfied by the preprocessing algorithm of Section 13.3.
By Lemma 13.2 the search for vin text uses at most 3.[text| symbol comparisons. The distance
between two consecutive occurrences of v in text is not less than period(v). Thus, the condition
lu] < 2.period(v) impliesthat a given letter of text is matched against aletter of u (during the test
"uendsat q?') a most twice, which globally givesat most 2.[text| more symbol comparisons.
t

13.3. Preprocessing the pattern : perfect factorization

This section is devoted to the preprocessing phase of GS agorithm presented in the
previous section. The preprocessing consists in computing a perfect factorization of the pattern.
The method relies on a constructive proof of the perfect factorization theorem. We first prove
that such a factorization exits, and then, we analyze the complexity of the factorization
algorithm. The parameter k of Section 13.2 is set to 3 all along the present section. So, the hrp's
(highly repeating prefixes) that are considered should be understood as 3-hrp's, but dl the
results are also valid for k-hrp's with k > 3. We are thus interested in cubes occurring in the
pattern. If the pattern is cube-free, no preprocessing for GS algorithm is even needed.

In the following, we denote by hrpl(x) and hrp2(x) respectively, the shortest and the
second shortest hrp of a given non-empty word x, when they are defined.

The structure of the factorization algorithm is based on a sequence W(x) of hrpl's. The
elements of the sequence W(X) = (w1, Wo,..., Wy) are called the working factors of x, and are
defined as follows. The first element wq is hrpl(x) if x starts with a cube, and is x itself
otherwise. Let x = wix, and assume that X is a non-empty word. Then wo is defined in the
same manner on X', and so on, until thereis no hrp. The last element of the sequence is a suffix
of x that does not start with a cube. In particular, the sequence is reduced to x itself if it does not
start with a cube.

We shall see that there is a perfect factorization uv of x of the form u = wiwo...wj, v =
Wi+1...Wr. SO, anatural procedure to factorize x would be to compute the positions of working
factors, and test, a each position, whether there are two hrp's starting there. The procedure
would stop as soon as at most one hrp is found starting at the current position. Unfortunately,
this could cost a quadratic number of comparisons. In order to keep the time complexity linear,
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the test is done only at some specific positions, called testing points. Thefirst testing point on x
isthe position 0. When x has no second hrp, there is no more testing point, and the factor u of
the perfect factorization of x is empty. Assume now that x has a second hrp, z = hrp2(x). Then,
the second testing point is the last position of a working factor inside z. In other terms, the
second testing point is fwiwo...wj|, where j isthe largest integer such that [wiwo...w;j| < |2. The
rest of the sequence of testing point is defined in the same way on the rest of the word x (i.e. on
Wj+1...Wr).

| hrp2(x) hrp2(x)
! 1

A W, W, w, !
L . . - ---

! ' Py L - _
pattern x
Figure 13.4. Thefirst two testing points @.
The working factor w4 as the same length as hrp2(x).
hrp2 |

L hp2 |

A W3 | w, at most one hrp :::
| | - o
| pattern X ¢ ? o
1 1
| u v - —

Figure 13.5. The sequence of working factors wy, wo,... leadsto
testing points @, and eventually to a perfect factorization uv of x.

The preprocessing phase of GS algorithm, which reduces to the computation of a perfect
factorization of the pattern, is shown below. It computes the sequence of positionsi of working
factors from left to right, and checks at each testing point whether a second hrp (or cube) starts.
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Al gorithm Perfect fact;

{ preprocessing pat for GS algorithm m = |pat| }
{ conputes a perfect factorization of pattern pat }
begi n

i:=0;, hi:=|hrpl(pat)|; h2:=|hrp2(pat)]|;
while hi and h2 exi st do begin

i := i+hl; hl := |hrpl(pat[ i+tl..m])]|;

if hl = h2 then h2 := | hrp2(pat[ i+1l..m])|;
end,

return factorization (pat[l..i], pat[itl.m]) of pat;
end.

Theorem 13.5

Algorithm Perfect_fact computes a perfect factorization of the pattern pat. It runs in time

O(|pat]) and requires constant extra space.
Proof
The proof strongly relies on Lemma 13.6 below.
Correctness. A straightforward verification shows that variablei runs through the positions of
working factors of pat, wy, Wo,..., Wy. At the end of the execution of the algorithm, the vaue of
I isthe last testing point on pat, [wiwo...W;-1|. The output is the factorization uv defined by u =
WiWa...Wr-1 and v = wy. By construction, v starts with a most one hrp. Thus, it remains to
prove that the condition on lengths is also satisfied, |pat[1...i]| < 2.period(pat[i+1...|pat]]), or,
equivalently, to prove the inequality [wiwo...wy-1| < 2.period(wy).
The property is obvioudly trueif the sequence (w1, Wo,..., Wy) is reduced to pat itself, because
in this situation u is the empty word. Thus, we assume r > 1, which implies that the sequence
of hrp2's computed by the algorithm is not empty. Let it be (z1, 2o,..., z) (notethat 0 < t <r).
We certainly have |u| < |zz]+|zo|+...+|z]. We dso have |z| < period(v) because the contrary
would contradict part (c) of Lemma 13.6. Furthermore, by part (d) of Lemma 13.6, we get (3]
< |zJ/2t. The conclusion comes:

ul < |z2[+lzaf* ... +|ze| < 2.|z| < 2.period(v),

This ends the proof of correctness of the algorithm.
Complexity. First note that algorithm Scopes of Section 13.2 can be used to compute hrpl's
(resp. hrp2's). The trick is simply to stop the execution of the algorithm the first time it
discoversthefirst hrp (resp. the second hrp). Doing so, the computation of hrpl(y) for a given
aword y, takes time O(Jhrpl(y)|) if hrpl(y) exists, and O(]y|) otherwise. The same is true for
hrp2's. The extra space needed to compute these values is constant because the liss SCOPE
used in agorithm Scopes contains a most one element. Thus, the global algorithm aso needs
only constant extra space.
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The time complexity of the agorithm may be anayzed as follows. The total cost of
computation of hrpl's, by the above argument, is proportional to the total length of working
factors (including the last one that may have no hrp), which is exactly |pat|. The same argument
also shows that the total cost of computation of hrp2's is proportional to their total length, plus
the length of v (last test): |z1]+|zo|+...+|z|*+|v]. We have aready seen above that |z;|+|zo)+... +z]
< 2.|z|, and, since 2.|z| < |pat| (indeed 3.|z| < |pat|), the previous sum is less than 2.|pat]|.

The time complexity of the algorithm isthus linear as expected. £

The following lemma may be regarded as a condructive version of the perfect
factorization theorem. Part (d), which roughly says that each hrp2 is at least twice longer than
the preceding one, is the key point used both in the correctness and in the time analysis of
algorithm Perfect_fact (proof of Theorem 13.5).

Lemma 13.6

Let W(X) = (wq, Wa,..., W) be the sequence of working factors for x.

(@ — If j <k, then w; isa prefix of w; lengths of wi's are in non decreasing order.

Assume that both hrp2(x) exists, and x has a second testing point i = [wiwa...wl.

(b) — hrp2(x) is at least twice longer than wy, |hrp2(x)| > 2.jw.

(c) — If j <r, the next working factor is not shorter than hrp2(x), [wj+1| = [rp2(x)|.

(d) — If hrp2(x[i+1...[x]]) exists, it is at least twice longer than hrp2(x).
Proof
Parts (a) and (b) are mere applications of the periodicity lemma (see Chapter 2). Part (d) isa
consequence of (b) and (c) together. So, it only remainsto prove part (c).
Let h be hrp2(x). We want to show that w;+1 cannot be shorter than h. The assumptions imply
that wj+1 overlaps the boundary between the first two occurrences of h, as shown in Figures
13.6 and 13.7. Assume that |wj+1| < [n| holds. Lety and y' be the non-empty words defined by
the equditiesh = wywo...wjy', and wj+1 = y'y. Because we assume that wj+1 is shorter than h, y
is a prefix of h, so that we can consider the word z defined by h = yz We now focus our
attention on the occurrence of the word g = zy, rotation of h, occurring at position |y| in x.
Case 1 (Figure 13.6). We first consider the situation when the beginning of g inside h falls
properly inside some wy. Integer kislessthat j+1 because |wj+1| < |g]. Since h = hrp2(x), h3is a
prefix of x. Therefore, another occurrence of g follows immediately the occurrence we
consider. Because wj+1 isan hrpl, wj+1 is a prefix of g. Part (a) implies that w is a prefix of
both wi+1 and wj+1, and then isaso a prefix of g. This eventually impliesthat w is an interna
factor of wiwy, a contradiction with the primitivity of wy (consequence of the weak periodicity
lemma).
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h = hrp2(x) h
1 ! j 1

Figure 13.6. Proving (c), i.e. on the figure |wy| = |h|.
Case 1: impossible because w2 is primitive.

Case 2 ( Figure 13.7). The second situation iswhen g (= zy) = wk...wjwj+1. Again, hypothesis
Iwj+1| < |n[ leads to k < j+1. This implies 2jwy| =< |h|, and then, the word w is an hrp of zyz.
Thus, just after the occurrence of g that is considered, wy is still an hrpl. This proves, through
part (@), that wj+1 = wk. But then, g isanon-trivial power of wg, and its rotation h = hrp2(x) is
not primitive, a contradiction.

This completes the proof of Lemma 3.14.

LWl W W3 W

h = hrp2(x) h

Figure 13.7. Proving (c), i.e. on the figure |wy| = |h|.
Case 2: |wo| = |wa| = |wy|, impossible because h = hrp2(x) is primitive.

Note

We can also consider perfect factorizations with the parameter k = 2. But then, not al words
have a perfect factorization. A counterexample is given by the word x = (aabaabab)4. The
longest suffix of x having only one 2-hrp (or one sgquare prefix) is v = baababaabaabab of
period 8. The corresponding prefix u = (aabaabab)Zaa has length 18. With exponent e instead
of 4, we can make theratio |u|/period(v) as big as required, provided e is chosen large enough.
So, there is no statement equivalent to the perfect factorization theorem for squares.
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13.4. CP algorithm : search phase

This section deals with the search phase of the second time-space optima string-
matching algorithm of the chapter, CP agorithm. The preprocessing phase of the whole
algorithm, and the proof of the combinatorial theorem on which CP agorithm is based, are
given in the next section. We first introduce the notions on words related to the design of CP
algorithm, and afterwards, we present its search phase.

L et x be anon-empty word, and let uv be afactorization of x. Denote by | the length of u
(O =1 = [x]). A non-empty word w is cdled a repetition for the factorization uv, or a repetition
at position | in x, if the two following conditions are satisfied :

— wisasuffix of u, or uisasuffix of w,

— wisaprefix of v, or visaprefix of w.

The generic situation for arepetition is when the cut between factors u and v of x isthe center of
asquare occurring in x (see Figure 13.8). The other cases correspond to a cut close to the ends
of x, or equivalently to an overflow of w. Note that the word w = wu is a repetition for uv, so
that any factorization of x has a repetition.

The length r of a repetition for the factorization uv is called a local period for uv, or a
local period of x at position |. The smallest possible value of r is called the local period for uv,
and denoted by r(u, v). It is convenient to reformulate the definition of alocal period asfollows.
A positive integer r isalocal period of x at position | if x[i] = X[i+r] for dl indicesi such that |-
r+1 =i <1, and such that both sides of the equality are defined (see Figure 13.8). The word w
of the previous definition, repetition at position |, is then defined by

W[i] = X[I+i] or w[i] = X[I-r+i]
(for 1 <i =) according to which expression is defined on the right-hand side.

x [ | | | |

1 -r+1 | l+r

w w

Figure 13.8. A local period r, and repetition w at position | in x.

Example

Consider the word x = abaabaa. Its loca period a position 3 is r(aba, abaa) = 1, which
corresponds to the repetition w = a. At position 2, r(ab, aabaa) = 3, and the shortest repetition
isw = aab.
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The local period of the word x = aababab at position 6 is r(aababa, b) = 2 with repetition w =
ba. Finaly, the shortest repetition a position 2 is r(aa, babab) = 7, corresponding to w =
bababaa. t

It is an easy consequence of the definitions that, when x = uv,
1 <r(u, V) =< period(x).
A factorization uv of x that satisfiesr(u, v) = period(X) is called a critical factorization, and the
position| = |u] iscalled a critical position of x. At a critical position, the loca period coincides
with the smallest period of the whole word. The string-matching algorithm of this section relies
on the combinatorial property of words stated in the following theorem. Its proof is given in
Section 13.5.

Theorem (critical factorization theorem)
Any word x has at least one critical factorization uv (i.e. r(u, v) = period(x)). Moreover, u
can be chosen such that |u] < period(x).

Example

The (smallest) period of the word aabababaab is 7. Its local periods are given in the next array.
a a b a b a b a a b

Positions: o 1 2 3 4 5 6 7 8 9 10

Local periods: 1 1 7 2 2 2 2 7 1 3 1

This shows that factorizations (aa, bababaab) and (aababab, aab) are critical. +

CP agorithm is designed according to the scheme of Section 13.1. In the following, it is
assumed that uv is a critica factorization of pat that satisfies |u| < period(pat). The rules that
guide shiftsin CP agorithm are relatively simple. In case of a mismatch during the right scan,
the shift pushesthe cut of the critical factorization to the right of the letter of the text that caused
the mismatch. Otherwise, the length of the shift is the period of pat (see Figure 13.9).

The searching algorithm has an additiona feature : prefix memorization. This trick has
already been used in Chapter 4 to improve on the worst-case time complexity of BM
algorithm. It is used here with the same purpose.

Thefirst instance of CP agorithm is presented below as CP1 agorithm. It assumes that
both the period period(pat), and a critica factorization uv with |u| < period(pat) have been
computed previoudly. Precomputations are discussed in the next section.
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Algorithm CP1; { informal description, see Figure 13.9 }
{ uvis acritical factorization of pat }
begi n
align left end of pat and text;
whil e not end of text do begin
{ right scan } scan v fromleft to right against text;
if msmatch then shift pat of the length of the scan
el se begin
{ left scan } scan u agai nst text,
and report possible match;
shift pat of length period(pat);

end;
end;
end.
text w|a] -
H
scan
pat | G W[ ]
—> | u I [¢] |
shift length = scan length
text a]  w v _
<€ >
scan scan
pat | [ _w v
shift
I ] w [ v |

period of pattern

Figure 13.9. CP string-matching : shift after a mismatch on the right (top),
and after a mismatch on the left (bottom).
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Al gorithm CP1;
{ search for pat in text;, m = | pat|; n = | text| }
{ p = period(pat) }
{ uvis acritical factorization of pat such that |u < p}
begi n
pos :=0; s :=0;
whil e (postm = n) do begin

= max(|uy, s)+1;
{ right scan }
while (i = m and pat[ i] = text[pos+t+i]) do i := 1 + 1;

if (i = |pat|) then begin
pos .= posti-|u|l; s := 0;
end el se begin
joi=1d;
{ left scan }
while (7 > s and pat[ j] = text[pos+j]) do j :=
if (7 =s) then report match at position pos;

_1’

|
(R

pos .= pos + p, s .=m- p
end;
end;
end.

The agorithm uses four loca variablesi, j, s and pos. The variablesi and j are used as
cursors on the pattern to perform the scan on each side of the critical position respectively (see
Figure 13.10). The variable sis used to memorize a prefix of the pattern that matches the text a
the current position, given by the variable pos (see Figure 13.11). Variable sisupdated at every
mismatch. It can be set to anon-zero value only in the case of a mismatch occurring during the
scan of the left part of the pattern.
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tet ~ [ ] w_|a] - -
pos pos+i
pat | u w [CcT]
i
tet [ ] E w v -
pos post]
pat | [C W v

Figure 13.10. Therole of variables pos, i, |.

text |
pos

pat |
S

Figure 13.11. Therole of variable s: prefix memorization.

Before proving the correctness of the algorithm, we first give a property of a critica
factorization of aword.

Lemma 13.7
Let uv be a critica factorization of a non-empty word x. If w is both a suffix of u and a
prefix of v, then |w| isamultiple of period(x).
Pr oof
The property trivialy holdsif wisthe empty word. Otherwise, since period(x) is also a period
of w, thisword can be written (yz)€y with |yz = period(x), z non-empty, and e > 0. If y is non-
empty, it is a repetition for uv. But |y < period(X) contradicts the fact that uv is a criticd
factorization (see Figure 13.12). Hence, |w| = e.period(X) as expected.
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period(x)
<>

yz | vz yz | vz

Figure 13.12. A repetition w for a critical factorization.

Lemma 13.8 (correctness of CP1)
CP1 dgorithm computes the positions of al occurrences of pat inside text.
Pr oof
Let g1, g2,..., gk be the successive values of the variable pos during arun of CP1 on inputs pat
and text. It is clear that the algorithm reports position gk if and only if it is a position of an
occurrence of pat in text. So, it remains to show that no matching position is missed:
(*) any position of an occurrence of pat in text is some Q.
Before coming to the proof of (*), the reader may note that the following property is an
invariant of the main "while" loop:
pat[s] = text[post+s], 1< S < s,
i.e. the prefix of pat of length s occursin text at position pos.
Proof of (*). We prove that no position g strictly between two consecutive values of pos can be
a matching position. Let g be a matching position such that gx < g. Consider the step of the
main "while" loop where the initia value of posisqk. Let i’ be the value assigned to the variable
i by theright scan, and let s be the value of s at the beginning of the step. We now consider two
cases according to a mismatch occurring in the right part or in the left part of the pattern. In
both cases, we use the following argument : if, after amismatch, the shift is too small, then its
length isamultiple of the period of the pattern, which implies that the same mismatch recurs.
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tet | | w 2] __
q. 4 Ot
pat | u W cl|
il
w | w | [°]]

Figure 13.13. Case of right mismatch.
Case 1 (Figure 13.13). If i* < |pat| a mismatch has occurred during the right scan, and we have

pat[I+1...i"-1] = text[gk+|u[+1...qx+i'-1], and pat[i'] = text[gk+i'].
Let w be the word text[q+|u[+1...gH].
If g<gk+i'- |u], the above equality implies

pat[l+1...1+g-q] = w.

Since g € Pos(pat, text) the suffixes of length max(1, ul+1-g+qk) of w and of pat[l+1-g+qk...1]
coincide. The quantity g-gk isthen alocal period at the critical position |u] and, by Lemma 13.7,
g-0k isamultiple of period(pat). So, pat[i'] = pat[i'-g+qk]. But, since q is a matching position,
we have pat[i'-g+qx] = text[g+i'-g+qkx] which gives a contradiction with the mismatch pat[i'] =
text[gk+i']. Thisprovesq= gk +1i' - [x].
So far, we have proved that, if a mismatch occurs during the right scan, q is greater than or
equal to gy+i-|ul, quantity which is exactly Qy+1.

tet | | [a] w T

q,  d] O

pat | E W
il

€] w | w | |

Figure 13.14. Case of left mismatch.

Case 2 (Figure 13.14). If no mismatch is met during the right scan, the right part v of pat
occurs a position gyt+|u| in text. The word w = text[qk+|ul+1...g+]] then occurs in pat &

position |u|. Since q is a matching position, w also occurs at the left of position Jul. Thus, W] is a
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local period at the critical position |u], and W] = period(pat). We get g-gx = period(pat). Since
Ok+1 = gkt+period(pat), in this second case again the inequality g = gy+1 holds.
This proves assertion (*), and ends the proof of the theorem.

The time complexity of CP1 algorithm is proportional to the number of comparisons
between letters of pat and text. This number is bounded by 2.[text| as shown by the following
lemma.

Lemma 13.9

The execution of CP1 algorithm uses less than 2.|text| symbol comparisons.
Proof
Each comparison done during the right scan strictly increases the value of pos+i. Hence, their
number isat most [text| - |u|, because expression pos+i hasinitial value |ul+1 and termina value
text| in the worst case.
During the left scan, comparisons are done on letters of the | eft part of the pattern. After the left
scan, the length of the shift is period(pat). Since, by assumption, the length of u is less than
period(pat), two different comparisons performed during left scans are done on letters of text
occurring a different positions inside text. Then, a most |text| letter comparisons are done
during al left scans.
This gives the upper bound 2.|text| to the number of letter comparisons.

CP1 agorithm uses the period of the pattern. A previous computation of this period is
possible with KMP agorithm. But since we want an algorithm that is globaly linear in time
with constant extra space, it is desirable to improve on the precomputation of the period of the
pattern. There are two ways to achieve that goal. Oneway is a direct computation of the period
by an algorithm working in linear time and constant space. Such an algorithm is described in
Section 13.6. The approach described here is different. It avoids the use of the period of the
pattern in some situations. A variant CP2 is designed for that purpose. The key point is that the
period of the pattern is actualy needed only when it is small, which roughly means that the
period isless than half the length of the pattern. So, CP2 agorithm isintended to be used when
the period of the pattern is large. This approach has the additional advantage to keep the
maximal number of comparisons spent by the algorithm relatively small.

CP2 agorithm is described below. It differs from CP1 in two points. First, the "prefix
memorization” is no longer used. Second, it treats differently mismatches occurring during left
scans (left mismatches). In this situation, instead of shifting the pattern period(pat) placesto the
right, it is only shifted q places to the right with q < period(pat). Since g can be less than
period(pat), prefix memorization isindeed impossible.

The correctness of CP2 algorithm is straightforward from that of CP1. Note that, if we
choose g = 1, we get a kind of naive algorithm absolutely inefficient! In fact, CP2 is to be
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applied with an integer q satisfying the additiona condition q > max(|u|, |v]) (recal that uv is a
critical factorization of pat). With this assumption, the maxima number of symbol
comparisons used by CP2 islessthan 2.|text|, asit isfor CP1.

Al gorithm CP2;
{ search for pat in text;, m = | pat|; n = | text| }
{ search phase without p = period(pat) }
{ gsatisfies 0 < g=p}
{ uvis acritical factorization of pat such that |u < p}
begi n
pos .= 0;
whil e (postm = n) do begin
=]yl +1;
{ right scan }
while (1 = m and pat[ i] = text[pos+i]) do i := i + 1,
if (i = m then
pos .= pos + i-|u|;
el se begin
joi=1d;
{ left scan }
while (7 > 0 and pat[ j] = text[postj]) do j := 7 - 1;
if (7 =0) then report match at position pos;
pos .= pos t+ q;
end;
end,
end.

Lemma 13.10
CP2 agorithm computes the positions of all occurrences of pat inside text.
Furthermore, if the parameter q of the algorithm satisfies g > max(|ul, |v]), the number of
letter comparisons used by CP2 isless than 2.Jtext].
Pr oof
One can get the first assertion by reproducing a simplified version of the proof of correctness
of CP1 (Lemma 13.8).
We first prove that the total number of comparisons performed during right scans is bounded
by [text|. Consider two consecutive values k and k' of the sum posti. If these values are obtained
during the same scan, then K = k+1 because i is increased by one unit. Otherwise, pos is
increased either by instruction "pos := pos + i-[u]" or by instruction "pos := pos+ (". In thefirst

Efficient Algorithms on Texts 322 M. Crochemore & W. Rytter



Chapter 13 323 22/7/97

case, K = k-Ju[+|u+1 = k+1 again. In the second case, K = k+g-|u|, and the assumption q >
max(|u], [v]) implies k' = k+1. Since comparisons during right scans strictly increase the value of
posti, which hasinitia value Ju[+1 and final value at most [text|+1, the claim is proved.

We show that the number of comparisons performed during left scans is also bounded by [text|.
Consider two values k and k' of the sum pos+j respectively obtained during two consecutive |eft
scans. Let p be the value pos has, during the first of these two scans. Thenk < p+l, andk = p' =
p+qg. The assumption q > max(|u], [v]) impliesk’ = k+1. Thus, no two letter comparisons made
during left scans are done on a same letter of text, which proves the claim.

The total number of comparisonsis thus bounded by 2.[text|. +

The complete CP string-matching algorithm is shown below. It cals a procedure to
compute a critica factorization uv of the pattern, suitable for CP1 and CP2 agorithms.
Moreover, aswe shall seein Section 13.5, the procedure computes the period of the right part v
without any additional cost. After this preprocessing phase, a simple test alows to decide
which version of the search phaseisto be run, CP1 or CP2.

Algorithm CP { search for pat in text }
begi n
(u, v) :=critical factorization of pat
such that |ul < period(pat);
p = period(v);
if (uis asuffix of v[1..p]) then
{ p = period(pat) }
run CP1l algorithmon text using u, v, and period p
el se begin
g :=mx(|u, |v) + 1
run CP2 algorithmon text using u, v, and paraneter q;
end;
end.

Theorem 13.11
CP agorithm computes the positions of all occurrences of pat inside text.
The agorithm runsin time O(|pat|+|text[), and uses a bounded memory space.
The number of |etter comparisons made during the search phase is less than 2.Jtext].
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Proof

We assume that the first instruction of CP agorithm runs in time O(|pat|) with bounded extra
gpace. An algorithm satisfying this condition is presented in Section 13.5.

We have to prove that, after the first statement, and the succeeding test, conditions are met to
realize the search phase either with CP1 or with CP2 algorithms.

Assume first that u isasuffix of V{1...p]. Then, obviously, the integer p is aso a period of pat
itself. Thus, CP works correctly because CP1 does (see Lemma 13.8).

Assume now that u isanot asuffix of V[1...p]. In this situation the correctness of CP depends
on that of CP2. The conclusion comes from Lemma 13.10, if we prove that g = max(|ul, [v))+1
satisfies g < period(pat). And, since |u| < period(|pat|) by assumption, it remains to show that
Iv| < period(|pat|). Equivalently, because uv is a criticd factorization, we show that v is shorter
than the local period for uv.

We prove that there is no non-empty word w such that wu is a prefix of pat. Assume, the
contrary, that is, wu is prefix of pat. If w is non-empty its length is aloca period for uv, and
then, |w| = period(pat) = period(v). We cannot have |w| = period(v) because u is not a suffix of
V[1...p]. We cannot either have |w| > period(v) because this would lead to a loca period for uv
strictly less than period(v), a contradiction. This proves the assertion, and ends the correctness
of CP algorithm.

The conclusions on the running time of CP agorithm, and on the maximum number of
comparisons executed by CP algorithm readily come from Lemmas 13.9 and 13.10, and from
the assumption made at the beginning of the proof on thefirst instruction.

Note

We shal see that the firgt instruction of CP algorithm uses less than 4.|pat| symbol
comparisons of the kind "<, =, >". Since the test "u is a suffix of v[1...p] 7' takes a most
|pat|/2 comparisons, the preprocessing phase globally uses 4.5.|pat| comparisons.

We end this section by giving examples of the behavior of CP agorithm. The examples
are presented in Figure 13.15 where the letters of the pattern scanned during the search phase of
the algorithm are underlined.

On pattern pat = a"b the algorithm finds its unique critical factorization (a", b). The
search for pat inside the text text = b™ uses 2jtext|/|pat| comparisons, and so does BM
algorithm. Both algorithms attempt to match the last two letters of pat against the letters of text,
and shift pat n+1 placesto the right as shown in Figure 13.15 (i).

The pattern pat = a"ba" has period n+1. Its critica factorization computed by CP
algorithm is (ah, ba"). CP algorithm behaves like CP1, and uses 2Jtext|-2e-2 comparisons to
match pat in text = (a"ba)€a™! (see Figure 13.15 (ii)). The same number of comparisons is
reached when searching for pat = alba™1 inside text = (a"b)€a™?, but, in this latter case, the
algorithm behaves like CP2 (see Figure 13.15 (iii)).
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bbbbbbbbb... aabaaabaaabaa... aaabaaabaaabaa...
aab aabaa aaabaa
aab aabaa aaabaa
agb aabaa aaabaa
aabaa -
aabaa

0) (i) (i)

Figure 13.15. Behavior of the search phase of CP agorithm.

13.5.* Preprocessing the pattern : critical factorization

In this section we areinterested in the computation of critica factorizations, which is the
central part of the preprocessing of CP agorithm. Among the existing proofs of the critica
factorization theorem for x, one relies on the property that if x = ayb (a, b are letters), then a
critica factorization of x either comes from a criticd factorization of ay, or from a criticd
factorization of yb. Thisleadsto a quadratic algorithm. Another proof relies on the notion of a
Lyndon factorization. It leads, viathe use of a linear time string-matching algorithm to a linear
time agorithm for computing a critica factorization. This method is not suitable for our
purpose, because the aim is to incorporate the algorithm in a string-matching algorithm.

The proof of the critica factorization theorem presented here gives a method both
practicaly and agorithmically simple to compute a critical position, and which, in addition,
uses only constant additional memory space. The method relies on a computation of maximal
suffixes that is presented afterwards.

Remark

A weak version of the critical factorization theorem occurs if one makes the additiona
assumption that the inequality 3.period(x) < |x| holds. Indeed, in this case, one may write x =
l.w.w.r where |w| = period(x), and w is chosen alphabeticaly minimal among its cyclic shifts.
This means, by definition, that w is a Lyndon word (see Chapter 15). One can prove that a
Lyndon word is unbordered. Consequently the factorization (Iw, wr) iscritical. f

The present proof of the theorem (in the general case) requires two orderings on words
that are recalled first. Each ordering < on the alphabet A extendsto an alphabetical ordering on
the set A*. Itisdefined asusual by x < y if ether

— Xxisaprefix of y, or

— xis strongly less than y, denoted by x << y (i.e. x = w.ax , y = w.b.y withw, X, y

words of A* and a, b two letters such that a < b).
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The following theorem shows the existence of critical factorizations adapted to CP agorithm.
The statement involves two aphabetica orderings on words. The first one is < induced by a
given ordering < on the aphabet. The second ordering on A*, called the reverse ordering and
denoted by C, is obtained by reversing the order < on A.

Remark

The ordering C is not the inverse of <. For instance, on A = {a, b} with a < b, we have both
abb < abbaa and abb C abbaa.

In fact, it is easy to see that the intersection of the orderings < and C is exactly the prefix
ordering. Which means that, for any words x and y, inequalitiesx < y and X C y are equivalent to
xisaprefix of y. &

Theorem 13.12
Let x be anon-empty word on A. Let x = uv = UV, where v (resp. V) is the aphabeticaly
maximal suffix of x according to the ordering < (resp. C).
If v = V| then uvisacritical factorization of x. Otherwise, u'V' is a critica factorization of
X. Moreover, |u|, u'| < period(x).
Proof
We first rule out the case where the word x has period 1, that is to say, when X is a power of a
singleletter. In this case any factorization of x iscritical.
We now supposethat |v| = [V| and prove that uv is a critical factorization. The other case (V| <
Iv]) issymmetrical. Indeed, |v| < |V| because x contains at least two different |etters. Let us prove
firstthat u= €. Letindeed x = ay withain A. If u=¢, then x =v =V, and both inequalitiesy < x
and y C x are satisfied by definitionsof v and V. Thus, y is a prefix of x whence period(x) = 1
contrary to the hypothesis.
Let w be the shortest repetition for uv (W = r(u, v)). We distinguish four cases according to
whether w is a suffix of u or vice-versa, and to whether wis a prefix of v or vice-versa.
Case 1: wisboth asuffix of u, and a prefix of v.
The word v can be written wz (z& Ax). Since wv and z are suffixes of x, by the definition of v
we havewv < vand z < v. The first inequality can be rewritten wwz < wz and implieswz < z.
The second inequality gives z < wz. We then obtain z = wz, whence w = ¢, a contradiction.
Case 2: wisasuffix of u, and visaprefix of w.
The word w can be written vz (z € Ax). But then, vzv is a suffix of x gtrictly greater than v, a
contradiction with the definition of v.
Case 3 (Figure 13.16): u isasuffix of w, and visaprefix of w.
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Figure 13.16. Case 3.

Theinteger |w| is a period of x because x is a factor of ww. The period of x cannot be shorter
than |w| because this quantity isthe local period for uv. Hence period(x) = |w|, which proves that
the factorization uviscritical.

Case 4 (Figure 13.17): uisasuffix of wand wis aprefix of v.

w W

Figure 13.17. Case 4.

Leew=zuandv=wy (z,y € A*). Since W is the loca period for uv, as in the previous case
we only need to prove that |w| isaperiod of x.

Let u" be the non-empty word such that u = u'u” (recall that hypothesis |v| < |[v| impliesthat U’ is
aproper prefix of u). Since u"y is a suffix of x, by the definition of v, we get u"y C v = u'v,
hence y C v. By the definition of v, we aso have y < v. By the remark above, these two
inequalitiesimply that y isaprefix of v. Hence, y is a border of v, and v is thus a prefix of we
for some integer e > 0. Then, x is a factor of we*1, which shows that |w| is a period of x as
expected. This ends Case 4.

The proof showsthat cases 1 and 2 areimpossible. As a consequence, |u| is less than the loca
period. We then get |u| < period(x) because the factorization uv is critical. We aso get |u| <
period(x) when |u| < |u|. The same argument holds symmetrically under the assumption V| <
[v]. This completes the whole proof. +

According to Theorem 13.12, the computation of a critical factorization reduces to that of
maximal suffixes. More accuratdly, it requires the computation of two maximal suffixes
corresponding to reversed orderings of the a phabet.

The rest of the section is devoted to the preprocessing part of CP algorithm. It is given
below. The design of this phase of CP algorithm is a direct consequence of Theorem 13.12.
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The agorithm calls the procedure MS that essentially computes the maximal suffix of a word.
For aword X, it returns both (u, v) such that x = uv and v is the maximal suffix of x, and p =
period(v). The next algorithm runs in linear time and uses only a bounded memory space
because, as we shall see afterwards, algorithm MS has the same performance.

Al gorithm{ preprocessing of pat for CP algorithm}
{ conpute a critical factorization of pat }

begi n
(u, v, p) := MS(pat) according to =;
(u, v, p) := MS(pat) according to C;

if (|]vl <]|+v|) then
return (u, v) and p the period of v;
el se
return (d, v') and p' the period of v ;
end.

Example

Consider the word abaabaa of period 3. Its maximal suffix for the usual ordering on letters is
baabaa. The factorization (a, baabaa) is not critical becauseitslocal period is 2 (repetition ba).
According to the reverse ordering, the maximal suffix becomes aabaa. The factorization (ab,
aabaa) iscritical.

The word ababaabbababa has period 8. Its maximal suffixes for usua and reverse orderings
are respectively bbababa and aabbababa. Their associated factorizations (ababaa, bbababa)
and (abab, aabbababa) are both critical.

We end the section with a brief description of algorithm MS The algorithm below is
strongly related to the Lyndon factorization of a word presented in Chapter 15. The reader
should refer to this chapter to develop a proof of correctness of the algorithm.
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Al gorithm mMs(x) { conputes Maxsuf(x) and its period }
{ operates in linear and constant space }
begi n
ms =0, F:=1, k:=1;, p:=1;
while (7 + k = n) do begin
a = x[mstk]; a := x[jtk];
if (a < &) then begin
j = J+k; k=1, p:= j-ms
end if (a = a) then
if (k= p) then
k1= k+1
el se begin
j = Jtp k=1
end
else { a > a } begin
ms := j, j:=mstl;, k:=1, p .= 1,
end;
end,
return (x{1l.ms], x[mstl.|x|], p);
end.

Let Maxsuf(x) be the suffix of x which is maximal for alphabetic ordering. We consider
the wordsf, g, and the integer e > 0 such that Maxsuf(x) = fég with [f| = period(Maxsuf(x)), and
gisaproper prefix of f. We define Per and Rest by Per(x) = f, Rest(x) = g. Note that Rest(X) is
aborder of Maxsuf(x), and that Border (Maxsuf(x)) = fé-1g, even when e = 1.

The interpretation of the variables ms, j, k occurring in the algorithm MSis indicated on
Figure 13.18. The integer p is the period of Maxsuf(x), that is also the length of Per(x). The
integer ms is the position of Maxsuf(x) in x, and j is the position of the last occurrence of
Rest(x) in Maxsuf(x).
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Maxsuf(x) |
* i a a |
ms, ms+k i j+k
! Per (x) | Cee | Per (x) Rest(x)

Figure 13.18. Variablesin MSalgorithm.

Example

Let x = abcbcbachcbachc. Then, for the usual ordering, Maxsuf(x) = cbcbachcbacbe, which is
also (chcba)2chc.

The maximal suffix of xa is cbchacbcbachbca = Maxsuf(x)a, which is a border-free word.

The maximal suffix of xb is cbcbacbcbachch = Maxsuf(x)b. This word has the same period as
Maxsuf(x).

Finally, the maximal suffix of xciscc. f

The correctness of MSalgorithm essentially relies on Lemma 13.13 (see Chapter 15 for a proof
of asimilar result). Its time complexity is stated in Lemma 13.14.

Lemma 13.13
Let x be aword and a be aletter. Let @' be the letter such that Rest(x)a' is a prefix of
Maxsuf(x). Then the triple (Maxsuf(xa), Per(xa), Rest(xa)) is equal to

(Maxsuf(x)a, Maxsuf(x)a, €) ifa<a,

(Maxsuf(x)a, Per(x), Rest(x)a) or (Maxsuf(x)a, Per(x), €) ifa=a,

(Maxsuf(Rest(x)a), Per(Rest(x)a), Rest(Rest(x)a)) ifa>a.
Lemma 13.14

MS algorithm runs in time O(|x|) with constant additional memory space. It makes less
than 2.|x| letter comparisons.
Proof
The value of expression ms + j + k is increased by at least one unit after each symbol
comparison. The result then comes from inequalities2 < ms+j + k< 2.|x| +1. f
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13.6. Optimal computation of periods

In this section we develop yet another time-space optimal string-matching algorithm,
which naturally extends to the computation of periods of word with the same performance.

GS and CP agorithms factorize the pattern pat into uv according to some property of the
periodicities existing inside the pattern. The search phase is thereafter guided by the search for
theright part v of the pattern. Both algorithms tend to avoid some periodicities of the pattern to
make the search faster. This contrasts with both KMP algorithm and MPS algorithm whose
first phase amountsto compute periods of the pattern. The present algorithm adopts the same
strategy asthe latter. It computes periods to redize shifts. This is done "on the fly" during the
search phase using maximal suffix computations, and periods are not stored. Moreover, no
preprocessing is needed.

When a shift isto be done, the strategy is to compute the period of the scanned segment
of the text (including the mismatch letter). The algorithm does not always find the exact period
of this segment, but in any case it computes an approximation of it. The approximation is good
enough to produce an overdl linear-time agorithm, and the computation requires only a
bounded extra memory space.

Algorithm{ prelimnary version of algorithmp}
{ search for pat in text; no preprocessing needed }
begi n

pos :=0; 1 :=0;

whil e (pos = n-m) do begin

while i < m and text[ posti+l] = pat[itl] do i := i+1;
if i = mthen report match at position pos;
(u, v, p) := MS(pat[1l..i] text| posti+l]);

if (usuffix of v[1l.p]) then begin
pos := postp;, 1 := 1i-p;
end el se begin
pos := postmax(|ul,|(i+l)/2])+1; i := O;
end
end,
end.

The agorithm above resembles KMP agorithm. It makes use of a left-to-right scan of
the pattern against the text. When, during the execution, a mismatch is encountered, or an
occurrence of the pattern is discovered, the algorithm shifts the pattern to the right. The shift is
computed as follows. Let y be the longest prefix of the pattern found at the current position in
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thetext. Let dso b be the letter in the text that follows immediately the occurrence of y. Then,
the agorithm tries to make a shift of length as close as possible to period(yb) (in the above
algorithm, yb ispat[1...i]text[ pos+i+1]). This quantity correspondsto the best possible shift in
such a stuation. The computation of an approximation of period(yb) is done after the
computation of the maximal suffix of yb. This is an analogue to what is done a the
preprocessing phase of CP algorithm in Section 13.5.

The correctness of the algorithm amounts to prove that the length of the shift is not larger
than the period of x = yb. But, this is a direct consequence of Lemma 13.16 below that relates
the factorization of x to its maximal suffix, and to the period of this suffix. To state it we need
to introduce the notion of M S-factorization of a non-empty word X.

Let v be the maximal suffix of x (according to the alphabetical ordering). Let u be such
that x = uv. Considering its (smallest) period, the word v can be written wew' wheree= 1, W =
period(v), and w' isaproper prefix of w. Recall that the pattern x is non-empty so that words u,
v,wandw arewell defined. The sequence (u, w, e, w') is called the MSfactorization of x (MS
stands for maximal suffix).

The M S-factorization of x into uwew' gives a rather precise information on the period of
X. Among interesting propertiesit is worth noting that w is border-free (it has no smaller period
than its length). The inequality period(x) > |u| is a rather intuitive property of the maximal
suffix, saying that this suffix must start inside the first period of the word (see Theorem 13.12).

Lemma 13.15

Let uwew' be the M S-factorization of a non-empty word x, and v=wew' be the maximal

suffix of x. Then, the five properties hold:

(1) — the word w is border-free.

(2) — if uisasuffix of w, period(x) = period(v),

(3) — period(x) > |ul,

(4) — if Jul = ||, period(x) > V| = [x|-|ul,

(5) — if uisnot suffix of w, and |u| < |w], period(X) > min(|v], [uwe)).
Proof
(1) Assume that w = zZ = 7'z for three non-empty words z, Z and z’. The word 2w€1w' is a
suffix of x distinct from v, so, it is greater than v according to the aphabetical ordering. The
inequality 2081w < v rewrites as aw€lw' < Zwelw', and implies welw < zwelw .
Moreover, 2081w’ isnot a prefix of v because otherwise the smallest period of v would be [2’],
less than |w], contrary to the definition of w. Since then we-1w’ is not a prefix of zwe 1w, there
isawordy, and letters a and b such that simultaneously yais aprefix of we-lw', yb is a prefix
of Zwelw, anda<b. Sinceyaisalso aprefix of v, we get v< zwe1lw' | a contradiction with
the definition of v.
Thus, w cannot be properly written simultaneously as zz and z’z. This means that w is
borderfree, or, equivaently, period(w) = |w|.
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(2) When uisasuffix of w, |w| is obviously a period of the whole word x. The smallest period
of x cannot be less than the smallest period of its suffix v. Since this period is precisaly |w|, we
get the conclusion period(x) = period(v) = |w.

(3) We prove that period(x) > |u. Otherwise, if period(x) < |u|, there is an occurrence of v in X
distinct from its occurrence as suffix. In other words, x can be written u'w' with |[u’| < |u], and
[v'| > 0. But the suffix w’ isthen aphabetically greater than v, a contradiction with the definition
of v.

c

Figure 13.19. Impossible : no suffix of u can be a prefix of w.

(4) (Figure 13.19) Assumethat |u| = [w]|. We prove that period(x) > || (= [x]-|u]). If the contrary
holds, there is an occurrence of u in x distinct from the prefix occurrence. This occurrence
overlaps v. Then, taking into account that |[u] = W], there is a non-empty word z that is both a
prefix of w and a suffix of u. The former property shows that v can be written zz (for some
word Z'), and the latter property showsthat zv is a suffix of x. The maximality of v implies v >
2v, that iszZ > zv. But thisyields Z > v, a contradiction with the definition of v.

u W w w
l !
u w
! : -
border of w

Figure 13.20. Impossible because w is border-free.

(5) (Figure 13.20) Assume that u is not a suffix of w, and that |u] < w|. Assume also, ab
absurdo, that period(x) < min(|v|, Juw®]). Let z be the prefix of x of length period(x). The word x
itself isthen a prefix of zx. From period(x) < |v| we deduce that the word zu is a common prefix
to x and zx. And from period(X) < |un€ we know that u overlaps we. If u overlaps the
boundary between two w's, or the boundary between the last w and w', the same argument as
in case (4) applies and leads to a contradiction. The remaining Situation is when u is a factor of
w, as shown in Figure 13.20. The last occurrence of w in the prefix zuw of zx overlaps an
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occurrence of w in the prefix uw€ of x. Note that these occurrences of w cannot be equal or
adjacent because u isnot suffix of w. This gives a contradiction with the border-freeness of w
stated in (i).

This completes the proof of the lemma. f

Note
One may note that, in case (4), u cannot be a suffix of w, because this would imply u = w
which isimpossible by (3). f

An immediate consequence of Lemma 13.15 is that condition (2) is certainly true for
words having asmall period, id est, having a period not greater than half their length (period(x)
< [x)/2). The computation of the smallest period of these words can then be deduced from a
computation of their maximal suffixes (and M S-factorization), together with atest "is u a suffix
of w ?'. This fact is used in CP algorithm (Section 13.4) to approximate smallest periods of
patterns. The following lemma amounts to the correctness of agorithm P. It provides an
accurate approximation of the smallest period of the word x.

Lemma 13.16
Let uw®W be the MS-factorization of a non-empty word x, and let v (= wew') be the
maximal suffix of x.
— If uisasuffix of w, period(x) = period(v) = |w|.
— Otherwise, period(x) > max(|u|, min(jv|, june)) = [x|/2.
Pr oof
Thisismainly acorollary of Lemma 13.15.
When u is not a suffix of w, statements (3), (4), and (5) of Lemma 13.15 show that the
inequality period(x) > max(|ul, min(|v|, Juw€[)) holds. It remains to prove that the last quantity is
greater than |x|/2.
Theinequadlity istrivialy satisfied if |u| = [x[/2. Otherwise, quantity |v|, which is equal to |x-|u] is
greater than [x)/2. And |ung|, equal to |x|-|w|, is also greater than |x|/2 because |w'| < |w]|. Then,
min(jv|, [uw€]) > [x}/2, which ends the proof.

Examples

Bounds on the smallest period given in Lemma 13.15 are sharp. We list few examples of
patterns that give evidence of this fact. We consider words on the alphabet {a, b, c} with the
usual ordering (a<b<c).

Let X be aaaaba. The maximal suffix of x is v=ba whose smallest period is 2. In the MS-
factorization un®w of x, u=aaaa, w = ba, and W' is empty. Then, period(x) = 5 = Ju[+1. As
stated in Lemma 13.15 case (3), period(X) is greater than |ul, but only by one unit.
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The word x = aababa meets case (4) of Lemma 13.15. Hereu = aa, w = ba, and w' is empty.
The smallest period of X, 5, is exactly one unit more than the length of the maximal suffix
baba.

We exhibit two examples for case (5) of Lemma 13.15. The first example is x = acabca. We
haveu =a, w=cab, and W = ca. Then, the quantity min(jv|, [t®]) is [u®€] = 4. The smallest
period of x is period(x) = 5. The word satisfies period(x) = Juw€+1 = M. The second example
is x = ababbbab. For it, u = aba, w = bbba, and w = b. This is a reverse situation where
min(v], Jun®)) = M = 5. The smallest period of x is now 6, and we have period(x) = |v[+1 <

Juwe]. %

Algorithm MS may be implemented to run in linear time (see Section 13.5). But even
with this assumption, algorithm P does not always run in linear time. Quadratic complexity is
due to computations of maximal suffixes. For instance, if the pattern is a™1b and the text is a
long repetition of the only letter a, at each position in the text, the maximal suffix of aMis re-
computed from scratch, leading to an O(|pat|.[text]) time complexity.

Indeed, quadratic behavior of the algorithm is only reached with highly periodic patterns
(or, more precisaly, with patterns having a highly periodic prefix). But, with such kind of
pattern, entire re-computations of maximal suffixes are not necessary. So, the trick to reduce
the running time is to save as much as possible of the work done to compute the maximal
suffix. We introduce a new algorithm for that purpose. It is called Next MS, and shown below.
It is amere transformation of algorithm MSof Section 13.5. The tuple of variables of MS, (ms,
J» K, p), ismade accessible to the string-matching algorithm, so that it can control its values. The
tuple (s, j, k, p) is called the MStuple of x. It isrelated to the M S-factorization (u, w, e, w') of
x by the equalities:

ms= |u, j = Juw®], k= |w'[+1, p = |w| = period(v).
Figure 13.21 displays the situation. The value of msisthe position in x of its maximal suffix v,
and j isthe position of therest w'. The period of v, that is aso the length of w, isgiven by p.

u maximal suffix v

u w w w w

Figure 13.21. The MS-tuple (s, j, k, p) of the pattern.

The string-matching algorithm is shown below as agorithm P (for Periods). The
difference with the preliminary version liesin the computation of the MS-tuple (ms, j, k, p). In
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thisversion, the MS-tupleis still initialized, asin the preliminary version, a the beginning of a
run of the algorithm and after each shift, except in one situation met with highly periodic
pattern. In this case the variable j of the MS-tuple isjust decreased by the period p, length of the
shift. Algorithm P contains another modification: it computes al overhanging occurrences of
the pattern pat inside the text text (when text is prefix of zpat). Thisis reaized by a change on
the test of the main ‘while' loop, and by the technical instruction "i f pos+i = n then i : =
i- 1" whose purpose isto avoid considering symbols beyond the end of the text.

Al gorithm p;
{ search for pat in text }
{ time-space optimal; no preprocessi ng needed }
begi n
pos :=0; i :=0; (ms, j, kp :=(0,1,1,1);
while (pos = n) do begin
whil e post+i+l < n and i+l = m and text[ postit+l] = pat[ i+1]

do 1 := i+1;
if posti = nor i = mthen report match at position pos;
if posti = nthen i := i-1;

| et scanned be pat[ l..i] text[ posti+l];
(ms, j, k, p) := Next MS(pat[1l..i] text[ posti+l], (ms, 7, k, p));
if pat[1l..ms] suffix of
the prefix of length p of pat[ ms+l..i] text[ post+i+l] then
if j-ms > p then begin { shift = period in an hrp }
pos := postp, 1 := i-p, J := j-p
end el se begin { shift = period outside an hrp }

pos := postp;, 1 := i-p; (ms, 7,k p) = (0,1,1,1);
end
el se begin { shift close to period }
pos := postmax(ms, mn(i-ms, j))+1, i := 0;
(ms, 7, k, p) :=(0,1,1,1);
end;
end;

end.

Provided algorithm Next_ MSis proved correct, the correctness of agorithm P relies on
Lemma 13.16 (as the correctness of the preliminary version does), and on Lemma 13.17
below. Before proving it, we first explain the main idea on an example.
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Example
Consider the pattern pat = babbbabbbab. Its maximal suffix is v = bbbabbbab. Both words
have smallest period 4. With the notation of M S-factorizations, we have u = ba, w = bbba, and

w =b. Theexponent of winvise= 2. If thelast four letters of pat are deleted, corresponding
for instance to a shift of 4 positions to the right, we are left with the word x1 = babbbab. Its

MS-factorization is ug = ba, v1 = bbbab, w1 = bbba and w1’ = b. Note that the second
factorization is produced from the first one by pruning one occurrence of w. Indeed, this
generalizesto any word for which the exponent e of the MS-factorization is greater than 1 (see
Figure 13.22). The above result does not necessarily hold when e = 1. Let, for instance, pat be
bbabbbabb. It has period 4, like its maximal suffix v = bbbabb. Deletion of the last four letters
yields x1 = bbabb, which isits own maximal suffix and has period 3. This situation is quite far

from the previous one.

maximal suffix of uwww'

u w W w

u w w

maximal suffix of uww'

Figure 13.22. Highly periodic pattern.

Lemma 13.17
Let (u, w, e, W) be the MS-factorization of a non-empty word x (Wew' is the maximal
suffix of x = uwew’). If u is a suffix of wand e > 1, then (u, w, e-1, W) is the MS-
factorization of X' = uw€1w . In particular, the word we-1w' isthe maximal suffix of X'
Pr oof
Letv=wew be the maximal suffix of x. Any proper suffix of v of the form zw€1w' (with z =
e) isless than v itself by definition. But, since w is border-free (Lemma 13.15), the longest
common prefix of w and z is shorter than z. This leads to w > z and proves that w is greater
than al its proper suffixes. This further proves that we-lw' is its own maximal suffix. And,
since hypothesis period(x) = [w| is equivalent to “u is a suffix of w”, this also proves that we
1w isthe maximal suffix of uwelw'.
The equality period(we1w’) = jw] is another consequence of the border-freeness of w stated in
Lemma 13.15. Thus, (u, w, e-1, w') isthe MS-factorization of X' as announced.

A pattern x which satisfies hypothesis of Lemma 13.17 has a rather small period, and
may be considered as highly periodic. Its smallest period is not greater than half its length.
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Conversdly, if the smallest period of x is not greater than |x|/3, the conclusion of Lemma 13.17
applies.

We now explain how Lemma 13.17 is used to improve on the complexity of the
preliminary version of the string-matching algorithm. When a shift done according to a period
leaves amatch between the text and the pattern of the form uw€lw’, we avoid computing the
next maximal suffix from scratch. We better exploit the known factorization of the match.
Inside algorithm P the test "j-ms > p" is equivalent to condition "e > 1" of Lemma 13.17.
Doing so, we get alinear time algorithm. Below is the modification of Algorithm MS used in
algorithm P.

Al gorithm Next MS (x[1.m], (ms, j,k p));
begi n
while (7 + k = n) do begin
if (x[ i+k] = x[ j+k]) then begin
if (k= p) then begin
j = Jtp k1= 1
end el se k := k+1,
end else if (x i+k] > x[ j+k]) then end
j = J+k k=1, p:= j-ms
end el se begin
ms .= j, j:=mstl;, k:=1, p .= 1,
end;
end,
return (ms, 7, k, p)
end.

Lemma 13.18
The number of letter comparisons executed during a run of algorithm P on words pat
and text isless than 6.Jtext|[+5. This includes comparisons done during Next_MScalls.
Pr oof
First consider the test for prefix condition in agorithm P (third "if"). The comparisons
executed on the prefix pat[1...i] of the pattern can be charged to text[pos+1...posti].
Whichever shift follows the test, the value of pos increases by more then ms. Thus, never
again, the comparisons are charged to the factor text[pos+1...posti] of the text. The tota
number of these comparisonsis thus bounded by [text|.
We next prove that each other letter comparison executed during a run of agorithm P
(including comparisons done during calls of Next_MS) leads to a strict increment of the value
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of expression 5posti+mst+j+k. Since its initid value is 3, and its fina vaue is 5jtext|+8, this
proves the claim.

Whatever isthe result of the letter comparison inside algorithm Next_ MS the value of ms+j+k
increases by 1, and even by more than 1 when the last line of the algorithm is executed. It is
worth to note that the inequality k < j-ms aways holds.

Successful comparisons a the first instruction of algorithm P trivially increase i, and
consequently expression 5pos+i+mstj+k. At the same line, there is a most one unsuccessful
comparison. This comparison is eventualy followed by a shift. We examine successively the
three possible shiftsin the order they appear in algorithm P.

The effect of the first shift isto replace Sposti+mstj+k by 5(post+p)+(i-p+1)+mst+(j-p)+k. The
expression isthusincreased by 3p+1, which is greater than 1.

The second shift is executed when j-ms > p does not hold. This means indeed that j-ms = p (j-
msis aways amultiple of p). We also know that ms < p (see Lemma 13.15 case (2)). One can
observe on agorithm Next_MSthat k < p. Now, immediately after the shift, i is decreased by p-
1, msand k are decreased by lessthan p, and j = ms+p is decreased by less than 2.p. Since pos
isreplaced by post+p the value of 5pos+i+ms+j+k isincreased by more than 1.

Finally, consider the effect of the third shift on the expression. If s is the value of max(ms,
min(i-ms, j))+1, the increment of expression 5post+i+ms+j+k is | = 5s-(i-1)-ms-(j-1)-(k-1) =
5s-i-ms-j-k+3, that is, 5s-2i-ms+2, because j+k = i+1. The vaue s is greater than or equa to
both ms and /2. So | = 2, which proves that the third shift increases the vaue of
5pos+i+mst+j+k by more than 1.

The effect of the second "if" in algorithm P, that can decrease i by one unit, isof no importance
in the preceding andysis.

Since agorithm P computes al overhanging occurrences of the pattern inside the text, it
can be used, in anatural way, to compute al periods of aword. Each (overhanging) position of
x inside x itself (except position 0) is a period of word x. We give below a straightforward
adaptation of algorithm P that computes the smallest period of aword. It can easily be extended
to compute al periods of its input. As a consequence of Lemma 13.18, we get the following
result.

Theorem 13.19
The periods of aword x can be computed in time O(Jx|) with a constant amount of space
in addition to x.
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function rPer(x);
{ tinme-space optimal conputation of period(x) }
begi n
per :=1; 1 :=0; (ms, j,k,p) :=(0,1,1,1);
whil e perti+l =< | x| do begin
i f x[ pertit+l] x[ i+1] then 1 := i+l
el se begin
(ms, 7, k, p) Next MS(x[1..1] x[ perti+l], (ms, j, k, p));
if (x[1l.ms] suffix of
the prefix of length p of x| ms+l..i] x[ perti+l]) then
if (j-ms > p) then begin
per ! = pertp, i != i-pt j = j-p;
end el se end

per .= pertp; 1 . i-pt; (ms, 7, k,p) :=(0,1,1,1);

end
el se begin
per .= pertmaX(ms, mn(i-ms, j))+1; i := 0O;
(ms, 7, k,p :=(0,1,1,1);
end;
end;
end;

return(per);
end.

Bibliographic notes.

The first time-space optimal string-matching agorithm is from Gdil and Seiferas [GS
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maximal suffix of a string is adapted from an algorithm of Duval [Du 83] (see also Chapter
15).

Efficient Algorithms on Texts 340 M. Crochemore & W. Rytter



Chapter 13 341 22/7/97

The time-space optimal computation of periods of a string given in Section 13.6 is from
[Cr 92]. Theresult isannounced in [GS 83]. Although the proof contains a small flaw, the idea
leads to another time-space optimal computation of periods (see [CR 93)).

Sdlected references

[CP91] M. CROCHEMORE, D. PERRIN, Two-way string-matching, J. ACM 38, 3 (1991)
651-675.

[CR93] M. CROCHEMORE, W. RYTTER, Cubes, squares and time-space efficient string-
searching, Algorithmica (1993). To appear.

[GS83] Z. GALIL, J. SEIFERAS, Time-space optimal string matching, J. Comput. Syst. Sci.
26 (1983) 280-294.

[Lo83] M. LOTHAIRE, Combinatorics on words, Addison-Wesley, Reading, Mass., 1983.

Efficient Algorithms on Texts 341 M. Crochemore & W. Rytter



Chapter 14 365 — 343 22/7/97
14. Time-processor s optimal string-matching

There are two types of optimal paralel algorithms for the string-matching problem. The
first type usesin an essential way the combinatorics of periods in texts. In the second type, no
gpeciad combinatorics of texts is necessary. In this chapter, we first follow the approach of
Vishkin's agorithm. Then, the Galil's sieve method is shown. It produces a constant-time
optimal agorithm. These agorithms are of the first type. Next, we present the suffix-prefix
algorithm of Kedem, Landau and Palem (KLP). This algorithm is of the second type. It is
essentia for the optimality of this algorithm that we use the model of paradlel machine with
concurrent writes (CRCW PRAM). KLP agorithm can be viewed as a further application of
the dictionary of basic factors (Chapter 9). The suffix-prefix string-matching introduced there is
extended to the case of two-dimensiona patterns at the end of the section.

14.1. Vishkin's parallel string-matching by duels and by sampling

Historically, the first optimal paradlel algorithm for string-matching used the notion of
expensive duels, see Chapter 3. Moreover, it was optimal only for fixed alphabets. The notion
has been strengthened to the more powerful operation of duel that leads to an optimal paralldl
string-matching. Unfortunately, preprocessing the table of witnesses required by the method is
rather complicated. So, we just state the result, but omit the proof and refer the reader to
references at the end of the chapter.

Theorem 14.1
The smallest period and the witness table of a pattern of length m, can be computed in
O(logm) time with nvlogm processors of a CRCW PRAM, or in O(log2m) time with
m/log2m processors of a CREW PRAM.

Suppose that v is the shortest prefix of the pattern which is a period of the pattern. If the
patternis periodic (wis a prefix of the pattern) then w— is called the non-periodic part of the
pattern (v— denotes the word v with the last symbol removed). We omit the proof of the
following fact, which justifies the name "non-periodic part” of the pattern:

Lemma 14.2
If the pattern is periodic (it is twice longer than its period) then its non-periodic part is
non-periodic.
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The witness tableis relevant only for the non-periodic pattern. So, it is easier to dea with
non-periodic patterns. We prove that such assumption can be done without loss of generdity,
by ruling out the case of periodic patterns.

Lemma 14.3
Assume that the pattern is periodic, and that al occurrences (in the text) of its non-
periodic part are known. Then, we can find all occurrences of the whole pattern in the text
(i) — in O(1) time with n processors in the CRCW PRAM model,
(it) — in O(logm) time with n/logm processors in the CREW PRAM model.
Proof
We reduce the general problem to unary string-matching. Let w = w— be the non-periodic part
of the pattern. Assume that w starts at positioni in the text. By a segment containing position i
we mean the largest segment of the text containing position i and having aperiod of size [v|. We
assign a processor to each position. All these processors simultaneously write 1 into their
positions if the symbol a distance |v| to the left contains the same symbol. The last position
containing 1 to the right of i (al positions between them aso contain ones) is the end of the
segment containing i. Similarly, we can compute the first position of the segment containing i.
It is easy to compute it optimally for al positions i in O(logm) time by a paralel prefix
computation (see Chapter 9). The constant time computation on a CRCW PRAM is more
advanced, we refer the reader to [BG 90]. Some tricks are used by applying the power of
concurrent writes. This completes the proof. +

Now we can assume that the pattern is non-periodic. We use the witness table used in
Chapter 3 in two sequentia string-matching algorithms: by duels and by sampling. The parallel
counterparts of these algorithms are presented.

Recall that a position | on thetext issaid to bein the range of aposition kiff k < | < k+m.
We say that two positions k < | on the text are consistent iff | is not in the range of k, or if
WITI[I-K] = 0. If the positions are not consistent, then, in constant time we can remove one of
them as a candidate for a starting position of the pattern using the operation duel, see Chapter 3.

Let us partition the input text into windows of size m/2. Then, the duel between two
positions in the same window eliminates at |east one of them. The position which "survives' is
the value of the duel. Define the operation ® by i ® j = dudl(i, j). The operation ® is
“practically” associative. This meansthat thevalueof i1 ® i2® I3 ® ...® ipy2 depends on the
order of multiplications, but al values (for al possible orders) are equivalent for our purpose.
We need any of the possible values.

Once the witness table is computed, the string-matching problem reduces to instances of
the parallel prefix computation problem. We have the following agorithm.
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al gorithm Vi shkin_string_mat chi ng_by duel s;
begi n
consi der wi ndows of size m 2 on text;
/* sieve phase */
for each window do in parallel
/* ® can be treated as if it were associative */
conmpute the surviving position i1 ® i2®i3® .. ® in2,
where iq,i2 i3 ..., im2 are consecutive positions
in the w ndow,
/* naive phase */
for each surviving position i do in parallel
check naively an occurrence of pat at position i
usi ng m processors;
end.

Theorem 14.4

Assume we know the witness table and the period of the pattern. Then, the string-

matching problem can be solved optimally in O(logm) time with O(n/logm) processors

of aCREW PRAM.
Pr oof

Letiq, i2 i3, ..., iny2 be the sequence of positionsin agiven window. We can compute i1 ®

2® 13® ...® Inpy2using an optimal parald agorithm for the paradld prefix computation,
see Chapter 9. Then, in agiven window, only one position survives; this position is the value of
11® 12® 1 3®...® Iny2. Thisoperation can be done simultaneously for al windows of size
m/2. For al windows, this takes time O(logm) with O(n/logm) processors of a CREW PRAM.
Afterwards, we have O(n/m) surviving positions altogether. For each of them we can check the
match using nvlogm processors. Again, a paradlel prefix computation is used to collect the
result, that is, to compute conjunction of m boolean values (match or mismatch, for a given
position). This takes again O(logm) time with O(n/logm) processors.
Finally, we collect O(n/m) boolean values by a similar process. It gives an optimal paralée
algorithms working with the announced complexities. This completes the proof. ¥

The consequence of Lemma 14.1 and Theorem 14.4 atogether is the basic result of this
section stated as the following corollary.

Corollary 14.5
There is an O(log2n) time pardlel agorithm that solves the string matching problem
(including preprocessing) with O(n/log2n) processors of a CREW PRAM.
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Theideaof deterministic sampling was originally developed for parale string-matching.
In Chapter 3, asequential use of sampling is shown. Recal the definition of the good sample.
A sample Sis aset of positions in the pattern. A sample S occurs at position i in the text iff
pat[j] = text[i+j] for eachj in S A sample Sis called adeterministic sample iff it is small (|9 =
O(logm)), and it has a big field of fire— a segment [i-k...i+m/2-K]. If the sample occurs @ i in
the text, then positions in the field of fire of i, except i, cannot be matching positions. The
important property of samplesisthat if we have two positions of occurrences of the sample in
awindow of size /2, then one "kills" the other: only one can possibly be a matching position.

al gori t hm Vi shki n-stri ng- mat chi ng- by- sanpl i ng;
begi n

consi der wi ndows of size m 2 on text,;

/* sieve phase */

for each window do in parallel begin

for each position i in the window do in parall el
kill i if the sanple does not occur at i;
kill all surviving positions in the w ndow,

except the first and the | ast;
elimnate one of themin the field of fire of the other;
end,
/* naive phase */
for each surviving position i do in parallel
check naively an occurrence of pat starting at |
usi ng m processors;

end.

In the sieve phase, we use nlogm processors to check a sample match at each position. In
the naive phase, we have O(n/m) windows, and, in each window, m processors are used. This
proves the following.

Theorem 14.6
Assume we know the deterministic sample and the period of the pattern. Then, the string-

matching problem can be solved in O(1) time with O(nlogm) processors in the CRCW
PRAM model.
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The deterministic sample can be computed in O(log2m) time with n processors by a
direct parallel implementation of the sequential construction of deterministic samples presented
in Chapter 3. But faster sampling methods are possible (see bibliographic notes).

14.2.* Galil'ssieve

The constant time pardlel sampling algorithm of the last section is not optimal but only
by alogarithmic factor (logm). In order to produce an optimal searching phase, we apply a
method to eliminate dl but O(n/logm) candidate positions in constant time with n processors.
We cdl it the Gdlil's Sieve. After applying the sieve with the sampling algorithm of the last
section, only O(n/logm) positions have to be checked as sample matches. Hence, we can do the
search phase of the string-matching in constant time with an optimal number of processors
(linear number of processors). Thisis stated in the next theorem.

Theorem 14.7
Thereis apreprocessing of the pattern in O(log2m) time with m processors such that the
search phase on any given text can be done in constant time with linear number of
processors.

The proof of Theorem 14.7 relies on the next lemmas of the section. The present proof
consists in the description of Galil'ssieve. It is based on a simple combinatorial fact described
below. Let T be an rxr zero-one array. We say that aj-th column hits ai-th row iff T[i, j] = 1.
A set of columns hitsagiven row if at least one of its columns hits this row, see Figure 14.1.

o o -
®
I ®
[ .
® ®
[ o e ' .

Figure 14.1. A hitting set of columns: the three columns hit all rows.
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Lemma 14.8 (hitting set lemma)
Assume we have rxr zero-one array T such that each row contains at least s ones. Then,
thereisaset H of O(r/slogr) columnsthat hitsal the rowsof T.
Proof
The required set H is constructed by the following agorithm.

algorithmH tting-set;
begi n
H:= enpty set; R:= set of all rows of the array;
whil e R non-enpty do begin
choose a colum | hitting the |argest nunber of rows of R
delete fromR the rows hit by the j-th col um;
add the j-th colum to H
end,
return H
end.

It is enough to prove the following:
the number of iterations of the algorithm "Hitting-set" is O(r/slogr).

Let total be the total number of ones in dl rows of R. Since there are r columns (containing
altogether all ones), the selected j-th column contains at least total/r ones. We remove at least
total/r rows, each containing at least sones. Thisimpliesthat we remove at least s.total/r ones.
Doing so, the total number of ones decreases at each iteration by afactor at least (1-9/r). It is
easy to calculate that there is a number k = O(r/s logr), such that (1-s/r)k < 1/r2. Initially, we
have globaly a most r2 ones. Hence, after k iterations there is no one, and R is empty. This
completes the proof.

Let us consider occurrences of the pattern which start in a "window" of size nv4 on the
text, see Figure 14.2. It is enough to remove al but O(nvVlogm) candidate positions in such a
window. Let us fix one such window. Let us partition the pattern into four quarters. The
window correspondsto the first quarter of the pattern. Let us cal the two middle quarters the
essential part of the pattern. Let zbe afactor of sizelogm/4 of the essential part, and which has
the highest number of occurrences inside this part. The segment of length my/2 of the text
immediately following the window is called the essential part of the text.

Efficient Algorithms on Texts 365 — 348 M. Crochemore & W. Rytter



Chapter 14 365 — 349 22/7/197

first quarter second quarter ' third quarter !fourth quarter

pattern starts
inthisarea

Figure 14.2. The factor zin the essential part of the pattern.

We assume for smplicity that the alphabet is binary. If the aphabet is unbounded, it has
no more than n letters, and the sieve method is considered for small subwords of length doubly
logarithmic.

Lemma 14.9
If an occurrence of the pattern startsin the window, then we can find one occurrence of z
inside the essential part of the text in constant time with m processors.
Proof
There are at least s = mP-> occurrences of zinside the essential part of the pattern, since there are
m/2 occurrences and a most 2!/09mM/4 possible subwords of length lognv4. Let us consider dl
possible occurrences of the pattern starting in the window and the relative occurrences of z in
the essential part. Consider m/4 shifts of the pattern, and, in each of them, put 1 at starting
positions of z. We have mV4 rows, each of them with vm ones. According to the hitting-set
lemma there is a set H of positions (corresponding to columns in the "hitting set” lemma) in
the essential part of the text such that, if there is any occurrence of the pattern starting in the
window, then there is an occurrence of zin the essential part of text starting at a position in H.
The set H is small, |H| = O(nm/logm), in fact it is even of lower order, due to the hitting-set
lemma. So, it is enough to check for an occurrence a positions in the hitting set. This can be
done on a CRCW PRAM in constant time with |z processors for each postion in H.
Altogether alinear number of processorsis enough. This completes the proof. +

We introduce the idea of segments related to the factor z (in text or in pattern). A segment
of an occurrence of zin agiven word w is the maximal factor of w containing z, and having the
same period as z. We leave the proof of the following technical fact to the reader.
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Lemma 14.10
Assume we are given the period of z and an occurrence of z in a given text. Then the
segment of the occurrence of z can be found in constant time with n processors of a
CRCW PRAM.

Lemma 14.11 (Galil's sieve lemma)
Assume that the pattern is non-periodic, and both the subword z and its hitting set H of
size mlogm are constructed. Then, we can diminate al but O(nvVlogm) candidate
positions for matching positionsin a given window in constant time with m processors.
Proof
We have to remove dl but O(nvlogm) candidates from the window. First, we find one
occurrence of z in the essentia part of the text. This can done optimally according to Lemma
14.9. If thereis no occurrence then al positions in the window can be eliminated. Therefore, we
assume that there is an occurrence, and we find one. Now there are two cases according to
whether zis periodic or non-periodic.
Case 1 (zisnon-periodic)
Thisisthesimpler case. Let k1, kp, ..., ky be the sequence of positions of occurrences of z in
the pattern, see Figure 14.3. There are a most O(m/|z]) occurrences due to the non-periodicity
of z. This number is O(m/logm) because || = logm.

< k3 >
< ko >
< kq >
Y4 zZ y4

Figure 14.3. Positions of zin the pattern.

Now, if we found an occurrence of z at position i in the essential part of the text, then the
possible candidates for matching positions of the pattern in the window are only i-ky, i-ko, ..., i-
kp, see Figure 14.4. All positions in the window which do not appear in this sequence are

eliminated. This completes the proof in the non-periodic case.
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patterr

text

possible position of the pattern
in the window

Figure 14.4. Possible matching position i-k;.

Case 2 (zisperiodic)

Now we cannot apply directly the same argument when z is periodic, because the number of
occurrences of z can be larger than O(m/logm). However, we shal ded with extended
occurrences of z the segments of z. Let us fix z It is easy to see that two segments cannot
overlap more than a |7/2 positions. Hence, the number of segments in the pattern is
O(m/logm). For agiven zfound in the essential part of the text we compute its segment. Then
the end of this segment corresponds to an end of some segment in the pattern, or the beginning
of the segment corresponds to the beginning of some segment in the pattern. We use the same
argument as in the first case. This completes the proof.

The conclusion of the section, corollary of the previous lemma, gives a constant-time
string-matching agorithm.

Theorem 14.12
The search of a preprocessed pattern in a text of length n can be done in constant time
with O(n) processors in the CRCW PRAM model.

14.3. The suffix-prefix matching of Kedem, Landau and Palem

The method discussed in the present section is based on the naming (or numbering)
technique, which is intensively used by KMR agorithm (see Chapters 8 and 9). The crucid
point in the optimal parallel string-matching algorithm presented here is to give consistent
names to some segments of the pattern. The basic tool is the dictionary of basic factors (DBF,
in short). However, the main drawback of the DBF is its Size: it contains names for nlogn
objects. The solution proposed by KLP algorithm isto use aweak form of the DBF. It contains
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only names for all subwords of length 2K that start at a position in the text divisible by 2K (for
each integer k=0, 1, ..., logn). We cal this structure the weak dictionary of basic factors
(weak DBF, for short).

Lemma 14.13
The weak DBF contains the names of O(n) objects. It can be constructed in O(logn) time
with O(n/logn) processors of a CRCW PRAM.
Pr oof
The construction of the weak DBF can be carried out essentialy in the same way as that of the
DBF. But then the total work islinear, due to the fact that the total number of objects is linear.
Hence O(n/logn) processors are enough.

KLP agorithm reduces the string-matching problem to the suffix-prefix problem
(below). That is, we have to give names only to (some) suffixes and prefixes of two strings.
The number of objects is linear, and due to this fact, an agorithm with linear tota work is
possible. The problem consists essentialy in building a dictionary for prefixes and suffixes.
Thisiswhy the dictionary of basic factorsis useful.

Let p and s be words of length n. The suffix-prefix (SP, for short) problem for words p
and s of the same length is defined as follows.

SP problem:
name consistently all prefixes of p and al suffixes of stogether.

A linear time sequentia computation is straightforward: the SP problem for two words
of length n can be solved sequentially in O(n) time. This is a simple application of Knuth-
Morris-Pratt algorithm, and of the notion of failure function (see Chapter 3).

The SP problem can be solved by an optimal paralel agorithm, but this requires a non-
trivial construction. It is postponed after the application to string-matching presented in the next
theorem. The theorem shows the significance of the SP problem. It is also presented here to
acquaint the reader with the problem, before constructing an optimal parallel agorithm.

Theorem 14.14
Assume that the SP problem for two strings can be solved by an optima paralld
algorithm. Then, the string-matching problem can also be solved by an optimal parale
algorithm.
Pr oof
Let us factorize the text into (digoint) segments of size m (length of the pattern). Then the
string-matching is reduced to 2n/m SP problems of size m. If the pattern overlaps the border
between the i-th and (i+1)-th segment then some prefix u of the pattern should be a suffix of
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the i-th segment, and the associated suffix v of the pattern should be a prefix of the (i+1)-th
segment (see Figure 14.5).

< m >

pattern [u__1 v |
:
1
[}
text !

[ | | | |
i-th segment i+1-th segment
< m > << m >

Figure 14.5. Suffix-prefix matching.

We have O(n/m) SP problems of size m. They can be computed independently, each with
O(m) work. Altogether the algorithm works in logarithmic time (O(logm), with a total work of
O(n). This completes the proof. £

One of the basic parts of KLP algorithm is the reduction of the number of objects. This
reduction is possible due to encoding of segments of length logn by their names of O(1) size
(small integers). The main tool to do that is the string-matching automaton for several patterns.
In what follows we assume that the input alphabet is of a constant size. This assumption isonly
used in the proof of Lemma 14.15 below. In fact, the lemma also holds for unbounded
alphabet, but the proof is more complicated (see bibliographic notes). Hence the whole suffix-
prefix algorithm works essentially with the same complexity even if the assumption on the size
of alphabet is dropped.

Lemma 14.15
Assume we have r patterns of the same length k. Then in time O(k) on a CRCW PRAM
(& — we can construct the string-matching automaton G of the patterns with work
O(kr);
(b) — if Giscomputed, then we can find al occurrences of the patternsin a given text of
length n with O(n) work.
Pr oof
The proof of point (a) is essentialy the pardld implementation of the sequential agorithm for
the multi-pattern machine (see Chapter 7). The structure of this machine is based on the tree T
of the prefixes of dl patterns. The states of the automaton correspond to prefixes. The tree
grows in a breadth-first-search order. We use the algorithm for the construction of the multi-
pattern automaton without use of the failure table. The transitions from a node a a given leve
are computed in a constant time, while transitions for dl states a higher levels are computed,
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see Chapter 7. The bfs order is well suited to paralel construction level-by-level. At a given
level we process dl nodes simultaneously with rk processors. As a side effect, we have
consistent names for al patterns. two patterns are equal iff they have the same names. There is
a specia name corresponding to al words of length k which are not equa to any of the k
patterns.

The proof of the point (b) is rather tricky. The constructed automaton can be used to scan the
text. For each segment composed of the last k symbols read so far, write the name of the
pattern equal to that segment, or the specia value if no pattern matches. One automaton can
process sequentially a factor of length 2k of the text, and give names to the last k positions
(occurrences or non-occurrences of patterns) in that portion of the text. We can activate a copy
of the automaton G at each position divisible by k (one can assume that k divides n). The n/k
automata work simultaneously for 2k steps. After that all segments of length k got their names.
All automata traverse the same (quite big) graph representing the automaton G. The total time
is O(2k), and the total work is O(n).

For technical reasons we need to consider the following extended SP problem.
ESP problem:

Given strings sand p1, p2, ..., pr of the same length k,

name consistently all prefixesof p1, p2, ..., pr and al suffixes of s.
A striking fact about the ESP problem is that there is an algorithm that processes prefixes and
suffixes in anon symmetric fashion. In the lemma below we privilege prefixes, though one can
make areverse construction.

Lemma 14.16 (key lemma)
The ESP problem for strings s and ps, p2, ..., pr of the same length k can be solved in
time O(logk), and work O(kr + klogk).
Proof
Assume for ssimplicity that k is a power of two. Let us look for a computation on both s and
one of the p’s, which is denoted by p. The same processing applies to al p;’s ssmultaneously.
Compute the complete DBF for s and the weak DBF for p together. In the weak DBF names
are given only to words of size 2h starting at positions divisible by 21, for any h = 0. The weak
DBF isof O(k) size, while the complete DBF is of O(klogk) size. For dl patterns, there are r
weak DBF's, so the work spent on them is now O(kr).
The algorithm proceeds in logk stages. Let us cdl an h-word any word whose length is
divisibleby 2", An h-word is maximal if it cannot be extended to the right into a different h-
word. The end of the maximal h-word starting at position j is denoted by endn(j). The basic
property of endn(j) isthat the difference endn(j) - endh+1(j) is either 0 or 2h.
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sufj
: Jf |2 I3 I |
i [

Figure 14.6.

In the algorithm we maintain the following invariant.

INV(h): al maximal h-words of s, and all h-prefixes of p have consistent names.
After computing the DBF for s, and the weak DBF for p, this invariant holds for h = logk. In
fact, the computation of the ESP problem reduces to satisfying INV(0). We describe how to
efficiently preserve the invariant from h+1 to h.

procedure STAGE(h);
{ I'NV(h+1) holds }
begi n
for each position j in s do in parallel begin
if endn+1(j) = endp(j) then
conbi ne nanes of subwords
s[j..endn+1(j)] and s[endn+1(j)..endn(j)];
for each (h+l)-prefix p[1..i] of p do in parallel
conbi ne names of p[1..j] and p[j..]+2"]
to get nanes for p[1..j+2h];
end;
{ I'NV(h) holds }
end.

The procedure can be simply extended to handle al patterns pj smultaneously. Then, the whole
algorithm has the following structure:

for h :=1logn-1 downto 0 do STAGE(h).
O(K) processors are obviously enough to process s, one processor per each position j. Hence,
O(klogk) work is spent on s. But for a given pj of length k we spend only O(k) work, since &
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stage h we process only (h+1)-prefixes. The total number of al h-prefixes, for h running from
0tologn, islinear. Hence, the total work spent on asingle p; is O(k), and it is O(rk) on dl pj's.

This complete the proof. +

Theorem 14.17
The SP problem for two words p, s of same length n can be solved on a CRCW PRAM
in logarithmic time with linear work.
Proof
Assume for simplicity that nis divisible by logn. Consider the subwords ps, p2, ..., Piogn Of p
of length n-logn starting inside the prefix of length logn of p, see Figure 14.7.

pIogn :

P,

R |

p 1

<> <>
logn logn

Figure14.7.

Factorize the text sinto segments of length logn, and call them small patterns. We can find dl
occurrences of the small patternsin p with O(n) work, due to Lemma 14.15. The name of the
small segment starting at position j in p is consistent with the name of asmall pattern starting &
that position.
Now we can factorize each pj into segments of length logn. We name the segment consistently
with names of small patterns. The name of a small segment starting at a given position of p can
be found in O(1) time after finding all occurrences of small patterns. Doing so, we compress s
into atext s, and each pattern pj into atext p;’ of length n/logn.
We solve the ESP problem for s and p1’, p2', p3’, ..., Piogn’- The time is logarithmic and the
total work islinear due to Lemma 14.16. This proves the following:
Claim 1
We can compute, in logarithmic time with linear work, consistent names for al suffixes
of sand al prefixes of subpatterns p;’s whose length is divisible by logn.

Consider now the prefix p of length logn of p, and al logn-segments s; of s. Assign one
processor to each segment s;. This processor computes the SP problem for p and s
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sequentiadly in logn time, due to Lemma 14.16. There are n/logn processors, hence the tota
work islinear. In thisway we have proved:
Claim 2
We can compute optimally consistent names for al prefixes of p and dl suffixes of
logarithmic-size segments s;.

Now we are ready to solve the original SP problem for p and s. Take the prefix of p of a given
sizei, and the suffix of s of same sizei. We have enough information to check in constant time
if the equality p[1...i] = gn-i+1...n] holds. We can writei asi =i1+i2, where il < logn and i2
isdivisible by logn.

i1 i2
<> << >
text s | u | VvV
<>
i1 i logn
<> < >
| U | vV | text p
<>
logn

Figure 14.8.

Now it is enough to check names of the suffix of s of length i2, and prefix of pj1 of length i2,
see Figure 14.8. This can be done in constant time, due to Claim 1, sincei2 isdivisible by logn.
Next, we check the names of the (small) prefix of p of length i1 and the suffix g[ni+1...n-i2] of
alogarithmic segment s of s. Thiscan be done in constant time due to Claim 2. We perform
this operation simultaneousdly for all i. This completes the proof.

14.4. A variation of KLP algorithm

In this section we present a variation of the KLP agorithm. Itsaimisto provide aversion
the KLP agorithm that extends easily to the two-dimensional case. The basic parts of KLP
algorithm and the dictionary algorithm (paralel version of KMR agorithm) are constructions
of dictionaries which enable to check in a constant time whether some factors of text or pattern
match.
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Recall that factorswhose length is a power of two are said to be basic factors. One can
also assume that the size of the pattern is a power of two. If not, then we can search for two

subpatterns which are prefix and suffix of the pattern, and whose common size is the largest
possible power of two. A basic factor f of the pattern is called a regular basic factor iff an
occurrence of it startsin the pattern at a position divisible by the size of f. The basic property of
regular factorsisthat a pattern of size n has O(n) regular basic factors. Thisfact implies the key
lemma, which has already been proved in Chapter 9.

Lemma 14.17 (key lemma)
Consider t patterns, each of size M. There is an algorithm to locate al of them in a one-
dimensional string or a two-dimensional image of size N in time O(logM) with tota
work O(NlogM+tM).
Proof
The agorithm is derived form the parallel version of KMR algorithm. If we look closer at the
pattern matching agorithm derived from KMR agorithm, then it is easy to see that the totd
work of the algorithm is proportional to the number of considered factors. We can assume
w.l.0.g. that the size M of patternsisapower of two. So, in patterns, only regular factors need
to be processed. Hence, the work spent on one pattern is O(M). Similarly, for the t patterns of
size M, the work is O(tM). This completes the proof. +

Let usfix theinteger k as aparameter of order logm. Lengths of texts are assumed to be
multiples of k. The factors of length k of texts and patterns are caled small factors. The small
factors which have an occurrence a a position divisible by their size are caled regular small
factor. Let x be astring of length n, and let small(x, i) be the small factor of x starting at position
I (L<i=n). Thestring small(x, i) iswell defined if x is padded with k-1 special endmarkers a
the end. Define the string X = X1X2...Xy by
Xi = name(small(x, i), for 1<i < n,

where name(f) is the name of the regular small factor equa to f. Names are assumed to be
consistent: if small(x, i) = small(x, j) then X = X.

The string x is called here the dictionary of small factors of x. A simple way to compute
such dictionary is to use the paralld version of the Karp-Miller-Rosenberg algorithm. This
gives nloglogn total work, very close to optimal. the optimality can be achieved, if the aphabet
isof constant size, using akind of the "four Russian trick", as explained below.

In this paragraph, we consider for smplicity that the alphabet is binary, and that k =
lognv4. There are potentialy only mY/2 binary strings of length 2k. For each of them, we can
precompute the names of dl their small factors of length k. These names can be the integers
having the corresponding factors as binary representations. We have enough processors for dl
the mY/2 binary strings of length 2k to do that, since the total number of processors must be
O(n/logm). Then, to produce x the dictionary of small factors of a string x of length n (= m), it
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isfirst factorized into segments of length 2k. Independently and at the same time each segment
is treated. One processor can encode it into a binary number in O(logm) time, looking at the
precomputed table of names of its small factors, and writing down k consecutive entries of the
string x in time O(k) = O(logm). Thus, the overal procedure works in time O(logm) with
O(n/logm) processors. This proves the next lemma on fixed alphabets.

The breakthrough for this approach is done by KLP algorithm: the assumption on fixed-
size aphabet can be dropped. This is because only names corresponding to regular small
factors have to be considered in the naming procedure for all factors (two factors whose names
are not equal to any regular small factor can have the same name, even if they are equd). The
total length of al small regular factors is linear, and each of them has logarithmic size. The
Aho-Corasick pattern machine for al regular basic factors can be constructed by an optimal
algorithm, due to the linearity of their tota length. But, such an approach does not work if we
want to make a pattern matching machine for al small factors.

Lemma 14.19
The dictionary of small factors can be computed in O(logm) time with linear work.

The description of the string-matching algorithm of the section is written in a way
suitable for the two-dimensional extension of Section 14.5. The algorithm for two dimensions
is conceptualy a natural extension of the one-dimensional case. The basic parts of one-
dimensional and two-dimensional pattern-matching algorithms are similar:

— compultation of the dictionary of small factors,

— compression of strings by encoding digoint logm-size blocks by their names, and

— application of the algorithm of Lemma 14.18.
Two auxiliary functions are necessary: shift and compress. Let k = logm. We assume that n
(length of text) and m (length of pat) are multiples of k. For 0 < r < k-1, let us denote by
shift(pat, r) (see Figure 14.9) the string defined by

shift(pat, r) = pat[1+r...m-k+r].
For astring z let us denote by compress(z) the string defined by
compress(z) = 23 Zk Z2k ---Z(h-1)k»

where h = |z]/k. The string compress(z) contains the same information as z, but is shorter by a
logarithmic reduction factor. Each letter of the new string encodes alogarithmic size block of z.
Intuitively speaking compress(z) is a concatenation of names of consecutive small factors,
which compose the string z. Small factors (strings of length logm) are replaced by one symbol.
The compression ratio is logm. In the following, p; is the name of the small factor of pat
starting at position i in pat, and j is the name of the small factor of text starting a position i in
text.
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shift(pat, r)
| ]
s ', s :,
pat |I T T |I
N E— ST —
logm logm

Figure 14.9. Operation shift. To test amatch it is enough to identify the part shift(pat, r),
and the first and last full small factors of the pattern, p1 and pm-k.

Theidentification of shift(pat, r) is done by searching for its compressed version.

The correctness of the algorithm below is based on the following obvious observation: an
occurrence of pat occurs at position i in text iff the following conditions are satisfied
(*) compress(shift(pat, k-(i mod K))) starts in compress(text) at position (i div k),
p1 =ti+1, and Pm-k = ti+mek-
The condition (*) is illustrated by Figure 14.10 (see aso Figure 14.9). The structure of the
algorithm based on condition (*) is given below.

p1 pmk
: X, X X ' !
1 2 3 X4! !
pat | T =] [ g ]
X 1 | 1 1 1 1 1 1
s : o
text [ | | B N R F 77 ] |
1 Yo Y3, Ya Ys Y6 | 7,
1
1 ! : :
| — e
ti+1 ti+rr+k

Figure 14.10. Test at position i in text. X1Xox3xX4 = compress(shift(pat, k-(i mod k)+1)),
compress(text) = y1y2yayaysyey7; pat occurs at position i in text iff
X1XoX3X4 starts at the 3rd position of y1yoyayaysyey7, P1 = ti+1, and Pmk = ti+m-k-
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Algorithm{ parallel optimal string-matching }
begi n
build the common dictionary of small factors of pat and text;
construct tables p and t;
| ocalize all patterns conpress(shift(pat,0)),
conpress(shift(pat,1)),.., conpress(shift(pat,k-1))
in conpress(text) by the algorithmof Lemma 14. 18;
for each position i do in parallel
{ in constant tinme by one processor
due to previous localizations }
if condition (*) holds for i then
report the match at position i;
end.

Theorem 14.20
The above algorithm solves optimally the string-matching problem on a CRCW PRAM.
It runsin O(logm) time with O(n/logm) processors (the total work islinear).
Proof
The compressed text has size n/logm. There are logm compressed patterns, each of sze
m/logm. Hence, according to Lemma 14.18, the total work, when applying the algorithm of this
lemma, is O((n/logm)logm + logm(m/logm)) = O(n). This completes the proof.

14.5. Optimal two-dimensional pattern matching

In this section, we show how the algorithm of the previous section generalizes to two-
dimensional arrays, and leads to an optimal two-dimensional pattern matching algorithm. We
assume w.l.0.g. that the pattern and the text are squares. PAT is an mxm array, T is an nxn
array. The genera case of rectangular arrays can be handled in the same way. But then the
shorter side of the pattern must be is a least logm long, that is, the pattern must not be thin.
Otherwise, the algorithm of section 14.4 can be adapted to this specific problem.

Recall that subarrays whose length is a power of two are said to be basic subarrays. We
assume that m is a power of two. If not, then we can search for four (possibly overlapping)
subpattern whose length is a power of two. We say that a basic subarray of shape sxs' is
regular iff it starts a a position whose horizontal and vertical coordinates are, respectively,
multiples of sand s. The size of the two-dimensional imageisits area

There is a fifth type of subarrays in addition to regular and/or basic subarrays. thin
subarrays. It is a natural generalization of small factors of the previous section to the two-
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dimensional case. Thin factors are mxlogm subarrays of the pattern, and nxlogm subarrays of
text. They arise if we cut the two-dimensional pattern by nvlogm-1 lines at distance logm from
each others (see Figure 14.11).

The agorithm below provides an optimal two-dimensional matching. It is based on the
fact that the key lemma of Section 14.4 (Lemma 14.18) works similarly for two-dimensional
images. The compression realized with the help of small factors in the case of strings, is done
by thin subarrays in the case of two-dimensional. The text array as well as the pattern are cut
into thin pieces on which the main part of the search is done. We assume, for the simplicity of
presentation, that we deal with images whose sides have lengths divisible by m. Formally, the
cut-lines are columns logm, 2logm, ..., n-logm of the text array, see Figure 14.11. There are

n/logm-1 cut lines.
Let us denote by Pj the j-th column of PAT. For O < r < k-1 denote by SHIFT(PAT, r)

the rectangle composed of columns Pi4r, ..., Pmk+r. FOr a rectangle Z denote by
COMPRESY(Z) the array Z1ZxZok ... Z(h-1)k. Where h = |ZJ/k, and Z; is the column of names
of logm-size rows of the thin subarray Zj. The rectangle COMPRESS(Z) contains the same

information as Z, but in smaller form. Each column of the new rectangle encodes a thin
subarray. Two-dimensional (thin) objects are reduced to one-dimensiona objects. The
compression ratio on sizes of arrays is logm. We denote by P; the compressed thin subarrays
of PAT starting at column i, and by T the array of names of logm-size factors of rows of T. The
algorithm of the section implements the same idea as in the former section. The correctness of
the algorithm is based on the following obvious observation (see Figure 14.11). An occurrence
of PAT occursaat (i, j) intheimage T iff the following condition is satisfied:

(**) COMPRESS(SHIFT(PAT, k-(j mod K))) occurs in COMPRESS(T) a position
(1, ] div k), P1 occurs at position (i, J) in T , and Pm-k occurs at position (i, j+m-k) in T.
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cut line thin factor

>~

GQ,i) 1 > | 73

I31 Pmk
1’4 \ ‘\

Figure 14.11. Partitioning of the pattern and the text arrays by cut-lines.We search for the
compressed part of pattern image X1X2X3 in the compressed text array,
and then search for the first and last thin subarrays of PAT, P1 and Pk

The structure of the two-dimensional algorithm is essentially the same as the algorithm of
section 14.4. 1t yields the following result.

Theorem 14.21
Under the CRCW PRAM model, the agorithm below solves optimaly the two-
dimensional pattern matching problem in time O(logm) and linear work.
Pr oof
The proof is similar to that of Theorem 14.20. It isasimple application of Lemma 14.18. Here
the size of the compressed text array is N/logm (N = n2). The number of shifted patterns is ill
logm. So, the total work is (N/logm)logm + logm(M/logm) = O(N).
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Al gorithm{ optiml two-dinensional pattern matching }
begi n

conpute the dictionary of small subarrays together
for rows of PAT and T,

construct tables of nanes P and T,;

| ocal i ze patterns COVPRESS(SH FT( PAT, 0)),
COVPRESS( SHI FT( PAT, 1)), .., COWRESS(SH FT( PAT, k-1))

for each j do in parallel

inthe j-th colum of T ;

{ of the first and last thin factors of pattern,
one-text/one-pattern al gorithm}

for each position (i,j) of T do in parallel

{ in constant tine by one processor for each (i,j)
due to the information al ready conputed }

if condition (**) holds for (i,j) then
report a match at position (i,j]);

end.

in the i mage COMPRESS(T) by the algorithmof Lemma 14. 18;

find all occurrences of the first and |ast colums of P

14.6. Recent approach to optimal parallel computation of witness tables:

the splitting technique.

Quite recently a new approach was discovered to compute the witness table WIT of the
pattern. It uses what is called the splitting technique. We sketch here only the basic ideas of the
technique. Severa open problems have been cracked by this approach. We list the four most

interesting problems that are so solved positively:

1 — existence of a deterministic optimal string-matching algorithm working in O(logm)

time on a CREW PRAM,

2 — existence of arandomized string-matching algorithm working in constant time with

alinear number of processors on a CRCW PRAM,

3 — existence of an O(logn) time string-matching algorithm working on a hypercube

computer with alinear number of processors,

4 — existence of an O(nY'2) time string-mtching agorithm on a mesh-connected array of

jprocessors.

Theroem 14.22
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There exist agorithms for each of the four points listed above.

The technique also provides a new optima deterministic string-matching algorithm
working in O(loglogn) time on a CRCW PRAM.

Recall that the CRCW PRAM isthe weakest model of the PRAM with concurrent writes
(whenever such writes happen the same value is written by each processor), and the CREW
PRAM isthe PRAM without concurrent writes. Vishkin's algorithm (see Section 14.1) works
in O(log2n) time if implemented on a CREW PRAM. An optimal O(logn loglogn) time
algorithm for the CREW PRAM model was given before by Bredlauer and Galil.

The power of the splitting technique is related to the following recurrence relations:

(*) time(n) = O(logn) + time(n1/2),
(**) time(n) = O(1) + time(nY/2).

Claim 1:
The solutionsto recurrence relations (*) and (**) satisfy, respectively:

time(n) = O(logn) and time(n) = O(loglogn).

Let P be apattern of length m. The witnesstable WIT is computed only for the positions
inside theinterval FirstHalf =[1...m/2]. We say that a set S of positions is k-regularly sparse
iff Sisthe set of positionsi inside FirstHalf suchthat i mod k = 1. If Sis regularly sparse then
let sparsity(S) be the minimal k for which Sisk-regularly sparse. Let us notee

P(@) = P(q)P(k+ q)P(2k+ ) P(3k+0q)...,
for 1 < g =< k. Denote by SPLIT(P, k) the set of strings P(d, 1 < q<k.

Example
SPLIT(abachdabadaa, 3) = {acad, bbba, adaa} . +

Assume S is a k-regularly sparse set of positions. Denote by COLLECT(P, k) the
procedure which computes values of the witness table for dl positions in S, assuming that the
witnesstables for al stringsin SPLIT(P, k) are known.

Claim 2:
Assume the witness tables for all stringsin SPLIT(P, k) are known. Then COLLECT(P,
k) can be implemented by an optimal parald agorithm in O(logm) time on a CREW
PRAM, and in O(1) on a CRCW PRAM.

The next fact is more technical. Denote by SPARSIFY(P) the function which computes
the witness table at al positions in FirstHalf except a a set S that is k-regularly sparse. The
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value returned by the function isthe sparsity of S when k > m/2, Sis empty. In fact, the main
role of the function is the sparsification of non-computed entries of the witness table.

Claim 3:
SPARSIFY(P) can be computed by an optimal pardle agorithm in O(logm) time on a
CREW PRAM, and in O(1) on a CRCW PRAM.
The value k of SPARSIFY(P) satisfies k = mY/2,

The basic component of the function SPARSFY is the function FINDSUB(P) that finds
anon-periodic subword z of P of size mY/2, or reports that there is no such subword. A similar
congtruction is used in the sieve agorithm of Section 14.2. It is easy to check whether the
prefix z of size mY2 is non-periodic or not (we have a quadratic number of processors with
respect to mV/2): if z' is periodic we find the continuation of the periodicity and take the last
subword of size mY2. The computed segment z can be preprocessed (its witness table is
computed). Then, al occurrences of z are found, and based of them the sparsification is
performed.

We present only how to compute witness tables in O(logm) time using O(mlogm)
processors. The number of processors can be further reduced by a logarithmic factor, which
makes the agorithm optimal. The agorithm is shown below as procedure
Compute by Splitting.

According to the recurrence relation (*), the time for computing the witness table using
the procedure Compute by Splitting is O(logm) on a CREW PRAM, and O(loglogm) on a
CRCW PRAM. Implementations of the subprocedures SPARSIFY and COLLECT on an
hypercube and on a mesh-connected computer give the results stated in points 3 and 4 above.

procedure Conpute by Splitting(P);
begi n
k :=1;
while k = mi2 do begin
k := SPARSI FY(P);
(P(1), pP(2),.., P(K) := SPLIT(P, Kk);
for each q, 1 =g = k do in parallel
Conpute by Splitting(P(D);
COLLECT(P, K);
end,

end;
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The constant-time randomized algorithm (point 2) is much more complicated to design.
After achieving a large sparsification, the algorithm stops further cals, and starts a specia
randomized iteration. Indeed, it is more convenient to consder an iterative agorithm. The
definition of SPARSFY(P) needs to be dlightly changed: the new version sparsifies the set S of
non-computed entries of the witness table assuming that Sis aready sparse. The basic point is
that the sparsity grows according to the inequality:

K = k.(mVK)V/2,

wherek isthe old sparsity, and k' is the new sparsity of the set S of non-computed entries. The
randomization starts when sparsity = m’/8, This is achieved after & most three deterministic
iterations.

The constant-time string-matching requires also a quite technical (though very interesting)
construction of several deterministic samples in constant time. But this is outside the scope of
the book. We refer the reader to bibliographic notes for details.

Bibliographic notes

The first optimal parallel algorithm for string-matching was given by Galil in [Ga 85].
The agorithm is optimal only for aphabets of constant size. Vishkin improved on the notion of
slow duels of Galil, and described the more powerful concept of (fast) duels that leads to an
optimal algorithm independently of the size of the alphabet [Vi 85]. The optimal parald string-
matching agorithm working in O(log2n) time on a CREW PRAM is also from Vishkin [Vi
85].

The idea of witnesses and duels was later used by Vishkin in [Vi 91] in the string-
matching by sampling. The concept of deterministic sampling is very powerful. It has been
used by Galil to design a constant-time optimal parale searching algorithm (the preprocessing
is not included). This result was an improvement upon the log*n result of Vishkin, though
practically log"“n can be also treated as a constan.

If preprocessing is included, the lower bound for the paralld time of string-matching is
loglogn. It has been proved by Bredauer and Galil [BG 90], who aso gave an optimal loglogn
time algorithm. The algorithm uses a scheme similar to an optimal algorithm for finding the
maximum of n integers by Shiloach and Vishkin [SV 81]. Recently it has been shown that it is
possible to combine aloglogn time preprocessing with the constant-time optimal parallel search
of Galil, see [C-R 93D].

Section 14.3 is adapted from the suffix-prefix approach of Kedem, Landau, and Palem
[KLP 89]. The counterpart to the relative smplicity of their algorithm is the use of a large
auxiliary space (though space nl+e is enough, for any £>0, with the help of some arithmetic
tricks). Algorithms of Galil and Vishkin require only linear space, but their agorithms are
much more sophisticated. The assumption on the size of aphabet in Section 14.3 can be
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dropped (see [KLP 89]). We do not know how to convert the KL P suffix-prefix algorithm into
an optimal fast paralld string-matching algorithm working on a CREW PRAM. Such an
agorithm working in O(log2n) time was given by Vishkin, see [Vi 85].

The "four Russian trick” of encoding small segments by numbers is a classical method.
Itisused in particular in [Ga85], and in [ML 85] for string problems.

The optima O(logn) time parallel two-dimensional pattern matching is from [CR 92].
An optimal searching algorithm running in O(loglogn) time is presented in [ABF 92b]. The
splitting technique of Section 14.6 is adapted from [C-R 93c]. Consequences of the technique
can aso be found in this paper.
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15. Miscellaneous.

The chapter presents severa interesting questions on strings that are not aready
considered in previous chapters. They are: string-matching by hashing and its extension to two-
dimensional pattern matching, tree-pattern matching as an example of pattern matching
guestions on trees, shortest common superstrings, cyclic equality of words and Lyndon
factorization of words, unique decipherability problem of codes, equality of words over
partially commutative al phabets, and breaking paragraphsinto lines. The treatment of problems
isnot always donein full details.

15.1. String matching by hashing: Karp-Rabin algorithm

The concept of hashing and fingerprinting is very successful from the practical point of
view. When we have to compare two objects x and y we can look at their "fingerprints’ given
by hash(x), hash(y). If the fingerprints of two objects are equal, there is a strong suspicion that
they are redly the same object, and we can apply then a more deeper test of equality (if
necessary). The two basic properties of fingerprints are:

— efficiently computable,

— highly discriminating: it is unlikely to have both x = y and hash(x) = hash(y).

Theidea of hashing isused in the Karp-Rabin string-matching agorithm. The fingerprint
FP of the pattern (of length m) is computed first. Then, for each position i on the text, the
fingerprint FT of text[i+1...i+m] is computed. If ever FT = FP, we check directly if the
equality pat = text[i+1...i+m] really holds.

Going from a position i on the text to the next position i+1 efficiently, requires another
property of hashing functions for this specific problem (see Figure 15.1):

— hash(text[i+1...i+m]) should be easily computable from hash(text[i...i+m-1]).

hl = hash(ax)
/\A_/\
text

| a X b

N ——
h2 = hash(xb)

Figure 15.1. h2 should be easily computable from h1;
h2 = f(a, b, hl), wheref is easy to compute.
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Assume for simplicity that the aphabet is {0,1}. Then each string x of length m can be
treated as a binary integer. If m is large, the number becomes too large to fit into a unique
memory cedll. It is convenient then to take as fingerprint the value "x mod Q", where Q is a
prime number as large as possible (for example the largest prime number which fits into a
memory cell). The fingerprint function is then

hash(x) = [x]2 mod Q,
where [u]2 is the number whose binary representation is the string u of length m. All strings
arguments of hash are of length m. Let g = 2™1 mod Q. Then, the function f (see Figure 15.1)
can be computed by the formula:

f(a, b, h) = 2(h-ag)+b.
Proceeding that way, the third basic property of fingerprints is satisfied: f is easily computable.
Thisisimplemented in the algorithm below.

Al gorithm Karp-Rabin; { string-matching by hashing }

begi n
FP := [pat[1l..n]2md Q g :=2m1 nod Q
FT := [text[1l..m]2 nod Q

for i := 0 to n-mdo begin
if FT = FP { small probability } then
check equality pat = text[i+1..i+m
appl yi ng synbol by synbol conparisons, { cost = Qm }
and report a possible match;
FT .= f(text[i+1], text[i+mtl], FT);
end,

end.

The worst case complexity of the algorithm is quadratic. But it could be difficult to find
interesting input data causing the algorithm to make a quadratic number of comparisons (the
non-interesting example is when pat and text consist only of repetitions of the same symbol).
On the average, the algorithm is fast, but the best time complexity is till linear. Thisis to be
compared with the lower bound of string-matching on the average (which is O(nlognmym)), and
the best time complexity of Boyer-Moore type of agorithms (which is O(n/m)). String-
matching by hashing produces a straightforward O(logn) randomized optimal pardlé
algorithm because the process is reduced to prefix computations.

One can also apply other hashing functions satisfying the three basic properties above.
The origina Karp-Rabin agorithm chooses the prime number randomly.

Essentially, the idea of hashing can also be used to the problem of finding repetitions in
strings and arrays (looking for repetitions of fingerprints). The algorithm below is an extension
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of Karp-Rabin algorithm to two-dimensional pattern matching. Let m be the number of rows of
the pattern array. Fingerprints are computed for columns of the pattern, and for factors of
length m of columns of the text array. The problem then reduces to ordinary string-matching on
the aphabet of fingerprints. Since this aphabet is large, an algorithm whose performance is
independent of the alphabet is actually required.

Al gorithm two-di nensi onal pattern matchi ng by hashing;
{ PAT is an nkmi array, T is an nxn' array }
begi n
pat := hash(Pjp).hash(Py), where Pj is the j-th colum of PAT;
text := hash(Ty).hash(Ty), where T; is the prefix of length m
of the j-th colum of T,
for i := 0 to n-mdo begin
if pat occurs in text at position j then
check if PAT occurs in T at position (i, j)
appl yi ng synbol by synbol conparisons, { cost = QCmi) }
and report a possible match;
if 1 =n-mthen { shift one row dow }
for j :=1ton do
text[j] :=f(T[i+1, j], T[i+m:l, j], text[j]);
end,
end.

15.2. Efficient tree-pattern matching

The pattern matching problem for trees consists in finding al occurrences of the pattern
tree P in the host tree T. The sizes (number of nodes) of P and T are, respectively, mand n. An
example of occurrence of apattern P in atree T isshown in Figure 15.2.

We consider rooted trees whose edges are |abelled by symbols. We assume that the edges
leading to the sons of the same node have distinct labels. If the tree is ordered (the sons of each
node are linearly ordered) then this assumption can be dropped, because then the number of a
son isan implicit part of the label.
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an occurrence
of P starts here

treeT

Figure 15.2. An occurrence of pattern P in thetree T.

Let p(v) be the path from the root of P to the node v in P. The previous assumption allows
to identify this path with itslabel (the string of labels of edges aong the path). The paths p(v)'s
are called here node-paths. We say that a path (string) p occurs at node w if there is a path down
the tree starting a w and labelled by p. Then, we say that pattern P occurs at node w in T iff
paths p(v) occur a& w, for dl leaves v of P. The usua string-matching problem for a single
pattern is a specia case of the tree-pattern matching problem. In this case P and T are single
paths. If the pattern is a single path and T is an arbitrary tree, then, the problem is also easy to
carry out. Just build the KMP string-matching automaton G for P, and traverse the tree T in a
DFS or BFS order computing the occurrences of P aong the paths. The totd time is linear. In
fact, the same procedure can be applied if the set of al p(v)'s is suffix-free (a set of strings is
suffix-free if no string isa suffix of another one in the set).

Lemma 15.1 (easy tree-pattern matching)
If the set of all node-paths corresponding to leaves of P is suffix-free, then we can find al
occurrencesof Pin T in linear time.
Proof
Construct the multi-pattern string-matching automaton G, where the set of string-patterns is
given by al p(v)’'s. Then, traverse T using G, and, for each node w where ends an occurrence of
p(v) for some leaf v, record it in the ancestor u of w at distance heightp(v) from w. There is a
linear number of such recordings due to the fact that no p(v) can end on a same node.
Afterwards, we check for each node u if it has the record for each leaf v of P. If yes, then uisthe
beginning of an occurrence of P in T. Altogether this takes linear time. £
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We say that a pattern isasimple caterpillar if it consists of one path, called the backbone,
and edges leading from a backbone to leaves (see Figure 15.3). The edges of the backbone are
labelled by a, and al other edges are labelled by b.

an occurrence
of pattern P

another
occurrence pattern P

s b

labels of edges

Figure 15.3. The tree-pattern matching corresponds here to string-matching with don’t cares,
where text = 1010111101111100, and pat = 131131.

Lemma 15.2 (easy tree-pattern matching)
Let P and T be smple caterpillars. All occurrences of P in T can found in time
O(nlog2n).
Pr oof
The problem reduces to the string-matching with don’t care symbols, which has the required
complexity (in fact even dightly smaller), see Chapter 11. We place 1 on a given node of the
backbone if there is ab-edge outgoing that node, otherwise we place 0. The pattern is processed
similarly, except that instead of zeros we put don’t care symbols &, see Figure 15.3. This
symbol matches any other symbol. In thisway, P and T are substituted by two strings. The
string-matching with don’t care symbols is then applied. This completes the proof. ¥

Lemma 15.3 (easy tree-pattern matching)
Assume that the pattern tree P contains a suffix-free set S of size k of node-paths. Then,
all occurrences of P in T can be found in time O(nnmvk + mlogm).
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Proof

First we show how to find such a set S when it is known to exists. Sis found by constructing
the suffix tree for the set of all reversed node-paths with added endmarker #. Afterwards, edges
labelled with # are removed. This guarantees that there is a node for each reversed node-path.
This suffix tree can be constructed in O(mlogm) time adapting the construction of suffix trees
for asingle string. The path p(v) is not asuffix of p(v') if the node corresponding to p(v)R in the
constructed suffix treeis not an ancestor of node corresponding to p(v')R. The assumption of the
lemma implies that there are a least k leaves in the suffix tree. Choose any k leaves. They
correspond to a suffix-free set Sof node-paths of P. Inthisway, Sis built.

Then, identify Swith the sample sub-pattern of P consisting only of the node-paths of P which
arein S We can find al occurrences of the sample Sin linear time, due to Lemma 15.1. It can
be checked that there are a most n/k occurrences of Sin T. For each of the occurrences of the
sample, we check by a"naive" O(m)-time agorithm a possible occurrence of the whole pattern
P. Thistakes O(nmvk) time. Globally, the matching takes O(nnvk + mlogm) time as announced
in the statement.

Lemma 15.4 (easy tree-pattern matching)

Assume P is of height h. Then, all occurrences of P in T can found in time O(nh).
Proof
The naive agorithm actually worksin that time. The proof isleft to the reader.

The aim isto design an algorithm working in time O(nmP-). Let | = mP-3, If we have k = |
in Lemma 15.3, or h < 3| in Lemma 15.4, then we have an algorithm with the required
complexity. In any case, the sub-pattern consisting of node-paths of length a most 3l can be
matched separately, using Lemma 15.4. Therefore, we are left with hard patterns, which do not
satisfy assumptions of Lemmas 15.3 or 15.4. The pattern P issaid to be hard iff it satisfies:

(*) — ineach set of at least | node-paths there are two strings such that one is the suffix

of the other,

(**) — the depth of all leavesisat least 3l.

The key to the efficient algorithm is the high periodicity of node-paths of a hard pattern
tree. For a leaf v of P, consider the bottom |+1 ancestors of v. Then, there are two distinct
ancestors u, w such that p(u) is a proper suffix of p(w). The segment p of size |p(w)]-|p(u)| is a
period of p(w), and the latter word results by cutting off the path t from v to w. This path t is
cdled thetail.

Let us take the lowest nodes u, w. Then p is primitive. The pair (t, p) is uniquely
determined by v. It is called the tail-period of p(v) and of v. We leave to the reader the proof that
there are a most | distinct tail-period pairs, and that they can be found al in time O(ml) (by a
version of KMP algorithm). This proves the following lemma.
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Lemma 15.5
Assumethat P is hard. Then each node-path of P has aperiod p < | (= m0-), after cutting
off apart t of sizeat most | at the bottom. The word p is primitive. There are O(p) distinct
tail-period pairs (t, p), and they can be found al in time O(ml).

The main result of the section stated below gives an upper bound to the tree-pattern
matching problem.

Theorem 15.6

The tree-pattern matching problem can be solved in time O(nmP-5log2n).
Proof
Let P = P(t, p) be the part of pattern P formed by dl node-paths with a given characteristics
(t, p). It is enough to show how to find al occurrences of P’ in T in linear time. There are a
most
Ip| leaves of P', henceit is enough to prove that al occurrences of each node-path of P in T can
be found in time O(n/|p|). This looks impossible, because n/|p| is much smaller than n, but the
wholetree T of sizenis to be searched. However, the key point is that we can make a suitable
preprocessing which takes linear time, and which can be used later for adl node-paths of P'.
After the preprocessing, the tree T is compressed into a smaller structure of size O(r/|p|). We
have to look carefully at the structure of node-paths of P' of periodicity p, together with thetailst
outgoing; they have all the same characteristic (t, p).
Thetree P' consists of a small top tree, and a set of branches which results by cutting off that
tree. These branches are called main branches. Each such branch starts with the full occurrence
of the period p. At some points, where an occurrence of p ends, an occurrence of the tal t can
start, see Figure 15.4. There are a most p main branches. All path-nodes of the small tree are
proper suffixes of the period p. We leave to the reader as an exercise to find al occurrencesin T
of thetop treein time O(n). It is enough now to find occurrences of al branchesin time O(n).
First we preprocessthetree T. We find al occurrences of the period p, and of thetall tin T in
linear time due to Lemma 15.1. Each subpath of T from a node v to some node w corresponding
to an occurrence of p is replaced by a specid edge (v, w) labelled a. After that, we remove
isolated special edges (one-edge biconnected components), as each main branch contains at least
two p's. Then, for each node w, if an occurrence of thetall t starts at w, we add a special edge (w,
w) labelled b, where w' isanewly created leaf. Let us consider the graph T' consisting of such
specia edges. The constructed graph is a forest, since the tall is not a continuation of p (p is
primitive).
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Figure 15.4. The structure of the tree P' = P(t, p), and its decomposition.

Theforest T' consists of digoint caterpillars. We leave as an exercise to show that the total size
of T"isO(n/p).

Let us compress each main branch of P' in a similar way as we transformed T into T', see
Figure 15.5. The basic point is that after compression each main branch becomes a simple
caterpillar! It iseasy to seethat it is enough to find al occurrences of such caterpillarsin T

Now we can use Lemma 15.2. Each compressed main branch (a simple caterpillar) can be
matched against the set T' of compressed caterpillarsin time O(n/p.log2n), due to Lemma 15.2.
There are O(p) branches. Hence, the total timeis O(n) for finding all occurrences of P(t, p). But
there are only O(m0-5) such trees. Therefore, the total time needed for the tree-pattern matching
is O(nmP-3). This completes the proof. +
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Figure 15.5. The compression of amain branch into asimple caterpillar.

15.3. Shortest common superstrings. Gallant algorithm

The shortest common superstring problem is defined as follows: given a finite set of
strings R find a shortest text w such that Fac(w) 2 R. The size of the problem is the total size
of al wordsinR.

The problem is known to be NP-complete. So the natura question is to find a
polynomial approximation of the exact agorithm. The method of Gdlant consists in
computing an approximate solution.

Without loss of generality, we assume (throughout this section) that R is afactor-free set,
this means that no word in Ris afactor of another word in R. Otherwise, if uisafactor of v (u,
vE R), asolution for R-{u} isasolution for R. For two words X, y define Overlap(x, y) as the
maximal prefix of y which isasuffix of x. If v=0Overlap(x, y), then x, y are of the form

X= U1V, Y = VUo.
Let usdefinex © y asthe word upvup ( = ugy = xup). Observe that the shortest superstring of
twowords u, visu © v, or v© u. Since the set R is factor-free, the operation © has the
following properties:
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(*) — operation © isassociative (on R),
(**) — the minimal shortest superstring for R is of the form x;©x,©x30...©Oxx where
X1, X2, X3, ..., Xk iSa permutation of all words of the set R.

function Gallant(R); { greedy approach to SCS }
begi n
I f R consists of one word w then
return w
el se begin
find two words x, y such that Overlap(x,y) is maximal;
S:=R- {x, y} U{x ©y};
return Gallant(9S);
end,
end,

The above agorithm is quite effective in the sense of compression. The superstring
represents (in a certain sense) all subwords of R. Let n be the sum of lengths of all words in R.
Let wrin be a shortest common superstring, and let weg be the output of Galant agorithm.
Note that Wmin < Wgal < n. The difference n - [wiin| isthe size of compression. The better isthe
compression the smaller is the shortest superstring. The following lemma states that the
compression reached by Gallant algorithm is at least haf the optimal value (see bibliographic
references).

Lemma 15.7
N - Waal| = (N - [Wmin)/2.

Example
Take the following example set R = {wy, wp, w3, Wy , ws}, where
w1 = egiakh, wo = fbdiac, w3 = hbgegi, w4 = iacbd, ws = bdiach.
Then, the shortest superstring has length 15. However, Gdlant algorithm produces the
following result
Waga = Gallant(wy, wo © ws, W3, Wyz)
= Gallant(w3 © wy, wo © ws, Wy)
= Gallant(w3z © w1 © wo © Wi, Wy)
=w3© w1 © wy © wg © wgy.
Itssizeis
n - Overlap(wg, wy) - Overlap(wy, wy) - Overlap(wo, ws) - Overlap(ws, Wg)
=29-3-0-5-0=21.
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Inthiscase, n - Wga| =8, and n - Wpin| = 14. £

An dternative approach to Gallant algorithmisto find a permutation X1, X2, X3, ..., Xk Of
al words of R, such that x;©x20x30...©xk is of minimal size. But, this produces exactly a
shortest superstring (property **). Trandated into graph notation (with nodes x;'s, linked by
edges weighted by lengths of overlaps) the problem reduces to the Travelling salesman
problem, which is also NP-complete. Heuristics for this latter problem can be used for the
shortest superstring problem.

The complexity of Gallant algorithm depends on the implementation. Obviously the
basic operation is computing overlaps. It is easy to see that for two given strings u, v the
overlap isthe size of the border of the word v#u. Hence, methods from Chapter 3 can be used
here. Thisleadsto an O(nk) implementation of Gallant method. Best known implementations
of the method work in time O(nlogn), using sophisticated data structures.

15.4. Cyclic equality of words, and Lyndon factorization

A conjugate or rotation of a word u of length n is any word of the form
u[k+1...nJu[1...K], denoted by u(® (note that u(® = u(M = u).

Let u, w be two words of the same length n. They are said to be cyclic-equivalent (or
conjugate) iff u() = wl) for some i, j. In other terms, words u and w have the same set of
conjugates. If words u and w are written as circles, they are cyclic-equivaent if the circles
coincide after appropriate rotations.

There are severd linear time algorithms for testing the cyclic-equivalence of two words.
The ssimplest one isto apply any string-matching to pattern pat = u and text text = ww (words u
and w are conjugate iff pat occursin text). Another agorithm isto find maximal suffixes of uu
and ww. Let u' (resp. w') be the prefix of length n of the maximal suffix of u (resp. w). Denote
u' = maxconj(u), w = maxconj(w). The word u' (resp. w') is a maximal conjugate of u (resp.
w). Then, it is enough to check if maxconj(u) = maxconj(w).

We have chosen this problem because there is a simpler interesting algorithm, working
in linear time and constant space simultaneoudly, which deserves presentation.
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Al gorithm{ checks cyclic equality of u, w of common length n }
begi n
X 1= WW, Yy = uu;
i :=0; ] :=0;
while (i <n) and (j < n) do begin
k :=1;
while x[i+k] = y[]j+k] do k := k+1;
if k >n then return true;
if x[i+k] > y[j+k] then i :=i+k else | :=]+k;
{ invariant }
end,
return fal se;
end.

Let D(w) and D(u) be defined by
D(w) ={k: 1= k=nandw®k > ul) for somej},
D(u) ={k: 1 =< k=nandu®k >wl) for somej}.
We use the following simple fact:
if D(w) =[1...n], or D(u) =[1...n] then words u, w are not cyclic equivalent.
Now the correctness of the algorithm follows from preserving the invariant:
D(w) 2 [1...i], and D(u) 2 [1...]].
The number of symbol comparisons is linear. We leave to the reader the estimation of this
number. The largest number of comparisonsisfor wordsu = 111..1201 and w = 1111...120.

Thereis strong connection between the preceding problem and the Lyndon factorization
of words that is considered for the rest of the section. The factorization is related to Lyndon
words defined according to alexicographic ordering on words on afixed alphabet A.

Let uand v be two words from A*. We say that u is strongly smaller than v, denoted by u
<<v, if uandv can be written wau' and wbVv' respectively, with w, u', V' words, and a, b letters
such that a < b. The lexicographic ordering induced on A* by the ordering of letters is aso
denoted by <, and is defined by

u=<Viff (u<<voruprefix of v).

A Lyndon word is a non-empty word u such that u < u(k) for 0 < k < |u|. So, a Lyndon
word is smaller than its conjugates (in a non-trivia sense). It is equivalent to say (but not
entirely straightforward) that the non-empty word u is smaller than (according to the
lexicographic ordering) its proper non-empty suffixes. This is the reason why the algorithm
below is also closdly related to the computation of the maximum suffix of a word (see
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algorithm Maxsuf in Chapter 13). It is useful to notice that a Lyndon word u is border-free,
which means that period(u) = |u|.

A Lyndon factorization of aword x is a sequence of Lyndon words (uz, Uy, ..., Uk), for k
= 0, such that both x = ujuz...ux, and U1 = up = ... = uk. In fact, there is a unique Lyndon
factorization of a given word, as stated by the next theorem. Since letters are Lyndon words,
any non-empty word is a composition of Lyndon words. Regarding Lemma 15.9, the Lyndon
factorization is such afactorization having the minimum number of elements.

Theorem 15.8
Any word has a unique Lyndon factorization.

Al gorithm Lyndon_Fact (x);
{ conputes the Lyndon factorization of x of length n }
{ operates in linear tine and constant space }
begi n
X[n+l] :="#; { #is smaller than all other letters }
me :=0;, j :=1, k:=1;, p:=1,
while (j + k = n+l) do begin
a' = x[nms+k]; a := x[]+k];
if (a' < a) then begin
J = )+k; k :=1; p = j-mns;

end else if (a' = a) then
if (k = p) then
k := k+1

el se begin
] = )+p; k 1= 1;

end
else {a' > a} begin
repeat
witeln(x[ms+1..ms+p]); ms : = ms+p;

until nms = j;
] = me+l; k=1, p =1,
end;
end,
end.
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Example
Let Abe{a, b} with the usual ordering (a < b). The set of Lyndon words on A contains
b, a, ab, aab, abb, aaab, aabb, abbb, ....
It also contains the words aababbababbb, or aababbaabbabab, for instance.
The Lyndon factorization of babababbabaababaabaa is
(b, abababb, ab, aabab, aab, a, a). t

The agorithm Lyndon_Fact above produces the Lyndon factorization of its input string.
We do not prove formally its correctness, but indicate how the algorithm works, and what are
the main properties useful to proveit.

P P
<> <>
x| u, Uy Ugap | u | v |a
1 ms j j +k

Figure 15.6. Variables in Lyndon_Fact algorithm.

Figure 15.6 shows the variables used in the algorithm. The invariant of the main loop is
the following. The prefix X[1...j+k-1] of x isfactorized as ujup...Ugug+1...Usv, with

— Uy, Up, ..., Ug, Ug+1, ..., Uf are Lyndon words,

—UuUr=Uuz2=...=Ug>Ug+1 = ... = U,

— visaproper prefix of us (possibly empty),

— Ug >> Ug+1... UV,

The variable ms is such that X[1...ms] = ujup...Ug. In other terms, ms is the position of the
factor ug+1 in x. The Lyndon factorization of prefix x[1...ms] of x is dready computed when
ms has this value. Moreover, u, Uy, ..., Ug are the g first elements of the Lyndon factorization
of the wholeword x. The variable j stores the position of v in X, that is, is such that x[1...J] =
uiU...us. The value of variable p is the common length of ug+1, ..., Ur. It is aso the period of
Ug+1...Utv. Finally, k= [v]+1.

At the current step of the algorithm, the next letter a of x is compared with the
corresponding letter a' in ug+1 (letter following the prefix v of ug+1). Three cases come from
the comparison of letters. If they coincide, then the same periodicity (as that of ug+1...Upv)
continues, and the algorithm has essentialy to maintain the third property. If a is smaller than
a, Ug+1, ..., Uf become elements of the Lyndon factorization of x, and the whole factorization
process restarts a the beginning of v. In the third situation, @' is smaler than a. The very
surprising fact is that all properties implies then that the word ug+1...usva is a Lyndon word.
Sinceva' isaprefix of the Lyndon word uf, and @' < a, by Lemma 15.10, va is a Lyndon word.
Moreover, we have us < va (and even uf << va). Thus, applying Lemma 15.9 successively, we
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get that upva, Ur.1Upva, ..., and finally Ug+1...Ur.1ufva are Lyndon words (all greater than ug+1).
So, the proof of correctness, is essentially a consequence of the two next lemmas. The first one
provides an important property of Lyndon words, which can be used to generate them in
lexicographic order.

Lemma 15.9

If uand v are Lyndon words such that u <v, thenuvisalLyndonword and u < uv<v.
Pr oof
We prove that proper non-empty suffixes z of uv are greater than uv itself.
First, consider the case z = v. We have to prove uv < v. This is obvious when u << v.
Otherwise, u is a proper prefix of v, that is, v = uw for a non-empty word w. Since v is a
Lyndon word, we have v < w, which implies uv < uw as required.
If zisaproper suffix of v, wehave uv <v < z, because v is a Lyndon word, and by the above
result.
Finally, let zbe a suffix of uv of the form wv, with w a proper non-empty suffix of u. Sinceu is
a Lyndon word, we have u < w, and even u << w because u cannot be a prefix of w. Thus,
uv<wv.

Lemma 15.10

If vbisaprefix of aLyndon word, and b < ¢ (b, c letters), then vc is a Lyndon word.
Proof
Let u be the Lyndon word having prefix vb.
We prove that proper non-empty suffixes of vc are greater than vc itself. These suffixes are of
the form zc. For some word w, zbw is a suffix of u. Since u isaLyndon word, u < zbw.
If zZbisnot aprefix of u, we have indeed u << zb, and thus also v << zb, because v is a prefix of
u not shorter than zb. Therefore vc < zb < zc.
If Zbisaprefix of u, it isalso aprefix of v, and we have directly v< zc. £

15.5. Unique decipherability problem

A st of words H is said to be a uniquely-decipherable code if words that are
compositions of words of H have only one factorization according to H. The unique
decipherability problem isto test whether a set of words satisfies the condition. The size of the
problem when H is afinite set, n, is the total length of adl elements of H; in particular, the
cardinality of H is also bounded by n. Note that we can consider that € & H, because otherwise
H is not uniquely decipherable and the problem is solved

Another way to set up the problem is to consider a coding function h, or substitution,
from B* to A* (B, and A two finite alphabets). The function isamorphism (i.e. it satisfies both
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properties: h(e) = €, h(uv) = h(u)h(v) for al u, v), and the set H, called the code, is{h(a) : a €
B}. The elements of H are called code-words. Then, asking whether h is a one-to-one function
is equivalent to the unique decipherability for H, provided dl h(a)'s are pairwise distinct.
Coding functions related to data compression algorithms are considered in Chapter 10. We can
assume that all code-words h(a) are non-empty and pairwise distinct. If not, then obviously the
function is not one-to-one and the problem is solved.

We trand ate the unique decipherability condition for H into a problem on a graph G that
is defined now. The nodes of G are suffixes of the code-words (including the empty word).
Thereisan edgein G fromuto viff v = u//x or v = x//u for some code-word x. The operation
yllz is defined only if z is a prefix of y, that is, if y = zw for some word w, and the result is
precisely thisword w.

In the graph G, is defined the set of initial nodes, Init. Initid nodes are those of the form
x/ly where x, y are two (distinct) code-words. Let us cal the empty word the sink. Then, it is
easy to prove the following fact:

the code H is uniquely decipherable iff there is no path in G from an initid node to the

sink.

Example
Let H = {ab, abba, baaabad, aa, badcc, cc, dccbad, badba}. The corresponding graph G is
presented in Figure 15.7.
This code is not uniquely decipherable because there is a path from ba to the sink. The word ba
isan initial node because ba = abba//ab. The path is:

ba — aabad — bad — cc — .
We have baaabad//ba = aabad; aabad//aa = bad; badcc//bad = cc; cc/lcc = ¢. The path
corresponds to two factorizations of the word baaabadcc:

baaabad.cc and ba.aa.badcc. t

sink

aabad }>( bad }>( cc )—)

initial node

Figure 15.7. Graph G for the example code.
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The size of graph G is O(n2), and we can search a path from an initial node to the sink in
time proportional to the size of the graph by any standard algorithm. We show that the
construction of G can also be accomplished within the same time bound. If we can answer
questionslike "is x/ly defined?' and "is y//x defined" in constant time, then, there is a most a
quadratic number of such questions, and we are done. The question "is y//x defined" is
equivalent to "does the pattern x start in the text y at position |y|-|x|?", so it is related to string
matching. Hence, it is enough for each code word y treated as a text to make string-matchings
with respect to al other code-words x treated as patterns. For a fixed code-word y (as a text)
this takes O(n+|y|) time, since n is the total size of al code-words. Altogether this takes O(n2)
timeif we sum over al y's. This proves the following.

Theorem 15.11
The unique decipherability problem can be solved in time O(n?).

A more precise estimation of the same algorithm shows that it works in time O(nk),
where k isthe number of codewords. By applying some data structures, the space complexity
can aso be improved for some instances of the problem. The close relationship between the
unique decipherability problem and accessibility problemin graphs is quite inherent, especialy
if space complexity is considered. Indeed, the problems are mutually reducible using additiona
constant memory of a random access machine (or logn deterministic space of a Turing
machine).

15.6.* Equality of wordsover partially commutative alphabets

Assume that we have a symmetric binary relation C over the aphabet A. The relation is
called the commutativity relation. Relation C induces an equivalence on A*. Two words x and y
over A are said to be equivaent, denoted by x = vy, iff one of them can be obtained from the
other by commuting certain symbols in the word several times. Formally, we define ubav =
uabv when (a, b) € C (symbols a, b commute), and we get an equivalence relation by closing
this relation under reflexivity and trangitivity. We consider the complexity of the following
problem: check the equivalence of two strings x, y of the same length n.

At first glance, the problem looks like an NP-complete problem. The straightforward
algorithm is to generate al strings equivalent to x and check if one of them is y. But the
equivalence class of x can contain an exponential number of words (for example when symbols
a, b commute and x = aMbM), leading to an exponentia-time algorithm. Fortunately, there is a
very ssimple algorithm with linear time complexity in the case of fixed size aphabets. This is
due to a specific combinatorial property of words over partially commutative a phabets.
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Denote by hap the morphism which erases from its input word al symbols except
occurrences of a and b. Let #4(X) be the number of occurrences of symbol ain x.

Lemma 15.12
Words x and y are equivaent, x =y, iff the following two conditions hold:
(1) — #a(X) = #4(y) for each symbol a of the alphabet,
(2) — ha,b(X) = ha p(y) for each pair of distinct non-commuting symbols a, b.

Asasimple corollary we have the following theorem.

Theorem 15.13
The equdity of two words over a partialy commutative aphabet of fixed size can
checked in linear time.

We shortly discuss what happens when the size k of the alphabet is not treated as a
constant. The lemma implies an O(k2n) algorithm, because the number of distinct pairs of
lettersis quadratic. However, instead of taking morphisms leaving only two symbols in texts
(erasing dl others) we can consider morphisms leaving a set of mutually non-commuting
symbols. Denote by hy the morphism which erases in the text al symbols except symbols in
set X. Let [] beafamily of subsets of the aphabet such that each two symbols contained in the
same set do not commute, and each two non-commuting symbols are contained together in
some set from [ [. Then condition (2) of Lemma 15.12 is equivalent to: hy (X) = hx (y) for each
XinT]. The cardinality of [ | can be much smaller than the number of al non-commuting pairs.
For example, consider the following relation C over alphabet {1, 2, 3, 4, 5, 6}:

(,j)ecCiff i-j] =1
There are 10 pairs of non-commuting symbols, while we can take [ | of cardinality 5,
[T={{ac e, {bdf} {cf} {daf{eb}}.
Hence, we have only to check equality of 5 pairs of words instead 20.

But there are cases when this approach does not help. Take the aphabet {1, 2, ..., 2r}

with commuitativity relation:

(,pecCiffi,jsrori,j>r.
The size of the alphabet ishere k = 2r. The graph of C consists of two digoint cliques, each of
sizer. There is a quadratic number of non-commuting pairs, and no set || helps because for
each three digtinct symbols two of them commute. This suggests that the algorithm should

have complexity of order k2n. However, there is a simple O(kn)-time algorithm to check x = y
in this case. Let #1(2) be avector of size r whosei-th component is the number of occurrences

of thei-th symbol in z, and let #2(2) be avector of size r whose i-th component is the number
of occurrences of the (r+i)-th symbol in z. For each word X, let H(X) be the string obtained
from x by replacing each factor z between two consecutive symbols from {1, 2, ..., r} by
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#2(2). Then, each word z (over {1, 2, ..., r}) between two consecutive vectors newly inserted
isreplaced by #1(2). H(X) can be computed in O(nk) time. Findly, it is easy to see that x = y iff
H() = H(y).

It istypical for problems related to partially commutative alphabets that their complexity
depends on the structure of the commutativity relation graph.

For many textua problems the introduction of partil commutativity of the alphabet
changes their complexity dramatically. The typicd example is the unique decipherability
problem. For partialy commutative alphabets with three letters, the problem has sill an
efficient (polynomial time) solution. However, for partially commutative aphabets with four
letters there does not exist any agorithm for this problem at al. In other terms, the problem is
undecidable.

We prove shortly that for three-letter alphabets the unique decipherability problem is ill
algorithmically tractable. This can be seen as follows. The unique decipherability problem is
easily reducible to the digjointness problem of two languages L1, Lo accepted by finite automata
A1, A. Consider the following two commutativity relations on the alphabet {a, b, ¢} presented
graphically by

R1: a b—-c,

R2: a—c—»h.
Let CI(L) be the closure of language L with respect to the relation =.

Cl(L) ={x:x=yforsomeyinlL}.
Take the following morphism h defined by h(a) = a, h(b) = b, h(c) = €. The only action of the
morphismisto erase al letters c in its input text. Now, it can be proved easlly, in the case of
relations Ry and Ry, that, knowing automata A;, Ay, we can construct a non-deterministic
pushdown automaton A accepting the language
L = h(Cl(L1) N CI(LD)).

So, the languages L1, Lo are digoint iff L = @. Finally, the emptiness problem for non-
deterministic pushdown automata is solvable in polynomial time.

We describe briefly the construction of automaton A for the commutativity relation Ro.
The pushdown store of A acts as a counter (guessed number of occurrences of symbol ¢). We
can view A as acomposition of A; and Ap. Whenever A reads the symbol a or b, then A; and
Ao go to next states, and their next states form a pair which is a next state of A. At any time, A
can non-deterministically assume in an e-move the input symbol ¢ for one of the machines A,
Ao (without advancing its input head); then, the smulated machine makes a move as if the
reading symbol were c. If the machine A1 is chosen, the counter is incremented by one; on the
contrary, if Ao ischosen, the counter is decremented by one. The machine A accepts, if there is
a computation which ends in accepting states (for both Ay and Ap), and if the final value of the
counter is zero. Using the description of A1, Ao the construction of A can be done efficiently.

The case of therelation is Ry issimilar. Other possible relations for three-letter aphabets
are easy to deal with. It isinteresting to note that if we take arelation R on four letters similar to
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Ro then the problem becomes more complex. Let the commutativity relation R be defined by:
a—b—c—d. The decidability (or undecidability) of the unique decipherability problem with
relation R is still an open problem. But, if we add to the relation R the pair a—d, then, it is
known that the unique decipherability problem becomes undecidable.

15.7. Hirschberg-Larmore algorithm for breaking paragraphsinto lines

In this section, we describe an application of text manipulation to text editing. It is the
problem of breaking a paragraph into lines optimally. The algorithm may be seen as another
application of the notion of the failure function, introduced in Chapter 3 for KMP string-
matching a gorithm.

The problem of breaking a paragraph is defined as follows. We are given a paragraph (a
sequence) of n words (in the usua sense) X1, ..., Xn, and bounds Imin, Imax on lengths of lines.
Thei-th word of the paragraph has length wj. A lineis an interval [i...j] of consecutive words
XK's (i = k=j). Thelength of line[i...j], denoted by line(i, j), isthe total length of its words, that
IS, W + Wj+1 + ... +Wj. Bounds Imin and Imax are related to smallest and largest length of lines
respectively. The optimal length of aline isImax. Moreover, the length of the line[i...j] is said
to belegal iff Imin < line(i, j) = Imax. Let us denote the corresponding predicate by legal(i, j).

For a legd line, its pendty is defined as penalty(i, j) = C.(Imax-ling(i, j)), for some
constant C. The problem of breaking a paragraph consists in finding a sequence of integers iq
(=D),i2,i3, ..., ik (=n) such that both lines[iy, i2], [i2+1, i3], ..., [ik-1+1, ik] have lega lengths,
and the total penalty (sum of penalties of lines) is minimum. Integersiy, ip, i3, ..., ik are caled
the breaking-points of the paragraph.

We assume that there is no penalty (or zero penalty) for thefirst line, if itslength does not
exceed Imax. It is as if we treated the paragraph from the end. In the usua definition of the
problem the last line is not pendized for being too short. Reversing the order of words in
paragraphs leads to an algorithm that is even more similar to KMP agorithm, since indices are
processed from left to right.

Let break[i] be the rightmost breaking-point preceding i in an optima breaking of the
subparagraph [1...i]. When break{i] is computed for all values of i (from 1 to n), the problem
is solved: the sequence of breaking-point can be recovered by iterating break from n.

We first design a brute-force breaking algorithm that uses quadratic time. The informal
scheme of such anaive agorithm is given below. It uses the table f : f[i] is the totd penalty of
breaking into lines the subparagraph [1...i]. The scheme assumes that f[i] is initialized to O for
all integersi such that ling[1, i] < Imax, and f[i] isinitialized to infinity for all other values of i.
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for i :=1to n do begin
j ‘= an integer which mnimzes f[j]+penalty(j+1, i);
break[i] :=];
f[i] :=f[j]+penal ty(j+1, i);

end,

Thevaueof j is computed by scanning the interva [first[i], ..., last[i]], where first[i] is
the smallest integer k for which legal(k, i) holds, and where, smilarly, last[i] is the largest such
klessthani. Theinterva [first[i], ..., last[i]] is caled the legal interval of i. All values first[i],
last[i], line(1, i) can be precomputed. So, the above scheme yields an O(n2) time agorithm.
The next theorem shows that this can be improved considerably.

Theorem 15.14

The problem of breaking optimally a paragraph can be solved in O(n) time.
Proof
Define the function g[j] = f[j] + C.line(}, n). The crucia point is the following property:

avalue of j which minimizes f[j]+penalty(j+1, i) also minimizes g[j] in the lega interval

forj.
It can be checked by simple arithmetics that the difference between expressions depends only
on i. Another important property is the monotonicity of breaking-points:

I'<iimpliesbreak[i'] < break]i].
Hence, the value of | is to be found in the interva [max(first[i], break[i-1]), last[i]]. Define
Next[j] to bethefirst position k < i to the right of j such that g[k] < g[j]. When looking for the
minimal value of g[j] in alegd interval we can initialize | to the beginning of the interval, and
compute successive positions by iterating Next

j1=Next[j], j2= Next[j4], ...,

until the valueis undefined, or it goes outside the interval. In thisway, Next works as the failure
table of KMP agorithm. This produces the following agorithm.
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Al gorithmHL; { breaking a paragraph of n words into lines }
begi n

preconpute values first[i], last[i], line(l, i) for all i = n;
|l et k be the maxi mal index such that line[l, k] = | nmax;
initialize f[i] to O, break[i] to O for all i = k,

and conpute corresponding values g[i] and Next[i] for | = k;

j 1=0;

for i := k+l to n do begin
{ invariant: break[i] < i, first[i] < last[i] <1i }
{ legal interval is [first[i],.,last[i]] }
if j <first[i] then | :=first[i];
while Next[j] defined and Next[]j] = last[i] do
{j is not rightnost mnimal } | := Next[j];

break[i] :=1]; f[i] :=f[j]+penalty(j+1, i);
g[i] :=f[i]+C line(l, i);
Updat e_t abl e _next;
end,
return table break, which gives optinmal breaking;
end.

The agorithm works in linear time by a similar argument as that used in the analysis of the
KMP agorithm, if the totd cost of updating the table Next is linear. Let j1, j2, ..., Jr be the
increasing sequence of indices j for which Next[j] is not defined & a given stage of the
algorithm. Then the values of ¢[j] are dtrictly increasing for this sequence. We keep the
sequencej, j2, ..., jr onastack S the last element at the top. The next procedure is applied.

procedure Update_tabl e next;
begi n
r epeat
pop the top indices j of the stack S
Next[j] :=1i;
until g[j] < glil];
push i onto S
end;

Thetotal complexity of computing table Next islinear, since each position is popped from Sa
most once. This completes the proof of the theorem.
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Werefer the reader to [HL 87a] for more details on the algorithm, and for extensions to more
sophisticated penalty functions. For example, we can assume that optimal lengths of lines are
properly inside the interva [Imin, Imax], and that penalty of a line is a linear function of the
distance from optima length. The penaty can also be a nonlinear function. The linear time
complexity works as far as the penalty function is concave.

Bibliographic notes

String-matching by hashing has been first considered by Harrison [Ha 71]. A complete
analysisis presented by Karp and Rabin in [KR 87]. The same idea (using hashing) is applied
for finding repetitions in [Ra 85]. An adaptation of Karp-Rabin algorithm to two-dimensional
pattern matching has been designed by Feng and Takaoka [FT 89].

The contents of Section 15.2 is adapted from the tree-pattern matching agorithm of
Dubiner, Galil, and Magen [DGM 90].

The approximation of the SCS problem by Gallant may be found in [Ga 82]. An efficient
implementation has been designed by Tarhio and Ukkonen [TU 88]. Stronger methods are
developed in [Tu 89], providing an O(nlogn)-time algorithm, but requiring quite complicated
data structures.

The book of Lothaire [Lo 83] contains motivations for factorization problems from the
point of view of combinatorics on texts. The Lyndon factorization algorithm of Section 15.4 in
from Duva [Du 83]. An agorithm for the canonization of circular strings (computing the
smallest conjugate) based on KMP string-matching algorithm is given by Booth in [Bo 80].
The fastest known algorithm is by Shiloach [Sh 81]. The relation between Lyndon factorization
and smallest conjugate of aword in considered by Apostolico and Crochemorein [AC 91].

The algorithm for testing unique decipherability of a code isusualy attributed to Sardinas
and Paterson (see [Lo 83]). By using specific data structures, Apostolico and Giancarlo have
improved on the space complexity of the agorithm [AG 84]. The literature on unique
decipherability problem is quite rich (see for instance [BP 85]). The problem is complete in the
class of non-deterministic logn-space computations (see [Ry 86]).

An interesting exposition on agorithmic problems related to partialy commutative
alphabets is by Perrin in [Pe 85]. The algorithmic properties of the unique decipherability
problem for partially commutative alphabets were considered by Chrobak and Rytter in [CR
87b]. For the emptiness problem for non-deterministic pushdown automata in polynomial time
the reader can refer to [HU 79]. String-matching over partially commutative alphabetsis solved
by Hashiguchi and Yamadain [HY 92].

The application of failure functions to the problem of breaking a paragraph into lines is
from Hirschberg and Larmore [HL 874].
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